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PREFACE. 



Our Money Trade embraces the national concerns of the 
greater part of the civilized world, and exceeds in magnitude 
any other branch of British commerce. The increased compe- 
tition in that trade renders it impossible to be prosecnted with 
advantage, except through great acuteness and a judicious 
application of mathematical powers. Hence a work destined 
to remove every difficulty and chance of error in calculation, 
' — ^by exhibiting at a single glance, and under the considera- 
tion of Compound Interest, all the possible relations be- 
tween Capital and Income,^-can scarcely fail to be acceptable 

r W ' 

to persons engaged in transactions of that description. 

The operation of Compound Interest has been illustrated by 
expert calculators, who have published sets of Tables, establish- 
ing^ with reference to various rates of Interest, the proportions 
according to which any capital may be improved from year to 
year^ — ^the comparative value of Capital forthcoming at the 
expiration of any giveu number of years^-^the value of Annuities 

for terms of years certain, — and the Capitals susceptible of 

. ... 

being formed in process of time, by the savings of Inc<Hne 
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progressively improved; but the practical utility of those ta- 
bles is limited, and inadequate to the present demands. They 
are even inaccurate, as they are founded on a supposition that 
the Interest of money invariably accrues in one single and 
annual payment; whereas in almost all cases, especially v^hen 
Interest is derived from investments in the public funds, and 
though nominally expressed as an annual prorata, it accrues 
Half-yearly, and on many occasions is susceptible of accru* 
ing by Quarterly instalments : an important consideration by 
which the series of calculations ought to be governed. 

The Tables now offered have reference to certain rates of 
Interest, between the inclusive limits of three and of six per 
centum per ann%im^ proceeding by differences of one quarter per 
cent. ; to specific periods, from year to year, until the hundredth 
inclusive, but proceeding as far as the sixteenthhy successive 
portions of years ; to distinct considerations of the Interest 
accruing either anniuilly^ half-yearly^ or quarterly ; apd ac- 
coi:ding to those data, they immediately solve six different 
questions. — Firsts that of the increase of Capital, supposing it 
improved by the operation of Compound Interest at a uniform 
rate ; Secondly, that of the present value of forthcoming capital, 
as reduced by the discount, taken in a converse ratio of the 
improvement at Compound Interest; Thirdly , that of the 
capital ultimately formed, by a periodical Income accup9i^ated 
and improved as before mentioned ; Fourthly, that of the 

s 

Redemption-fund, or the requisite proportion of annual savings 
out of any, income, in order to create, by means of their a^ccu- 
mulation and improvement, the Capital that may be ws^ated at a 
prescribed period ; Fifthly , that of the Capital reprejsented by 
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any annual Income, or the present value of that income, the 
last instalment of which is forthcoming at the period referred 
to ; Sixth and lastly, that of the proportion which an Annuity, 
terminating at a specific period, should bear with present Ca- 
pital, for constituting an equiyalent. 

Besides those principal questions, arising from the data 
above described, ibe same Tables further solve, mediately and 
with the assistance of simple indications, not only a great 

« 

variety of incidental questions naturally growing out of the 
general subject, but also those in which the considered rate of 
Interest may be either higher or lower than the lioiits assigned 
to the Tables. These again yield an approximate solution 
of the questions concerning the Rate of Interest itself, or con- 
cerning the specific time^ when failing either of those par- 
ticular data any other may be introduced ; such calculations 
always requiring three different data, the third of which is, in 
the stated answers to the six questions first propounded, im- 
plicitly understood to consist of tentfy, whether considered as a 
present or a future Capital, or as a corresponding Income. 

The text is divided into Tw6 Parts, preceded by an Introduc- 
tion, whefe some leading and important points are discussed. 

The First Part contains an exemplification of all questions 
to the solution of which the above-mentioned Tables are ade- 
qnate; and reuniting every consideration relative to the 
operation of Compound-Interest, referable to periods of time 
unconditionally determined, it will constitute, in all respects, 
a complete theory of that branch of knowledge. 
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The Second Part, exclusively devoted to Life-Aonuities, is 
nearly reduced to an abridgment of what has already been 
exposed on that subject by authors of great merit, and whose 
immediate province any attempt to invade could scarcely be 
justified, except upon grounds not here assumed. 

Desirous, however, to extend as far as possible the practical 
utility of this work, a few more Tables have been superadded; 
stating from authentic sources, and from observations carefully 
collected during long periods, the distribution of a whole popu* 
lation into relative quantities of individuals of different ages, 
and the progression of mortality amongst them, according to 
a systematic classification of certain general circumstances of 
human existence. Whence deducings as indispensable data, 
the Expectation of life for each respective age, together wit^ 
the various probabilities attached, whether to a present life's 
further enduring any determinate period of years, or to the 
joint continuance of any two or more lives during such pe- 
riod, the questions susceptible of frequent recurrence concern- 
ing Life-Annuities are enabled to be solved; and more parti- 
cularly, the scale of value of those annuities — the ascertain- 
ment of which is generally considered to be a matter of some 
difficulty — is here established, with sufficient accuracy, and 
under comparative points of view. 

As the claim of a production of this kind, to public favour, 
must chiefly rest upon the correctness of the results set 
forth, nothing has been spared towards securing this point 
in the utmost degree. The calculations have undergone a 
rigorous verification ; and typographical errors have, by 
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repeated collations^ been sedulously girded against. If, not-' 
withstanding the extreme care bestowed in these respects, any 
errors should have escaped detection, (amongst upwards of 
thirty thousand results exhibited,) they will be but few and 
always confined within the limits of tnH> units, at most,, of the 
last decimal figure ; errors which could never be of real impor- 
tance. It may be confidently advanced that the results, as ex- 
pressed in the Tables, are safely to be confided in for all practi- 
cal purposes. The means, however, of corroborating their 
accuracy, are contained in the text that precedes them, and in 
those developments of mathematical reasoning that properly 
constitute The Doctrine of Compound Interest. 



INTRODUCTION. 



That which is called Money, from the latin matMta, signifying; 
** to give notice^'* has been invented to serve as a coiamoii 
standard of reference, in expressing the relative vnloes of othor 
commodities ; and for facilitating t^e barter of those commo* 
dities, which tl^ money sbpuld represent in a general seoiae. 

At an early period of historical record, the more precious 
metals — Gold apd Silver — ^were preferably selected for per«^ 
forming that ofl|ce, in consequence of their apposite properties, 
such as Solidity, Malleability, and Durability ; and also from 
their comparative uselessness towards the ordinary purposei^ of 
life, though not obtainable from the bowels of the earth with-^ 
out a considerable expense of human labour. Daring mwj 
ages, the denominations ofJhfoney continqod tp be identical 
with those of Weight ; and.e^<;h article of necessity or of com- 
modity was assimilated, in respect to general valuer with some 
quantity of uncoined gold, silver, or even inferior metaj, 
When afterwards these, beqame shaped into Cmm* t|i6; integrity 
of which was vouched for under public authority, that metallic 
currenqy assumed a chariw^. more or ies». ii^d^n^lft Af the 
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consideration of Weight, and remained liable to be arbitrarily 
dealt with at the band of power. For a while. Money was 
issued as the invariable representative of certain things, and 
principally Cattle, of which the pieces of coin bore the respec- 
tive impressions ; whence from pecus has been derived petunia. 

The history of the Circulating Mediumf which more exten- 
sively to retrace would be an unnecessary deviation from our 
main object, informs us respecting not only the frequent varia* 
tions that have taken place in the reciprocal valuation of Gold, 
Silver, and Copper, as established by their coinage at different 
periods and in different countries; but also respecting the 
numberless frauds, adulterations, and abuses of every kind, that 
have been practised from time to time upon the Money-system, 
by barbarous, crafty^ and profligate despotism. Ultimately, 
and by a prodigious enlargement of that system^ the represen- 
tative metallic currency has admitted its own and boundless 
representation, by means of paper tokens, and sub*tokens, under 
a certain conception of Public Credit that seems not yet to 
be precisely defined; thus generating various national as 
well as private abuses^ never before imagined, and giving 
occasion to diversity of opinion respecting the future results of 
so bold an experiment. The fruitful principle of Generaliza^ 
tian, though applied with the greatest success to some elevated 
branches of science, should perhaps not without caution be 
extended to Political Economy ; in which the bias of human 
propensities, and the versatility of the passions, are to be taken 
into consideration as combined with other operative causes. 

The quantity of money that may be required, for the single 
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parpase of a circttkciag medium, is eonfided within limits 
depeadiog in some deg^ree od the convenience afforded^ by the 
materials, the form and divisions of that money, for the rapidity 
of its circalation. In large atid commercial cities, existing 
under a liberal and protecting government, and where the 
transfer of m<xiey is likely to be often called for, even in con- 
siderable sums at each time, the establishment of Deposit- 
Banks, of which that of the city of Hamburgh offers a very 
good specimen, is calculated for promoting that object ; the 
trabsfer in a general Account-bo(^ being operated with much 
less vraste of time, than it could be by a physical delivery from 
hand to hand. In Oi^t-Britain, that office is imperfectly 
executed by Banks of circulation and by private Banking* 
bouses, whose transactions are referable to the fictitious 
currency already mentioned. The best that can be said of our 
money-system is, that it fate hitherto worked its way^ 
noMritfastanding' great and palpable inconveniences. 

Modey^ from ibr promiscuous and unequal modes of circula- 
tion, has a tendency to accumulate iiito masses, more or less 
consideraMcl in different hands. Those masses, during the 
ioterviifls in which they retiiain unemployed, assume the deno- 
mination of Capital. 

Ihcretiuie of Capital is' the constant object of Industry 
and Bcdnonly. When the increase of capital, in any coun- 
try, hail aittaifaed a certain height, by the profits of an exten- 
sive fbttlign trade^ such capital may in process of time form 
ati important branch of the national wealth ; but that in- 
crease would be unavailable, and its advantages would be 
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neutralized in consequence of a corresponding advance in the 
prices of all other commodities, if the Capital were not also to 
acquire a merchantable character, both at home and abroad^ 
Capital, alone, is however a precarious and but a secondary, 
species of wealth. The fate of countries, — as exemplified by 

■ 

Spain, for the last three centuries, — that relinquish creative 
industry merely to pursue the acquisition, of silver and gold, 
must inevitably be to subsist in a continual and wretched, state 
of dependance upon other countries, for tl^ose necessaries and 
commodities of life, which, being assuredly, reprodqced in pro-; 
portion with the demand for their conaomption, constitute both 
the principal source and the real substance of wealth. 

* 

Capital, unaided, remains an inert and useless mass. To-, 
wards becoming productive, its associaticm with Industry is an> 
indispensable requisite; and then it is entitled to share, with* 
the latter, in the profits derived from their combined powers*. 
The proper destination of Capital is to stimulate industrious 
pursuits, to favour useful enterprize^ to promote beneficial 
improvements, and ultimately to participate in tl^e various^ 
advantages thence resulting. This is the trpe. foupdation, — 
the equitable motive of what is termed Interest of-MP^- 

The implied share of profits, appertaining to Capital, is 
according to established custom compounded for in a. certain 
ratio of the capital employed ; which ratio is understood a» 
referable to an annual period, and multipjliable in proportion 
with the quantity of years,, or otherwise the mere fraction of a^ 
year, during which such employment may continue. What 
is commonly called Rate of Interest is only a differei^t mode^ 
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trf expr^flsitigf, by dnplicatibn of terms, that ratio which is a 
simplified maUiematical term; and thus explaining that 3, 4> 
6, or any other qnantity of money, whatever may be its deno- 
mination, is to remunerate the hire or use for one year, of a 
quantity uniformly expressed — namely one hundred— o( money 
similarly denominated and of equal value. The Interest of 
money, although specified at an annual rate,, is payable at such 
regular periods as njay be agreed upon ; whether by Annuat^ 
by Half-yearty, or by Quorfer/y instalments, or even at shorter, 
intervals; each payment being always proportionate with the 
annual rate. 



In almost all the monev transactions that do not exactly 
consist in the purchase or tiie saA^ of commodities, and more 
particularly in cases of Loans between individual persons, or of 
those made to (Jovernments under specific contracts ; and 
whether, according "to the terms of such contracts, the reim- 
4>ursement of the capital advanced be secured or not by any real 
pledge, or whether the loan be made on simple Credit, with 
a symbolical pledge, only;- it is to be understood, in those 
various cases, that the above definition of Interest becomes a 
mere fiction, inasmuch as no association actually takes place 
between the borrower and the lender, for any purpose common 
to both parties, ^et all those transactions are uniformly 
regulated on the principle we have described, because ^it .is 
obvious that no justifiable motive for borrowing can possibly 
exist, except' upon the supposition of some profitable or truly 
beneficial pdrpose contemplated in the intended application of 
the money. 



Tranfiactions thAt have Interest of ncioiiey for their object 
are foutided upon what is called O'iditf or the faith witfa 
which the expectatioo ^of reioJuursenieat and Demiinerrtian ii 
accompanied. 

Credit may be yielded either to tuhsta^ial pledges, to 
individual persons^ to certain societies acting collectiyely^ or 
to those who are entrusted with the admiaistration of the pub- 
lic finances ; and in the latter case, the credit rests oh what is 
usually denomi Dated Govemmmt-Secwitif. When it is yielded 
to real pledges^ their imperishable character is a requisite no 
less essential than their adequate value; when to indivi- 
dualsy the estimation of their moral integrity possesses greater 
weight than the merely external appearances of wealth ; 
and when to socifBties coUpctiyely, their permanency is a 
paramount consideration. It is the exdnsive privilege t£ 
these, and especially of Crovemments, to be susceptible of 
that permanent chftracter, enabling them confidently to 
look forward to remtotie periods for the accomplishment of 
rational- purpo^, through the developement of resonrces 
almost inexhaustible, and that seldom fail to be supplied 
by lapse of time aided by a wbokeome administration : 
nevertheless, a d^payed ^te of things, resting its present 
claims on antecedents only, not unfrequently obtains Credit 
lipon illusory grofinds. The concern^ of intorporated 
societies may be so itit^wflv^n with the financial system 
of the Government, as to preclude the separation of their 
respective credits ; that of the former being repdered sur 
bordinate to -that of the latter, on the faith of which only 
depends the existence of those societies. Pvblic Credit is 
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not, bbveTer, the same tiiiiig w the credit direcfUy piweised 
by ti» Gw(B!mweat : it eoMifts in the gennality of amtaal 
facUiti^ oUftioed im moMy tnoflutioiuu thixMigboat aoy 
country, frotn a universal fieeUiig ^ confidence iand aecority^ 
wbic)} a wia? ^anj a si^iently protaeling goyemment alone 
can conyey. When Aat fonndalion is riiafcen> Public Credit 
is at an end« 

From the natural tendency of things, abstracted from all 
interference of the civil lavrs in regnkting the Inteveat of 
money^ the rate of that interest, when freely stipiilated 
betw^n man abd oum, can be govemad by no other than the 
^ollowiiiig three arcnmstanow :-<4he competition esusting in 
the i|ioney-n»Arfcst,"^the degree of risk attending any j^*- 
tii^lar investment of ca)iital# — and the moDe 4^ less fiidiity 
fQV reponverting at pleasure into Capital the proposed mat* 
ter of that investment. > 



Fir§t ;-^The prices of all oommodities being liable to flue* 
tuate, according to the proportions between the supply of 
and the demand for those commodities at the time being, this 
eiroumstanoe possmm a similar influence upon the value of 
Capital, cpnfddered iu its r€lation with the periodical income it 
should produce; .whenea Capital becomes less valuable^ under 
t^is pmnt of view* ia pioportim with the increase of that par- 
iieukr description of wealth; and all Interest must cease, 
where no demand for Capital eTists« From these ^eivjises we 
may ii^r that^ in all thriving countries, the Government, 
as well as the great hwded proprietors whose estates are 
roseeptible of improvement, will probably he benefited in em* 
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sequence of their constantly employiog Capital taken at 
Interest ; the rate of which Interest is not unlikely to sustain 
successiye reductions/ wfailst'the nominal Capital, thereafter to 
he repaid, will probably Ikve sunk a part of its' original and 
comparative value. But in the absence of adeiquate demand, 
Btkd of a sufficiently remunerating employment for. Capital in 
the country where it may abound, the deficiency, in Hhat 
respect, is capable of being supplied by productive employment 
of that capital in foreign countries; the risk attending which 
18 to be duly appreciated. 

This dependance, however, proves that the unlimited increase 
of Capita], — which is rather the symbol than the reality of 
wealth, — could not without inconvenience and ultimate disad- 
vantage be aimed at, as the principal itieans of establishing the 
strength of a nation, and its permanent influence abroad. Nor 
does it appear, from the lessons of History, that extensive 
dominion, when chiefly founded upon commercial advantages 
and accumulation of wealth, is susceptible of maintenance 
beyond a limited time. 

Seeandhf ;-^The risk of a total or only of a partial loss, 
at which risk any ' capitar may be invested, cannot be al- 
ways the same; and^t is obvious, * that if the proportion of 
profit, contemplated in'th^^association;.of Capitar with Industi'y, 
should be ' sufficient for*' compensating that risk ' and for 
warranting its being incurred, the'share of such profit, which 
in the shape of an annual rate of Interest is to devolve iipbn the 
Capital, ought in that case to be more considerable than the 
requisite share on a soppositroh that the Capital were subjected 
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either to a less risk, or to no risk at alK But in a matbematical 
sense^^the risk is not. in any case to be considered as absolutely 
nul; although it may often be disregarded on the score of 
presumed exility. Therefore, any stipulated rate of Interests 
is implicitly compounded of two parts ; — ^remuneration for the. 
Capital employ edy ia proportion. tp the period of that employ-i 
ment, — and compensation for the risk : a distinction abundant-, 
ly exemplified by the very di£ferettt xates. pf Interest, ^% 
which the loans of British capital are granted, at home or to 
foreign countries. 

Nevertheless, and discarding all consideration pf the varioua 
degrees of risk attending the application to. different purposes 
of borrowed » Capital, Iaws have been enacted, at almost all 
times, and nearly in all countries, for restraining the rate of 
Interest qa loans of money. . 

a • 

t ' « • 

I^et us remarks that in the origin of whdt is called Umy. 
Ltms, tbfi .nmeasAry. protection .of the abspltite pooi; agaii^t 
tyrannical extorti(9ai :wai« the only ; yie^ entertain. Very 
little reflectiw will t^n he necesaary. fcir <iUs0DV)ering, that 
how/svev. ^U »d«pt(id: those )4ws::i|>$Jr ha!ii:e b^n to. .the islt^tci 
of society jnifotoier tipijes, the opse ,is !*i<leiy aljtered j nuHaisy 
ha^nqig h^onie a^moch ame^han^Wfe. ai^iole as.any other, 
andiiaying an op^n m^rh^t i^ ev^ry.goeat city of Europe. , In; 
tbiqse days, snoh, laws serv^ occqsioftally jto. . obstrtiot mntoal 
accomqiodfttion, upon terms justified on .one hand by fair cobi-> 
pe<ation, and on the other haod.by a .dae copsiderMion of the 
greater. pr le^ risk that may attach .to . the. intended applh! 
cation of any Capital j they; ar©.iiQt,lei* wgusli.tb^iiiittpotitMp 
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iaamiuch as they fyi\ to operate according to the principte of 
reciprocity ; they are in fact a diract infringement on the 
right of property, to free disposal, and tt> equal pmtedtion, of 
whatever description snch property may be ; they coiiid not 
any longer be retained; except for the purpose of favouring 
particular classes of penons, to the disadvantage of other 
classes ; and they should be-cdnsideHMl as ode aAongst those riem- 
nants of barbarbm, which we are always slow in eradicating. 

Thirdly : — The effect of competition^ in the money-market, 
is not only to establish the lowest possible rate of Interest, in 
those cas«y where the nature of the investment aflbrds the 
utmost degree of security for the reimbui*sement of Capital 
borrowed; but also to intrbduce, between dlffel*etft modes of 
investment equally secure, another important distinction in the 
mutual relation of Capital and Interest; If tbe investment 
should be of such a description, that the Capital continued 
available at all times, and at a short notice,-— every chance 
being retained of^tsmore profitable or more eligible inv^ttt^ 
ment, — ^there eidsts in that'cdise a sufficient inducement fin^ 
preferring this mode of investment, even at a rateof IntefM 
farther reduced. Bat if any propbsed investment^ hovi^vef 
substantially secure, shonld reqnite the Capital to remaitt 
absblutely locked Up dtiiring a cdnsiderable i;ime,-^piir(dckuiing 
all faronrable chances^ntil the expiration nf that time,— then 
the rate of IntereA obght to be more elevated thatf in'tttfe 
preeeding supposition. In a country abounding with floating 
capital, there are varioiu motive in teonntant operation^ tending 
to*' estaUills a remarkable difference between the ratios of 
Interest 'depending oftt this third circumstance. Tbit positfon 
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liere advanced is corroborated by the comparatively low rate 
of Interest yielded by investments in the British Fanded-Debt, 
which are accompanied with the convenience of commanding 
die Capital at any time, by means of re-selling* in the public 
market the Stock of that debt, though at some contingent 
profit or loss, in consequence of the perpetual fluctuation in 
its price ; and by the still lower rate of Interest afforded by 
investments in Exchequer Bills, the integral amount of which 
IS equally* available at all times, without incurring any such 
contingency. When the rate of Interest is remarkably low, 
the difference alluded to becomes more sensible; but if 
uncommonly higfa^ the lender may on the contrary consider it 
an advantage to secure, during a long period, the employment 
of his Capital at that higher rate of Interest. 

It follows from all this, that Interest and Income^ though 
both relative to an investment of Capital, are not syriony- 
mous expressions ; that the truly available Income, arising 
from any Capital laid out at Interest, is always in a less propor- 
tion than the rate of Interest stipulated for ; and that, mathe- 
matically speaking, the present value of any sum of money, 
receivable at a future time, is not ascertainable by merely 
subl^acting from it what is called Discount^ considered as an 
equivalent for the Interest of Capital employed from the present 
to that future time, but by the further subtraction of another 
quantity, equal to that first residue multiplied by the fraction 
expressing the probability of failure in the expected receipt *. 

m 

* All mathemcUical probabilities are represented by fractional quantities, 
expressing the exact proportions of those probabilities compared with vmty, taken 
as the expression of ctrtitude, 

d 
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When uti^ number of successive instalments of the Interest^ 
according to a stipulated rate, or one implicitly under^ 
stood, is not regularly paid to the Creditor ; hut by mu- 
tual consent is allowed to re^pain in the hands of the Debtor, 
who agrees that each instalment falling due shall be considered 
as a new loan, on the same terms at which the Capital of the 
original loan was granted to him ; there arises, from this 
specific mode of transacting for Loans, what is termed Compound 
Interest ; by whicl^ is implied, as a necessary consequence, the 
constant increase both of the Capital and of the Interest^ ia a 
geometrical progression, and for any length of time during 
which the same system may continue to operate. 

From this last consideration is generated a seriiSiS of combina- 
tions^ the more susceptible of being complicated, as they involve 
in their generality many transactions of frequent recurrence, 
and in which the relation between Capital an<l Income is madd 
to depend even upon uncertain events, fnach as the duration of 
human life, and therefore ascertainable only in the shape of 
their respective probabilities. 

Annjuities are to be discriminated, as ^it\kef perpetual or 
terminable. A Perpetual annuity ifi the sum of money propor* 
tinned with the Capital of ^y loan, and covenanted for annual 
payment by the borrower^to the lender, at certain interv ato 
usually of 12, 6, or 3 months from each other,— and in due 
proportion at each of tho$e instalments, according to a stipulated 
rate of Interest, until the reimbursement of that Capital; but 
without any other limitation of time. A Terminable annuity 
differs from the preceding, inasmuch as its duraticm is limited 
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either to a certain term of years, or by the occnrrence of some 
anticipated event ; when in either case the Annuity ceases, 
and the Capital of debt which it represented becomes 
cancelled. 

Ptepetual annuities that originate in loans to the British^ 
Government, and represent the Capital of those loam, are issued 
to the pnblic at large, with the conveniences of being divisible 
at pleasure, and transferable with ease and without attendant 
expense; they are thus sold in the public market, under the 
general denomination of Stockf the price of which^ always sub- 
ject to fluctuation, is expressed by the sum given for one hun- 
dred pounds share of that Capital ; but siihilar annuities 
restdting from contracts between individual pei^ons are 
divested of those accompanying conveniences. Perpetual 
annuities issued by the Government may, by a special clause of 
contracts for loans, be constituted trrecieemafr/e during a certain 
term of years ; by which is understood that the indebted party 
rdinquisbes, until the expiration of that term, (from whatever 
consideration it may be,) his natural right to discharge the 
capital of hiadebt ; thereby assuring to the proprietors of Stock, 
of that description, the continuance of a rate of Interest con- 
sidered as being advantageous for them. It is obvious, that 
the higher the constituted rate of Interest, the more valuable 
to the debtor is the privilege of redeeming his debt at pleasure. 



may be contracted for, and debts of other descriptions 
may be created, in such a shape as to supersede the obliga- 
tion of refunding the capital at any time. This is when annui- 
ties are constituted payable, either during a specific term of 
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years, during* the natural life of any individual persbn^ or 
during the longest amongst the lives of several nominated 
individuals. In the last.two cases, the probable termof sach 
life or lives, — v?hich by certain rules is deducible from the 
respective ages of the nominees, combined perhaps with other 
considerations, — becomes one of the elements of calculation, 
instead of any period of time precisely determined ; but in 
all cases of Terminable annuities, their ratio, or proportion 
with the Capital they represent, must be more elevated than 
the ratio of the corresponding Perpetual annuities, or simple 
rate of Interest, that should otherwise have been stipulated 
and payable until the reimbursement of the Capital. 

From the nature and tendency of contracts for Terminable 
Annuities of any kind, it is immediately perceptible that the 
excess of their ratio, over and above the ratio of simple Interest, 
ought to be neither more nor less than a just equivalent for the 
Capital, considered as forthcoming when the corresponding 
Annuity attains its period of termination. If therefore we 
suppose four per centum per annum the rate of Interest 
stipulated for a loan ; and that, independently of paying such- 
Interest^ the borrower annually set apart an additional one per 
centf of the Capital, improving such surplus by the process of 
Compound Interest at the same rate of four per cent, until the 
accumulation of a sufficient sum for discharging his debt, — 
this object would be attainable at the expiration o( forty-one 
years, as will be seen mpage 20th of the Tables here annexed. 
Whence follows, that an Annuity of Jive pounds, limited to forty 
one years duration, may be considered as the equivalent of 
another of /bwr pounds only but payable perpelualljfj or other- 
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wiRe until the reimbursement of one hundred pounds Capital 
represented by the latter Annuity. And it further follows^ that 
the same purpose of- redemption may be accomplished by the 
Debtor, at the expiration oi forty^one years, in consequence of 
his paying at the rate oi five per centum annually to the creditor, 
during that limited period, as it would have been in case that he 
paid him in the proportion oi four per cent, only, and undertook, 
by the personal management of the above mentioned surplus, to 
create the Capital ultimately required in that case for discharg- 
ing his debt. If we should suppose any other rate of annual 
Interest than that of four per cent., or any other proportion of 
annual surplus than that of one per cent, and applicable in the 
same manner, the results would not otherwise differ from the 
preceding, than.as the surpluses in a greater proportion, or their 
improvement at a higher rate of Interest, would respectively 
contribute to abridge the period of redemption ; and as that 
period would on the contrary be protracted, under the suppo- 
sition of the rate of Interest being lower, or of the surplus 
being less. 

Proceeding upon this general principle, of applying the 
savings from a periodical Income to the future redemption of 
Debt, the Governments of some indebted 'nations have instituted 
what is called Sinking funds ; consisting of annual sums set. 
apart from the public revenue, or sometimes appropriated from, 
merely fictitious resources, — and through the real or the 
simulated improvement of which, at Compound Interest, a, 
reduction in the Capitals of such National debts is professed 
to be successively obtained. We have elsewhere enlarged on 
this important subject. 
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A.Sinking-fbnd assumes the denominatioii of Redew^tkm^ 
Jiindf when: the sayings of Capital, of Income, or of both, 
and destined for improveipent at Compound Interest, with the 
intention to redeem at the expiration of a stated period any 
specific Capital of Debt, are with sufficient exactness 
proportioned with that object ; so as to insure its attainment 
according to all moral probltbility. 

Transactions between individual persons are liable also to be 
framed, in a variety of shapes, upon the same principle. When 
they relate either to the mere improvement of Capital at Com-* 
pound Interest, to the purchase or to the grant of Annuities^ 
for specific terms of years certain, or to the accumulation of 
savings out of a certain income for creating any determinate 
capital at the end of a given time, the solution of the questions 
concerning those transactions depends on the possession of any 
thrfie amongst the following Jive data : first t the period of 
time ; secoTuUy, the rate of Interest ; thirdly ^ the present or 
the future Capital ; fourthly, the quantity of the terminable 
Annuity ; fifthly, its cumulated amount at the expiration of 
the period referred to. All other quantities involved in the 
question are then capable of being deduced, with more or less 
facility, and by known rules of calculation, from those three 
data only. But the transactions that involve the further consi- 
deration of uncertainty , as to the duration of lives, are to be 
viewed under a different aspect. They possess a peculiar 
character; and the solution of questions concerning Life-assu- 
rances and Life*annuities, reversions of Capital and reversionary 
annuities, survivorships, endowments, or other analogous trans- 
actions, requires the additional introduction *of specific data; 
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' We have already made the remark, in a preceding publica- 
tion, that the collective resolfe of a muUitnde of^transactions 
relative to life interests, enl braced by Grovernments or by 
hioorporated societies, exhibit only inconsiderable variations 
from what bad been previously ascertained as the result of cal- 
cmlation upon satisfactory data ; but that the case is widely 
different, when solitary transactions of this description are 
ventured between one individual and another, or even when the 
quantity of assimilated transactions is too small for affording* 
snflScient probability that the average results shall in a certain 
degree approximate the mathematical anticipations ; and there* 
fore, that such solitary transactions not only constitute s( species 
of gaming, but scarcely retain the character of equitable cod* 
tracts, particularly when it is considered that an accurate 
ascertainment of the respective values of Expectancies, duly 
discriminated, is often unattainable for the contracting parties^ 

Besides, tlie speculations upon life and death, between 
private individuals, are attended with great moral inconv^* 
nience. This entirely disappears in the multifarious transac- 
tions of societies, whose principal object is to secure, by a 
wholesome administration of their aflairs, certain average and 
equitable results. 

Nor should the profits derived to those societies, if moderate, 
be considered as a disadvantage for the individuals contracting 
with them. In human concerns, individually considered, there 
is always a moral and appreciable disadvantage attending 
uncertainty. The real value of property, if the whole be 
exposed to any single risk, is by no means equal to the integral 
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amoUDtof that property, minus the mathematical proportion at 
which the risk incurred might be accurately ascertained ; and 
there may possibly exist a great difference between the value 
of the Mathematical Expectation and the value of the Moral 
Expectation, both deduced from the probability of the result. 
, The relative difference will be the more considerable, and 
therefore the value of the latter Expectation — ^which is chiefly 
to be considered— will be less, in proportion as the risk is pre- 
snmed to be small ; as for instance the ordinary risk of Fire. 
But admitting, instead of a single risk incurred by the whole 
undivided property, a division of that property into portions 
exposed to separate risks although of similar kind, the relative 
difference between the two values will then be reduced ; and 
it would ultimately vanish altogether, if an infinite division 
of risks could be calculated upon. Whence follows^ that the 
values of those two Expectations very nearly coincide, in 
respect to the societies alluded to; and that each individual 
assured by them, under just regulations, gains in reality, by 
the mere exchange of his uncertainty against a determinate 
and convenient object of certitude. 
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COMTAIKINO THS APPLICATION OP THAT DOCTRINE TO PERPETUAL ANNUITIES, AND 
TO TBRKINABLB ANNUITIES THE PERIOD OF WHICH 18 UNCONDITIONAL. 



The doctrine of Ck>MPOtNb Interest cbiefly consists in the developcment of a 
very few mathematical principles* 

« 
(I.) Five quantities are here. to be considered, as bearing an invariable rela- 
tion with each other, under all their possible combinations; and when de^ribiog 
those quantiti^ in a general point of view, we shall affix to each a conventional 
sign, or initial representative, for the purpose of future reference, as also for that 
of facilitating certain expressions in an algebraic form, and immediately pointing 
out the arithmetic operations required for numerically solving the various questions 

m 

susceptible of arising on this subject, when the indispensable data are afforded. 

FirU: — Let p signify the Prhcrpal; implying either any present capital 
destinM for impTOVelnent at compound interest, — ^tbe present value to which is 
reducible any other capital more considerable, and forthcoming at a future 
period,— or else the equivaletit for any annuity payable at certain instalments 
computed from the present tirne^ and until a stated period when such annuity is to 
terminate. 

Secendly: — Let. a signify that Annuity ^ or one of the equal sums successively 
forthcoming at the expiration of equidistant periods, whether consisting of one 
year, of six months, of three months, or of any other interval of time commencing 
from the present. 

Tkirdlg : — Let n signify the quantity of those forthcoming sums, each of 

which equal to a. 

t ' - ' 

e 
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Fourthly: — Let r signify the Batio^ or the fraction expresring a standarJ 
proportion of interest, produced by every unit comprised in whatever invested 
capital, and for any one of those periods the quantity of which is expressed by n. 

Fifth and lastly : — Let m signify either >he Improved Princrpalf originally 
p and invested at compound interest in the ratio r, during the time implied 
by n, — any capital forthcoming at a future period, and which by discount tinder 
the consideration of compound interest would be reducible to f as the present 
value of that capital^ — or the cumulated amount of the successive soma a, added 
together, with their respective improvements at cdmpound interest according to 
the ratio r from each instalment to the next, and until the period of termination 
of the annuity by the receipt of the last of those sums. 

(II.) It follows from those definitions, that by the operation of Compound 
Interest during any period n, the improvement of every wnii, comprised ^n the 
principal p must, at the respective stages of such period, accord with the 
succesMve terms of this geometrical progression ••• 

■H- (l+ry :(I+r)«:(l4-r)»:(l+ry: &c ..to (l+r)«; . • . 

and\herefore that the present value, by discount of every temf comprised in any 
sum forthcoming at those different stages respectively, must also accord with the 
successive terms of this other progression ^..^ 






: 4^c. ..••••• to 



(l+rV(I+r)»-(l+r)'-(l+ry'"' O+r)- * ^ 

(III.) Having thus observed that ttnify, considered as the prtnctpal, vrill, at 
Compound Interest in the ratio r and at the expiration of a period n, improve 
into a quantity (14''*)*9 ^^7 ascertained principal, or present capital expressed 
by p, will consequently improve into p(I+r)*; whence^ and expressing by m 
this improved principal, if any three of the four quantities, n, r, f, and m, be 
known, the fourth will be ascertainable by resolving into a numerical expressioa 
some one amongst the following four, which, are mere transformations of the 
above ori^nal equatipn, identical with each. 



m (the improved principal) := p(14-v)*« 

p (the original principal, or present capital) r: 



in 



(1+r)* 



-i / ^ (the ratioofinterestjcorrespondingwitheach interval of time):::! — y — 1; 

1 ^* . X log. m— log.© 
log. (1+r) = -2 .±^. 



or 

n 



V 



n (the quantity of successive instalments) = Jf>g- ^""^<^g' P 

log. (l+»T 
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It may be expedient to iUattrate thete petitions hj appropriate examplee. 

(IV.) Soppoee the principal p to be j^ 12500, 3^ per cent, the noniina] rate 
of annual interest at which that present capital may be improved by half-yearly 
instalments, the ratio r in that case = 0-0175; and that a term of 25 years were 
prescribed for the improvement, n being; consequently equal to 50 half-yearly 
instalments of the interest We hsnre the improved principal m = p(l+f*)* 
^ 19500 X (1'0175>^ ; and reducing this to a logari&mic expression, 
log. m cz log. 12500-^50 (log. 1*0175) =: 4O9<(dl00 4- 50 (0*0075844170) 
rr 4*4716309. This last logarithm oorresponds with ^0760, th» 4iam into 
'SQch principal p is improvable* at the expimtion of U yvars. 



(V.) Suppose m a sum of £40000 required at the expiration of 20 years, and 
to be obtained by the improvement at Compound Interest of a present capiul p, 
invested at an interest of 4 per cent, per anmaa^ accruing by quarterly instal- 
ments; in which case r z: 0-01, and n = BO. That'capiUl to be invested, or 

the.discounted value of the future capital. m,. being, p :^ . ■ ■ r: . « 

^ ^ ^ (1+r)* (101)» 

will be aseertained by an operation - analogous to the above; and we have 

log./c=ilog.40000-. 80(log. I Ol )=4-6b20C00— «0(0004S21 8788)=4*2563501 , 

which last quantity is the logarithm of ^^18045, the capital to be invested* 

(VI.) Suppose a principal of ;f lOQOO, intended for improvement at Compound 
Interest during 37-| years, so as to produce at the expiratioit of that period a 
capital of i£ 40000 ; and the question, in that case, what the rate of annual interest 
ehoold be, under. the stipulation of hatf^ycariy instalments. The data being 
p =s 10000, m =z 4000U, and » sr 75 (half-years), we have log. (1-f r) 

log. m — lo^. p log. 40000— log. 10000 4-6020600—4 
== -j^ r-— r YsT^' ^ ^ ^75 =00080274666 ; 

this last logarithm corresponds with 1-018656 = l-f r; whence r = 0*018656 
is the ratio of half-yearly interest, the nominal rate of whichpertmimm is therefore 
0*037312^ or a vary small fraction less than 3j: per centum* 

(VII.) Snppbse /250bO invesltfd (Htnn interest of 4^ per eetitem per ammm, 
payable quanerly, with a vifew" W ac'<utkiulate in proeesa of time, and by the 
operation of Co^npoernd Interest IVom each qnarler of a year to the succeeding 
quartor, a capital of ^f 125000 -ultimately required; and be it asked the period 
n, computed from the present time,- bnd at the expiration of which the desired 
improvement will be accomplished. In this case, we have p zi 25000, 



0-045 
m = 125000, and r =z —— = 001 T25 ; 

4 



. log. m — log. p 50969 100 — 4*3979400 , ,^ ^^. , . 

whence n = -s. ^ — JLJ: — ■ = 143*864, being 

log. (l-l-r) 000485853 \ ** 

very dearly 144 quarters, or 36 years^ the requisite term. 
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(VIII.) Questions analogous to either of the preeediog four may be put in 
various shapes; but the similitude of cases, — as it chiefly rests upon the possession 
-of any three data amongst the general quantities m, p, r^ and t^ — cau ecaroely 
fail to be easily discernible. 

(IX.) But in order to establish, tnTeriably, the relation between each of the 
fivt general quantities susceptible of being considered in questions of this kind^ and 
,the other four of those quantities, let us now substitute, for tin%, any quantity ^a 
of periodical income terminating at the expiration of a time expressed by n; such 
quantity a to be compared with the Principal p, ^and necessarily discriminated 
from the ratio f* or standard rate of intereet. It clearly follows again, that p caa 
be no other than the addition of the respectively discounted quantities a, under-* 
stood as the sum forthcoming at each stage of that period n. Those disoounted 
quantities will then accord with the succeesiye^rms of the progression • • • 

a a a ^ ^ 

&e« . • • • to 



• (i+r)' (1+r)'- (1+r)'- {i+ry ' (l+r)- 
the united value of which ••••.•.. 



y = TTZTv + 7Ti::^t + 77XX. + 771!^* + *«---.to + 



{\+ry • (l+r)* ^ (l+r)« "^ (l+r)* ' "^ " ' (l+r)- 

a 



a — * 



(l+r)» a (l+r)» — a 
;^ ;;= " — ,| , ;, — , (by the general rule for summing the terms 

of. any geometrieal progression) is the Pment vahe of As TemunabU amtmiy. 

• 
(X.) The quantity a, in its relation with p (the Prindpal)^ has hithertabeen 
^considered as an Annuity, or as the portion of on annuity terminating at a period 
n that indicates the precise quantity of forthcoming instalments of such terminable 
annuity. But admitting, in compliance with general custom, the fiction of 
Perpetuity; by which is understood that the annuity shall continue, ather 
without end, or until the redemption of the capital it originally represented; 

the lost term of the preceding progression, and consisting of a Uien 

(l+r)» ^ 

^^▼ided' by an infinity quantity, becomes null, ^m it is no other than the 

xliscounted value of a, a quantity infinitely lemote and in fact never forthcoming 

nt all. Hence the addition of the sujoceosire terms of tbe above progression, thus 



a — 



(1 li rV^ a 

flnodlficd, will instead of p := ' be p — — ; expressing the 

Present value of the Perpetual annuUym 

Under this hypothesis, in which the^antily n is discarded from consideration, 
if p, a, and r, be successively admitted as the unknown quantities, they are 
readily ascertainable by resolving into numerical expressionji the three algebraic 



/ 



/ 



r. 
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expressions (now extremely simplified,) p =: — , a r= pvy and r =: < — ; 

the last two of which are mere transformations of the fir«t« 

• » 

It is self-erident that, under this same hypothesis, the quantity m, considered 
as qnestionable so long as n could be retained as a limited quantity, must now 
be discarded also; because any sum, whether p or a, and however small, 
necessarily becomes infinUe, — that is to say, greater tka»anry assignable quantity, — 
when proceeding from its uninterrupted improvement during eternity ; and there- 
fore no qoestioB can possible arise in the present case, as to any ascertainable 
quantity m. 

(XL) Examples of the three questions relative to Perpetual Annuities. 

First : — Let j§5000 be the principal p-, or the value of an annuity payable hf 
quarterly instalments, the first of which falling due in three months from the 
present time ; and let the nominal rate of annual interest be 6 per centum^ or in 
the ratio r =: 0*0125 for one quarter. Each of those quarterly instalments will 
then be a c= pr :r: J^5000 X 0*0125 = £6^. 10s. ; four times which, or £ibO^ 
will be the Annuity. The multiplioatioo, at once, o( £bQO0 by 0*05 or by the 
rate, per oTvnuniy yields the same result, 

Seoondlji : — Let the principal be j^5000, and the Annuity nominally £%75^ 

but in reality j^ 137. 10s. half-yearly ; then the ratio r =: — = =0'0275, 

p 5000 

corresponding with each half-yearly instalment ; and 0*055, otherwise 5^ per 
cent.f will be the nominal rate of Interest per awnum^ according to which such 
annuity is pai^. The same result is obtained by merely dividing 275 by 5000. 

Tkhrdlyi — Let the annuity be nominally J^SOO, but accruing by quarterly 
payments of ^75 each ; and suppose 4| per cenL per onn. the nominal rate of 
Interest by which the calculation is to be governed, which reduces the quarterly 
ratio r to 0*01125; the present value of a perpetual annuity, to the above 

amount, will then be p - -^ = 0*0?i25 " £^^^^*^^^^ ^^^ '^^^ ^•"^^^ 

annual eum of j^300 be divided by 0*045 or the rate of annual interest, the same 
quantity £Q&66. 13«. 4d. will exhibit the capital represented by that Annuity. 

(XII.) Should the first instalment of an annuity, whether terminable or 
perpetual,^be paid at the outset of the constitutijig transaction, instead of being 
payable at the expiration only of the first year, the first half-year, the first quarter, 
or at the expiration of any other specific term, computed from the period ot 
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investment of the corresponding principal p ; such anticipated payment, of any 
stun a, ought in that case to be considered in no other light than as a reduction 
of the invested principal itself. This is indeed the simplest and clearest view to be 
taken of the matter ; whence the relations between the several quantities a, r, n, 
and p, need not be estaUished by any other rules than those already set forth ; 
requiring only to substitute p— a, for the pnnc^po^ instead of p, and to prosecute 
the calculations accordingly* 

(XIII.) If any future capital m is to result Trom the accumulation of each por- 
tiop a of income, improved at Compound Interest until the expiration of a period 
n, that quantity m can be no other than the addition of .the several quantities o^ 
respectively improved until that term of expiration. And if it be further 
considered, that the first portion a will be forthcoming only at the ebd of pne 
of the stipulated intervals computed from the present time, and each of which 
produces interest in the ratio r ; such portion of wsOxa^ consequently benefitting 
jioi mora than by a quantity n— -l: of ancceasive stages of improvement, . whilst 
the last portion a, forthcoijoing at th^ complete expiration of ; the- period a, ia 
pot ausqeptible of any improvement at al)^ we shall have by anabgy with the 
progressipn (IX) • •• • ^ •: « ; .. •. • *■' » • • •' • •* « '- • 

^ = a+ii(l-^r)»-f a(l+r)«+a(l+r)»+«(H-*-)*+ &c. ... to + a(l+0""'*f 
which by the rule of summation resolves into . • • 

a(lH-r)"- '.(1 + r) — a a(l+r)*-.a ^ ,. 

m =r -i ^ =2 — ^ ' ; and this quantity is the 

CwTwlated anmdtyf or what the authors have technically termed the Amount of 
the annuity. 

It is immediately perceptible that the quantities p and m, the former of which 
has been analized in section IXth, stand in such mutual relation as constantly to 

produce — = (I +'')*• 
P 

(XIV.) But independently of m, we may admit another quantity M, similarly 
formed of the same quantity n of consecutive and equal portions a of income, 
the first of which realized at tlie moment of the supposed investment of thf 
principal p, all the other portions forthcoitaring at equidistant intervals, and the 
whole respectively improved during n stages; in such manner, that the last 
realized'of those sums a participated, during one of those stages or intervals of 
time, in the general process of improvement embracing a whole period equal to 
that already considered in forming the quantity m. It is obvious that, in such 
case, M will exceed the latter by a aingje quantity a(14^r)% resiflttng from the 
improvement at Compound Interest of one of those sums a realized at the outset; 
that quantity a(i -f r)* diaiinished however by another quantity a that will'not> 
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at in the fonner case, be rortheoming at the close of thei period iDdifmied by n. 
That is to say^.that M and m are so related as invariably to produce Af sc 
m-f a(l +r)*— d : the two cases differiog from each other, in consequence only of 
the first jknatilment otih^ periodical iDcome a being, in one case, exdnnvely 
realized at the ontset of the transaction, whibt an equal quantity is, in the other 
case, ezclnsiTely realized at the termiDating period of the operation of improTenient. 

Having thus inferred^ from a simple mode of reasoning, the equation • • 

I . . r* T . 

now remains to establish this position by direct calculation analogous to those 
that have produced the equations p and m (IX and XIII.) . 

From th^ definition, this quantity M is equal to the successive terms of the 
following progression added together:-^ 

•H- fl(+«0* ia(l+ry : «(l+r)» ; a(l+r)«: k^. to a(l+r)» inclusiT^; 

the summation of which^ by the general rule, produces ilf =: ^ ^ « , 

identical with the preceding equation. 

Should this identity not appear at a first glance, it will be sufficient to observe, 

' a 

that dividing by — each of those assimilated results, they become • . , . 

(l+ry +<l+r)" - (1+r) = (!+»-)•+' - (1+r) 

whence (l+r)' + r(l+r)» = (l+'')'+'; , . 

< 

and again dividing them by (l-f-^*)** ^^ identical results (t-f^) are obtained; 



(XV.) Being now poasessed of two fundamental equation!, establishing Ae 
respective values of any present capital p, aild of uny future capital m, in tb^ir 
relation together and wjtl^ the, other. quantities a,, f, and n; we are enablfdy 
through the trinafocma^ons of .which, those equations are susceptible, and provided 
that any three of those ^vequandties are supplied as the data, to ascertain the 
remaining two* 

Any five objects afford ten combinations, by which tujo of those objects niay 
be separated from the three others ; hence there are also ten different modes, 
according to which the questions may possibly be framed; the unknown 
quantities being either p and a, p and r, p and n, p and m, a and r, a and n; 
a and tn, r and n, r and m, or n and m. 
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Waiving, at onneceflBary towards practical purposes, the ^ mathematical 
demonstrations that would point out the path leading to our conclusioas, it maj 
immediately be proceeded to exhibit the various theorems solving, in each of 
those ten cases, the respective questions of the two unknown quantities. 
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In the first nx cases of the preceding cathegory, and in which the quantity r 
or ratio of interest is one of the data supplied, the equations that point out the 
respective solutiAis of the unknown quantities are obtained through very simple 
transformations of the equations already established (IX and XIII) ; and each of 
the two questions concerning those unknown quantities may be solved inde- 
pendently of the other. But the last /our cases, where r is one of the unknown 
quantities, involve these peculiarities ; that in the 7th and 8th, r must be solved 
before the other unknown quantity can be ascertained, — and that in the 9th and 
10th cases, the unknown quantities are not strictly commensurable, each admittiiig 
only an approximate solution in consequence of the elevated degree n of the 
indicative equations. 

It may not be easily perceived, in those last two cases, how the conclusions are 
arrived at ; which, in the ninlh case, is as follows. 

^~™ P = r(l+r)" " immediately deduced - =z ^^j-^^—^^ , . . . 

whence — zz 7 — . ., ^ ; and deyeloping the series, according to the 
V (1+r)" — 1 -^ 



Binominal theorem, we have 



an 



1 +nr-f n-i ^ r*+» -i^ i — i^ 1- r» + &c. 

2 2X3 



,, (^-^) ^l (n-1) . jn^V jn-^l) . ( n -2) . (n-3) 
^+""7^'^+ ^ !iX3 "^^ 2X3X4 '^^*'^- 

= l+-i-*^+ «X«X3 2X3X4 '^+*'=' 

I 

But it is observable, by means of a similar developement, that . . . . • 

(1+r) •=l+-:-5-^+ 2x5xr^ 2X2X4X2X3 ^ * 

the first two terms of which are identical with those of the preceding series ; and 



therefore, if we further admit — = y\+^+2) • , 

P 



there will be (1+r+jr) > = 1 -f- ^ r + !Lri r + i y^^yg >^4-&c.; 



which compared with the above first series produces 

Ill , +. ("+^)-("-^) H= Oi±2Il^Lzl) r.; whence z = - "-^r-. 
2 ^' 3X2X3 3X2X8 * I'* 
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* Consequently, (l+r — ^ T« ) ~ — > or otherwise 



n— 1 /on\-+» , . . 14r 12 



1 4-r — ^-5- r* = ( — ) = d, or again r» — =: — --(1— d); from whicb» 

(fi— 1 \"+' 
1 +r r* ) "•' are 

identical with thoee arisiAg from the developement of the first series aboye, is 
ultimately deduced r = — -^ - ^/(^i^Y) X QjZT "" ^f*^""*)] = *- v^CV)- 

An analogous process leads to the conclusions in the ten(h case. 

(XVI.) The practical questions roost frequently recurring are those in which r, 
or the ratio of interest, and n or the quantity of instalments forthcoming of snch 
interest, or of any annuity until its terminating period, are known quantities ; 
those unknown and questionable, under that supposition, being limited to ji, m, 
and a. Admitting then the third datum to be p, there may be two questions, the 
one concerning m, and the other concerning a ; admitting the third datum m, the 
questions may in the same manner concern either a or p; and admitting a as the 
third datum, jointly with r and n, the questions susceptible of arising 'may be 
concerning p or concerning m. All those questions apply to' the first three only^ 
of the ten cases exhibited in the preceding section, where their respective solutions 
are given* 

Those six questions are selected as the proper subject of general Tables, 
applicable to daily use ; and in order to facilitate their construction, *in such 
manner as to avoid either confusion or obscurity, it has been necessary to 
substitute unity for the third quantity supposed to be known. The solution of 
each question, thus referable to every unit, contained in that known quantity—- 
whether p, m, or a, — is susceptible of being expressed by a numerical quantity 
referable also to every joint indication of those represented by r and by n. 

(XVII.) From this description of the Tables^ their insufficiency towards the 
solution of questions in many other cases should not however be inferred. 
Whenever one at least, of the two quantities r and n, forms part of the data 
supplied, those tables will afford an easy method of sdviDg, with sufficieaC 
approximation towards all practical piarpeses, the question relative to the other 
quantity, whether r or n, and supposed to be the unknown. The various positions 
here implied shall, in due progress, be illustrated by appropriate examples. 
Amongst the ten cases aforementioned, the aeventh^ in which r and n are both 
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unknown quantities, exhibits in that respect a solitary instance, in which the 
method of direct calculation must inevitably be resorted to, according to the 
equations pointed out in page 40th, for numerically solving the two questions 
then ftusceptible of arising. 

The six questions comprised in the first, the second, and the third cases, 
and of which the solutios in numerical quantities is obtained by the Tables^ are 
as follows : 

(XVIII.) FutsT QuKSTiON* — Being given the ratio r, either of annual, of half- 
yearly, or of quarterly interest ; as also the quantity n of those instalments, 
intervening until a final period when such interest is to cease ; and substituting 
widty for the principal p, or for any present capital supposed to be invested ; 
m =: p(l.+r)" is^then reducible to the more simple expression m = (I+r)*, 
indicating the Iinpnweci prnicipa/, or the quantity to which every unit comprised 
in the original principal will amount, ^ by its improvement at compound interest* 
at the expiration of the stated period. 

Example. — Suppose Z\ 'per cerit. per ann. the nominal * rate of interest, at 
which a present capital of £16600 may be improved half-yearly and during a 
period of 36 years ; whence r := 0'0175 is the half-yearly ratio, and n =: 72 is 
the quantity of successive instalments for the accretion of interest. We have 
m = (1 4-r)» =: (1-0175)7* = 3*487^08 ; which, as appears in page l2th of the 
tables, is the improvement of every unit contained in the principal J^16500; 
and therefore, multiplying the latter into the preceding quantity, we find 
£57538*96, or very nearly £575E0*|-, to be the improvement of that principal 
at the expiration of 36 years. 

(XIX.) Second Question. — Being given the ratio r of interest at which any 
principal may be invested, and also the quantity n of instalments of a terminable 
annuity proposed as the equivalent for that principal, or present capital ; if unity 
be substituted for such principal, the equation 

pr (\ +r)* ' r (1 -f-r)* 

« = /, V — ~ will in that case become simplified into a zz , • , . ' 
(1+r)— !• '^ (l+r)»— P 

« 

indicating the RaUa of the annuity^ or a fraction comparable with unity, and 
expressing the proportion which the annuity, intended to terminate vrith the 

* This rate is here caUed noKtmdt, in oontradutiaction with that of If per cent,, the propor- 
tionate and trae rate of interest accruing every half-year, and added to the priocipal at each 
Binge of its improvement. 

t The reader is always snppoiied to possess a clear notion of decimal arithmetic, without 
which we could not powibly make ourselrcs understood. 
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period n, should bear with that capital, or with the price for which the said 
annuity is to be purchased. 

Example. — Suppose 3|per cent, per arm. to be the rate at which roonej might 
be laid out at interest, with the condition of its accruing by half-yearly 
instalments; and that a capital of J^25000 were proposed for the purchase of 
an annuity linaited to 13| years* duration, and payable also by half-yearly 
instalments, the last of which falling due at the expiration of that term. In the 

present case we have r z= Q-QISTS, and n = 27 ; whence a :=: . ^ 

(101875r X 0^01875 (l-65H9Q3r X O01875 
(101876)"- 1 0-6612093 

is the half-yearly ratio, and therefore 0*0060772 the whole ratio according to 
which the annuity should be paid as an equivalent. By referring to the 
table (page 16th), this result of calculation will immediately be found ; and as it 
expresses the annuity corresponding with one pound supposed principal, it follows 
that 0-0960772 X 26000 = 2376*93, or say £2377, should be the annual sum 
paid during thirteen years and one half. 

In all questions of this description, it is invariably to be understood (without 
which the conclusion must be false) that the instalments of the proposed annuity 
must, in due proportion, take place at the same intervals as would otherwise be 
stipulated for the corresponding rate of perpetual interest. Various cases, in which 
a deviation from uniform principles is admissible, are generally — and in order to 
avoid confusion — ^reserved for consideration hereafter. 

(XX.) Third Question. — Any capital m is forthcoming at a future period, 
the interval to which, computed from the present time, being divided into n 
equidistant instalments, whether annual, half-yearly, quarteriy, or any other, 
each of them is productive of interest in the ratio r; query the present value p 
of such future capital, reduced by the adequate discount in which the operation 
of Compound interest is considered. The solution of this question has 

already been given under the general expression p = ^-^ — ; but if unity 

(1 +**)* 

be substituted for m, that expression becomes p zz r , indicating the 

(1 -f-r)" ^ 

DiscounUd Value of every unit comprised in the capital forthcoming at the 
stated period. 

Example.— A sum of jf 6426: 10». is forthcoming at the expiration of 7f 
years ; the rate of annual interest at which the investment of capital mi^it now 
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be made is 4 per cm<., accruing however by quarterly instalments of one per cent, 
each ; and it is inquired the present value of that future sum, discounted in regard 
to the lapse of 30 quarters of years. The value of every unit contained in such 

faturecpi..! isp = ^ = j^ = _1_ =0-7419229, as will 

be seen in the Table (page 10th) ; therefore the total present value is ... . 
6425-5 X 0-7419229 = 4767-225, or £4767. 4s. 6d. 

(XXI.) Fourth Question. — Having ascertained the ratio r, of interest accruing 
either by annual, by half-yearly, or by quarterly instalments, and according to 
which ratio it is admitted that money may be uninterruptedly improved at com- 
pound intereM during a period of certain extent or a quantity n of such instalments; 
and supposing that any capital m, required at the expiration of that period, were 
then to result from the accumulation of that same quantity n of equal sums a, 
successively forthcoming or periodically saved, and in both cases improved during 



mr 



t!»e specified period, from each instalment to the next ; the equation a i= . — - 

will, in case of substituting vnily for m or the future capital required, be simpli- 

fied into a zz —. r- — =-, indicating the proportion which such periodical 

Redemption-fund should bear with that future capital ; or in other words, * 

_i : jg llie fractional expression of the annuity, or of the portion of 

(1 +»•)"- 1 

annuity corresponding with each interval between the successive instalments, and 
required to be laid out for accumulation, so as ultimately to produce unity at 
the time when the capital m will be wanted. 

Example. — A sum of jg 125000 will, at the end of 41 years from the present 
time, be required for redeeming a debt to that amount, and then only demandable ; 
and it is inquired the adequate annuity accruing by quarterly instalments, — the 
first of which becoming due in three months from the present time, — or otherwise 
the adequate savings to be made at similar periods out of any income, for the 
purpose of accumulation and improvement at Compound Interest, towards the 
intended redemption, and admitted to be practicable throughout that period of 41 
^ yearsi or 164 quarters, at the nominal rate of 4{ per cent, per annum, but really 
in the quarterly and proportionate ratio 0-010625. We have in that case 

a - ^ - ^'^^^^^ = iS^, = 0002280364, the 

^ — (i+r)--! "" (1-010626)'«*-1 4-6693442 

quarterly prorata, and therefore 0*0091215 the prorata 6f annual savings required. 
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%^ 



as will also be seen io the Table (pag* 25th) ; and which quantity maltiplied 
into ^^135000 produces 1140-182, or very nearly jfl 140. 3s. as the annual 
redemption-fund to be appropriated. 

This fourth question is stated in terms that perhaps may appear unneces- 
sarily minute ; but it is sometimes assumed on insufficient grounds, that a certain 
rate of Interest, available for the time being, will thus continue during a very 
protracted period ; in consequence of which miscalculation, important errors are 
not unlikely to result. When under peculiar and transitory circumstances, the 
rate of interest happens to be unusually high, or else unusually low, it is indis- 
pensably necessary, for calculating any anticipated improvement of Capital at 
Compound Interest for a great length of time, to adopt such moderated rates of 
Interest as may safely be relied on ; and this calls for the exercise of great 
sagacity, as the error may lie on either side of the argument. 

(XXlI.) Fifth Question. — ^Any quantity «, of equal sums a, is forthcoming 
at equidistant intervals of time computed from the present; the ratio r of 
Interest is ascertained with reference to one of those intervals, whether consisting 
of years, half-years, quarters of years, or any other ; and it is inquired the present 
equivalent p of those forthcoming sums, considered in the aggregate and relatively 
to the operation of Compound Interest. This question, of the Value of an annuity, 
is the counterpart of the 2d, in the same manner as the third question is the 
counterpart of the first. If unity be then substituted for a, or for one of those 

^KlH-*-)"-!] • (l+r)»-l ^ 

eqaal sums, the equation p z=: ^ ., — ' ^. becomes p = ^^^ — ; thus 

expressing the equivalent, in present capital, that should be given for every unit 
contained in the quantity a of periodical income ; or otherwise indicating what is 
usually called the number of years^ purchMe of an annuity, when a being any 
other than one whole year's income, a due proportion relative to the latter is 
substituted instead of it. * 

Example. — Suppose an annuity of ;f 760, forthcoming in one single payment 
at the expiration of the year now commencing and of every succeeding year to 
the 35th inclusive ; and the rate of interest, at 4f per centum per annum, 
assumed to be available during the whole of that period; it is required the number 
of years' purchase that should be paid as the equivalent for that annuity. 

Wehavep= 0+ry-l ^ (1-045^-1 _ 36673478 _ 

'^ r(i-f-r)- (1-045)" X 0045 ~ 4-6673478 X 0-045 "" 

z= 17-461, or very nearly 17-| years' purchase ; and this value of the annuUy is 
accordingly found in the Table (page 28th.) 
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Otbbr Examplb.— Suppose an annuity of £1200, payable by quarterly 
iaitalments during 45 years, the first quarter now commencing to run ; and the 
rate of interest, admitted to govern the calculation, being 4^ per cent per 
ORtitan, but subject also to quarterly payments ; query the present value of that 
annuity? In this case we have the quarterly ratio r =: 0*011875, and the 
quantity of forthcoming instalments n =z 180 ; whence 

p :^ — --Jt i 2^ 3: 74*15209. 

^ (1-011875)'» X 011875 83721287 X 0011875 

As the latter quantity multiplied into the true and quarterly income would 
constitute the required equivalent, it follows that 18*53802 is the quantity of times 
the nominal and MnmuU income, or in other words the number of years' purchase ; 
and the same result is exhibited in page 32d of the Tables. 

(XXIII.) Sixth Qubqtiojk. — The quantities r and n are given, as in the 4th 
quQition of which this is the counterpart ; and a is a sum applied, at each of the 
successive and equidistant instalments (in quantity n), to create a capital at the 
expiration of the whole term : — Query, what will be the amount of that capital 1 

Substituting unity for a, or for the sum thus appropriated at each instalment, 

the equation m := ■- ^"^ ■ •* will become m zz -^ ; indicating 

iSbe future capital which every uik contained in the quantity a of periodical 
aaviags will create, or in other words the Cumuiated annuity. 

Example. — The rate of Interest, subject to half-yearly payments, is 5 per cent. 
per annum^ and it is assumed Aat it vrill thus continue available during an 
indefinite period ; a sum of i^350 is each year, and in the proportion of £175 at 
the expiration of every half year computed from the present time, to be applied as 
a Redempticn-jundj towards the ultimate discharge of debt, after the accumulation 
of that fund at compound interest until the 60th year expired ; the question 
being, what capital of debt may then and Vy that means be redeemed. We have 

, (l+^r-l (l-025)»»-I 1835815 _ ^.^^^ . 

here m zz. ^ ' ^ rr ^ ■ rr 734^396, the 

"^^ ^ — . r 0025 0025 * 

quantity of times the half-yearly savings, and consequently 367*163 times their 
annual proportion ; being the^avie rosult announcad by the Table^ .{page 36th). 
The capital of debt vvhich, in that case, may 1>e paid off at (he expration of the 
60th year, from this time, will be £S50 X 3671 63, or £128507. 

' (XXIV.) The general intent, the limits, and the practical use of the Tables 
that conclude this book, have already been set forib in a short pvefotory discourse. 
Those Tables are thirteen in- number ; each embracing an extent of fow pages, 
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and referable to a certain standard rate of iatereat per anmim. They exhibit 
under the several heads of Improved principal^ of Discounted principal^ of 
Cumulated annuity, o( Annuity for cumuJaiion ('or Redemption'fund)^ of Value of 
the annuityy and of Ratio of the annuity, specific and numerical solutions of the 
ns questions expounded in the preceding sections (XVIII to XXIJI). All 
other details concerning the construction of those Tables would be superfluous. 
But it is necessary now to explain the further use to which they are applicable, 
for easily — though mediately — solving the questions that may arise in the 4th» 
the 5th, the Gih, the 8th, the 9th, and the lOth cases specified in page 40ih ; 
the 7th case being an exception, as already mentioned (XVII). 

(XXV.) The clearest mode of proceeding, to that effect, will be to exemplify 
the questions susceptible of arising in each case, together with their respective 
solutions by means of tfap Tables. It should however be borne in mind, that in a 
great number of instances it will be found more expeditious to solve the 
questions by direct calculation, and according to the algebraic formulas exhibited 
in page 40th; with the further advantage of rigid accuracy, which cannot 
otherwise be obtained in the results. 

(XXVI.) Case Fourth, in which m, p, and r, are known quantities : 
Query n? 

A principal of £95000 has improved by compound interest, at the rate of 3 per 
cent, in single paymenu annually, to a sum of ^51500; and it is inquired in what 
period of time. 

Reducing to unity the first of those sums, the proportion of Improved principal 
is 2*06 ; the Table (page 2d) indicates 2*0327941 as the improvement during 24 
years, and 2*0937779 as that improvement extended to a 25th year : difference 
0-0609838 for the last year. Now, 2*06 exceeds 20327941 by 0*0272059 only, 

which in proportion with the preceding difference is 0*446, or of the 25th 

365 

year; whence the whole period of improvement has been 24 years and 163 days. 

The direct calculation is 

log. m— log. p 4*71 18072— 4*3979400 
log. (1-fr) — 0*0128372 — ^«4W. 

The same data, m, p, and r, being given : Query a ? 

An annuity stated to have been purchased for a capital of £13333. 6«. Sd., at 
a time not mentioned, is now at its terminating period by the accretion of the 
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last mod half-yearly inttalment of that annuity ; and in ccvnsequence of the \vhole 
having been accumalated and improved at 3^ per ceTitum annual interest, ^ut 
accroing also half-yearly from the time of purchase to the present, has created a 
capita] of ^66000. It is inquired, either the annuity or its half-yearly proportion, 
which by such accumulation and improvement has produced this result. 

The principal £13333 J having ultimately produced £66000, the proportion of 
improvement is from unity to 4'95, which at 3^ per cent, per ann,, or in the 
half-yearly fatio 0*01635, must have embraced a period between 49 and 50 years, 
according to the Table (jpage 8th). If 49 years, the improvement would have 
been 4*8534966 ; and if 50 years, 5*0135169 ; whence the difference, 0*1590203, 
is the improvement during the 50th year. But as the actual improvement haa 
exceeded, by 0*0965034 only, that which corresponds with 49 years, this excess 
compared with the preceding difference represents an additional 0*6069, making 
the whole term 49*6069 years. We find in another column of the same Table, 
(page 9th,) that an annuity for the term of 49 years should be in the proportion 
0*0084339, for every unit of the future capital it is intended to create by 
accumulation ; and that the proportion of a 50 years* annuity should be only 
0*0080997 : difference for the last year, 0*0003342. The additional fraction 
0*6060 of one year, being multiplied into this difference, produces 0*00020^9 for 
th^ difference in the ratio, corresponding with that fraction of a year ; and the 
latter quantity is to be wbiracUd from 0*0084339, as a longer term of the annuity 
must diminish its ratio or proportion with the capital. Hence 0*008231 will be 
the proportion of annuity, corresponding with every uni( contained in £66000; and 
in that proportion, the latter capital is found to result from the accumulation and 
half-yearly improvement of an annual sum of £543*246, or very nearly £543. 58. 
But if it be otherwise considered, that the fraction 0*3931 is wanting towards 
the completion of a term of 50 years ; then by taking a similar proportion of 
the difference 0*0003342 already found, we have 0*0001314, which added to 
00080997 (the ratio for 50 years), yields the same result 0*008231 as above. 

It is observable that we have sought the precise^ Annuity, or Redemption-fitnd, 
corresponding with £66000 capital ultimately created; whereas the result of 
calculation would have been the same, if we had sought the Ratio ofa^ntdiy 
corresponding with the original sum invested, say £13333. 6s. 8d., and proceeded 
in the same manner ; and again if we had sought the Value of the anntdty, or 
the quantity of years' pnrchase, according to the Table (page 8th, oohunn 6tb). 

r^^ ^. , , . ,. ' ^r 66000 X 0*01625 

The direct calculation, however, is a = 



4*95 — 1 
1-1 



ra- 



1072*5 
rz = £271*519; this being accurately the half-yearly proportion of 

the annuity, the >vhole of which therefore £543*038. 

6 
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(XXVII.) Ca8< Fivtr, in which a, p, and r, ere kfl0wniC}oaiiiiiiee: Qutry nl 

A preseDt oepital of £1950 it given es theeqaivaleot of an annuitj of £l3d. lOt., 
by quarteriy instalments, and the tern of which now comneneiog to nw ; the 
rate of interest, admitted to govern the 4{alculati6B, is t^ ftr eenL jmt amnim^ 
but understood as also accruing quarterly ; and it is inquired the term of that 
annuity, or the quantity of its quarterly instalments that should be forthcoming. 

Dividing 1250 by 132*5, we find 9*433962 year^ purchase, the prioe of that 
annuity; and by the Table ijpagt 1 0th, cohmm. 9tfa), an annuity at 9*433772 
years* purchase (which differs from the above price but in a very instgnificant 
fraction) should be of 11^ years* duration, or 40 quarters. 

If on the contrary 132*5 be divided by 1250, diere will be found 0*100 the 
exact ratio of the annuity compared with the principal ; and in the same Table 
(last column of the 11th page), that an annuity constituted in the ratio 0*1060021 
should continue during W\ years : same result as above. 

„ ,. , , . log. a— log. (a— or) log. 33*125 — log. 22*1875 

By direct cakulaUon n = -S-r ,^^ =: — \ . ^^, ^ 

^ log, ( I + r) log. 1-00875 

1-5201559-.1-3461084 ,^ ^,^ , - , r .. • 

z= ■ ■ = 46*0017 quarterly laaialments fortAcoming. 

U*v/U3/o30 

The same data, a, p, and r, being given : Query m T 

A capital of £50000 is to be invested, at 25 years' purchase, in an annuity 
payable by half-yearly instalments, and the term of which is agreed to be 
regulated by calculation, founded upon 3| per ceni. rate of interest fer (OLWiia^ 
also accruing half-yearly; and it is inquired the sum to which that annuity, 
accumulated and improved at the said rate of compound interest, will amount 
at the period of its termination. 

It is obvious that the ultinaate sum, inquired after, should be the same as the 
improvement of the represented principal £50000, laid out at compound interest 
until the expiry of the annuity ; and this period may be ascerti^ined as in the 
preceding question. 

The Table {^^a^t 16th) indicates the present value of a 74 years* annuitj^ to 
be 24-96074, and that of a 75 years' annuity to be 25*02295 years* purchase; 
the difference in value for the last year of this term being consequently 0*06221. 
But the deficiency of the former value is. only 0*03926, corresponding in due 
proportion with 0*631 additional fraction of a year; whence the term of the 
annuity should be 74*631 years. The Table further indicates, that any principal 
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kid out at the above rate of interesi $boiild improve in 74 years to 15*631765 
times its amount, and to 16.323463 times in 75 years, the differenee beiag 
0-591687; and if a part of the latter quantity, say 0*373354, in proportion 
with the fraction 0*631 of the 75th year, be added to 15*631765, we shall find 
16*005119 for the ratio of improvement at the expiration of 74*631 years, or 
74 years and '230 days. Hence, and by multiplying £50000 into that ratio, we 
find £800256, the future capital to result from the accumulation and improvement 
of a £2000 annuity accruing by half-yearly instalments of £1000 each. 

. The direct oakulatioB^ in algebraii; forai» does not require the* term of the 
annuity to be previously ascertained : it gives at once, and with perfect exactness, 

_ ap _ 1000 X 50000 _ 

*" — a^jrr "" 1000 - 50000 X 0*01875 "" *®^^^^^^* 

Some inacenracy is observable in the result obtained by the indirect method. 
It proceeds from having successively admitted certain proportional parts of value, 
to correspond with fractions of time ib similar proportions, which is not strictly 
correct ; whence the smallest deviation from rigid accuracy, in any one instance^ 
may generate errors more considerable. Such, however, cannot acquire real 
importance in a practical point of view ; but the direct method is always preferable. 

(XXVUI.) Cask Sixth, in which tf, r, and m are known : Query n 7 

An annuity of £365, accruing by yearly instalments, accumulated and 
improved by compound interest at the rate of 4 ^per cent,, has ultimately produced 
a capital of ^10660 : it is inquired in what time f 

Dividing — - — , it is found that the annuity has accumulated in the pro- 
365 

portion of 29*205479 for every unit ; and by the Table Cpag^ 18th, cobitnn 2dJ^ 

that the accumulation during 19 years should be in the proportion of 27*671229, 

whilst that during 20 years in the proportion of 29^^78079 ; difference 2*10685. 

But the first proportion is short of a quantity only 0*5726, to correspond with a 

20 years' acemnoktion ; and z: 2*10686 i 1 : : 05726 : 0-27178, which last 

is the fraction wanting to the aoeomplisfament of the 20th year ; whenee 19*72822 

years is the vequired period of improvement. 

365 
If on the contrary we divide , the quotient 00342402 then expressing 

the annual redemption fond, or the proportion between the annuity and its 
cumulated amount; comparing this quantity with 0*0361386 and with 0*0335818, 
by the tame Table (p. 19th, 2d col.), and calculating the differences in the same 
manner as above, the result will be 19*74249 years. 
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But from the cause already assigned in the preceding section, neither of thoiew 
results are strictly accurate^ and it is best to proceed with the direct calculation 
as follows : — 

_ lo^. (a-^mr) — log. a _ log. (365 + I066Q X 0*04) — log. 365 
/* - log. (1+r) "^ Jog. (1-04) 

log. (791-4) - lof. 365 0-3361031 ,^.^ 

= — 2-^ ^ r^ = ^^.^^^^^ = 19'732 years, or 19 years 

log. (1-04) 0-0170333 ' ^ 

and 267 days, the exact term of the aocumulation and improvement. 

The same data, a, r, and m, being given : Query p ? 

An annuity of £S00, purchased at a time not specified, and (he last half- 
yearly instalment of which is presently paid, has been accumulated and constantly 
improved at an interest nominally 4^ per 'cent, per annum^ but really of 2^ per 
cent half-yearly, so as now to have become a capital of £10446. 59. ; and it is 
inquired the principal, or the original cost of that annuity, according to the 
above mentioned rate of interest. 

It is clear, from the principal and the annuity being originally equivalent, 
that the former must be such as should have produced £10446. 5s., by its 
improvement at compound interest dunng the implied term; which term, 
ascertainied as in the preceding question, is. 15 years and 40 0^41 days, 
say 15J- yeajrs. The improved principal, according to the Table (page 2^), 
is 1-8791528 at the expiration of 15 years, and 1*9190848 at the expiration 
of 15J years; the difference for the lost half-year being 0*0399320. If to 
1*8791528 is added 0*0088738, — being the proportion of that difference cor- 
responding with f of a year, — the result 1*8880266 will be the improvement gf 
every unit contained in the principal ; which therefore is found to have been 

10446*25 ^,,.„ ,^ 

, or £5532. 18«. 



1*8880266^ 



By the direct method, this question will be more accurately solved, even 
without jpreviously ascertaining the term n of the annuity. We then have 

— ^^ — ^50 X 10446-25 _ 2611562-5 

^ ~" a-^mr "^ ^.M) + 10446*25 X 0*02125 "" 471*9828125 

' =z £5533. 3s. 2rf. 

(XXIX.) Case Seventh, in which «, m, and p, are known quantities; 
whilst r and n are both unknown. 
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In this caMy as already observed, neither of the questions arising can be solved 
by means of the Tables, which are expressly founded on the possession of the 
two data r and n ; and in exemplifying those questions, their solution will be 
easily obtained by the direct method, as pointed out in page 40th. It is further 
observable, ^rs<, that the ratio r must be ascertained previously to the period of 
time n ; and secondly^ that the stipulation of instalments, whether annual, half- 
yearly, or quarterly, become a matter of indi£ferent consideration, provided that 
they be the same for the annuity a and for the ratio r of interest. 

Example. — An annual fund of £4000 is supplied for accumulation and 
improvement at compound interest until it shall havje created a capital of One 
miUion ; that capital is, then only, to be applied for the discharge of present 
debts amounting to £86000, but admitted in the meantime to increase at 
compound interest also ; and it is inquired, ^rs£, the rate of that interest at which 
the annual fund should be improved, in order that the debts may have accumu- 
lated to an equal amount of One milUon at the period of payment ; and secoTidy, 
how far that period is removed from the present time. 

SOLUTION. 

aim V 4000 / 1000000 x 10-627907 ^^^^e,, '« 

rzz — ( 1) zi ( Ij = z=0'042511628, / 

TO^ p / 1000000 V 86000 / 250 ' 

wbich is the ratio of interest, exceeding by a very trifling fraction the rate of 
4 J per eefni. per annum : 

__ log, m — log.p __ log. 1000000 — log. 86000 _^ 1-06550155 _ 
**"" log. (1+r) "~ log. 1-042511628 ""0-01808091 "~ '^* 

or very nearly 59 years, the period of reimbursement of the debts, as accrued 
by compound interest, and without gain or loss on either side. 

(XXX.) Case Eighth, in which m, n, and , are known : Query r? 

A principal of £2400 has, by improYement at compound interest, quarterly 
instalments, produced ;^211 at the expiration of 24 years: and it is inquired 
the nominal rate of that interest per annum* 

7211 
The division --— quotes 3*0045833, the improvement of every unit contained 

in the principal; and by the Table (pog^e 26th), 2*9269771 is the improved 
principal when the rate of interest is 4f, and (page 30th) 3-1058405 when it is 
4| per cent.; the difference of improvement 0*1788634 corresponding with 
i per ceni, difference in the annual rate of interest. * But the proportion of actual 
improvement has exceeded, by 0-0776062 only, the quantity relative to 4^ per 
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eenL ; and, as 0*1788634 : 0-0031^ : : 0*0776063 : 0*0010847, the latter quantity 
added to 0*045 gives 0*0460847, the annual ratio of improvement, more acctlrately 
specified 0*011d212 the ratio per quarter, 

ByUiedirectmelhod,r=:[^]*— 1 =^ (30045883)^-1 = OdlflM7, 

the quarterly ratio, and therefore 0*0461028 the annual ratio ; which last ftro 
results are correct, the above being only an approximation. 

The same data, m, n, and J9, being given : Query at 

A U years annuity, subject to quarterly instalments, has been purchased for 
£lt4O0 ; which annuity cumulated and improved at campodnd interest, also 
qutfHerly, until the expiration of its term, has produced a capital of /71K11 ; 
and it is inquired the ratio of that annuity, or its proportion with the principal, 
when understood tbat the purchase and the improvement were governed by the 
same rate of interest* 

That rate of interest is 0*0460847, ascertained as in the preceding. question. 
The ratio of an annuity for U years should be 0*0683526, when the interest is 
at 4^, and 0*0700563 when at 4| per ceni.^ accofding to the Table (p. 27th and 
31st); difference 0*0017037, corresponding with ^ per cenL difference in the 
annual rate of interest. The proportion :: 00095 : 00017037 :: OK)010847 
: 0-0007537 indicates that the latter quantity should be edd«d to 0*0683526, 
whence 0*0691063 must have been the ratio of the purchase ; and multiplying this 
ratio into £2400, we find J^165. 17s., the annuity purchased and improved as 
above. 

« 

The direct calculation, after having ascertained the quantity r to be correctly 

mr 7211X00115257 ^. . ^ . 
0*0115257, » a = _ ^ =: — JI^QjJgjJ =£41*460», the quarterly 

inetilaient of the annuity ; the whole of which therefore ni ^165. 16s. \0i. 

(XXXI.) Cask Ninth, in which a, n, and p, are known : Query r ? 

An annuity of £17 50^ the whole of which sum forthcoming at the expiration 
of the year now commencing and of every succeeding year to the 35th inclusive, 
is purchased for £28206. B$. 6fii., as iVs ju^t equivalent ; and it ie inquired the 
rate of annvial interest with whieh that ptirchase corresponds. 

The division — ~ — quotes 16*11910, the quantity of years' purchase of 
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that anni^ity ; and quotes 0*0620382, its ratio or proportion with 

every unit contained in the principal. The departure may be taken from either 
of those results, but it is better to proceed upon the former. It is then perceived 
by the Table {page Mth), t^t an annnity such as the above is valuable at 
16*37410 years' purchase, taking the annual rate of interest at 5 per caU, in a 
sittfle payment, and (p«g« 40th) that the aane annuity is worth 15*87025 years' 
parehase when the interest is at 5} per oenL : difference 0*50394, corresponding 
with that of ^ }Mr cent, in the ratios of inteiest If it be further considered that 
the purdMse has been rated at 1<I'11910, difEning by 0^25500 only from tke 
valuation at 5 per eeni.^ the proportion :: 0*50394 : 0*0025 :: 25509 : 0<X)12656 
indicates that the ratio of interest, according to which the purchase was governed, 
m«6t have exceeded by the latter quantity the ratio 0*05, or the rate of 5 per 
9aU, ; therefore 0*0512655, or 6*12655 jmt Grat.pir onmim, (exceeding 5| by 
a very trifling fraction) is the rate inquired after* 

The direct mode of calculation is somewhat more intricate in this than in the 
preceding eases, and requires fint to asoeruin three quantitiei, 6, d^ and /• 



According to the demonstration in sedion XVth, we have • • . 

h =: , d zz f — ^■+» f f :=z b — 2 (J — 1) , and consequently . 

r = 6 — ^/{kf)f ^liich will afford an approximate solution of the question. 

We find h = -5^ = -^ = 0*17647059 , 

n — 1 34 

d = (—)^i=( ^^^^ )^ = (2*1713399)^ = 1-04401576, 
V p / \28208,4271 / ^ ^ 

and/= 6—2 <ci— 1) = 0^17M70M -0*08803162 s: 0O884S907 ; 

whence r = 6 — «/ (V) ^ 0-17647059 — (0*17647059 X 0*b884I907)* 

£10*051543. 

It is worthy of observation that the true rati« of interest ahonU be «4mk% 
0-05125, or 5| per cenl., as proved by admitting this datum and elating the 
converse' questions. 

This 9th case, as veli as the lOth hereafter exemplified, ere two ca^es of 

exception, in which the questions they involve may be solved with » nearer 
approach to rigid accuracy by means of the Tables, than by the direct method ; 
M instanced in the disonepanoies of the two reeulte above. The finit, 0*0512655, 
exceeds the exact quantity by a T«ry tnfiing fraction only ; «nd t>y explaining 
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'the cause of this difTerence, however small, it will acoouat for all analagocM 
deviations from exactitude in the results indirectly given by the Tables, in the 
seven cases from the 4t'h to the 10th inclusive. 

• The value of a 35 years annuity, interest at 5| per oad,^ is 15*87025, and at 
5 per cent, it is 16*37419, the difference being 0*50394. But we also find, by the 
Table (p. 32d), that the value increases to 16*90390 when interest is at 4^ per 
cenL only; the difference from the value at 5 fer cent, being then 0*52971, 
which is more considerable than the former difference. Now, if, for two 
equal differences of interest the corresponding differences in value of the 
annuity are generally unequal, it is evident that the proportion set forth in the 
preceding page, and producing for its fourth term the quantity 0*00126 55» 
cannot be strictly correct ; and it is evident also that this quantity must be rather 
too considerable, because one half of the difference 050394, or 0*25197, is a 
reduction too small from the value 16*37419 of an annuity calculated at 5 per 
cent, for corresponding with an increase of | jier cent, in that rate of interest, 
considering that we have perceived the differences in value to increase in a 
progressive ratio, with reference to corresponding but equal reductions in the 
rate of interest. 

« 

The same data, a, n and p, being given : Query m ? 

An annuity of £1750, during 35 years, is purchased for j^28208. 83. 6}, as 
above mentioned ; and be it inquired the amount of which it is susceptible, by 
accumulation and improvement at compound interest until the expiration of that 
term ; the rate of such interest not specified, but understood to be the same that 
established an equivalent in the purchase. 

The amount, by accumulation of an annuity purchased for j^ 28208. 88. 6^^., 
will at the end of its term be the same as this represented principal improved at 
compound interest during that term. But, towards solving the question by means 
of the Tables, a reference is required to the ratio of interest 0*0512655 already 
found, although we are aware of some inaccuracy in this result According to 
the Table (p. 36th), the improvement of Qvery unit in the principal is 5*5160154 
at 5 per cent, and (p. 40th) is 5*9947856 at 5| per cent. ; difference 0*4787702. 
Taking therefore a due proportion of that difference :: 0*0025 : 0*4787702 : : 
0*0012655 : 0'2423'535; and adding the latter quantity to 5*6160154, we 
obtain for the assumed improvement (at the ratio of interest 0*0512655) a 
quantity 5*7583689, which multiplied into £28208. 8s.6id produces £ 162435, 
the Cumulaied amiuUy, 

By the direct method of calculation, we have m zz p [h + I — VC^/)!* 
= 28208*4271 (1*051 543)« == 163804*3, or £163804. 6«. 
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The rate of interest beiog ^zAotly 5} 'per cent, ae already obeerred, we 
8hould~haye obuioed (exactly also) 162214*3108, or £162214. 6«. ^\d.^ for 
the Cumulated aoauity, if the formula had admitted a rigorous solutioo* 

(XXXII.) Casb Tbvth and last ; io which a» m and n, are knowo : 
Query r T 

Aq annuity of jg450, during 46 yean, and the 00th or last half-ysarly instalment 
of which is now received, has by uninterrupted toipfatremeiit at con^und 
iDteresr, from the comaencemeot of Aat period, accumulated to a capital of 
£ 82706. 10s. ; and it is inquired the rate of interest productive of this result. 

82706*5 
The dWision ^^^^ttt""" quotes 183*70222, as the proportion according to 

vhidi eireirf unit eootained in die aanuity has increased \j accumulation and 
miproTtaept. The Table also indicates (p. 40th) that the proportion shoirid \fi 
177*111)41 when. interast it at S| parceia., and (p. 44th) 190*74879 when it is 
at 5^ fer cmLf aconiing half-yearly in both cases ; the difference 13*62938 
correspottdiag with that of J psr cstit in ike rate of interest But the excess, of 
183*79222 over the proportion relative to fi{ per cent., is only 6*67281 ; whence 
:: 13*62938 : 0<X)25 :: 6*67281 : 0001224, and the latter quantity added to 
(HyBtU ^establishes «t 0*063724 the ratio of annual interest productive of the 
improvement announced. 

The fdlowing is the direct calculation, in vrhich ft r= 90 the quantity 
of half-yearly instaUnents, and a =: 225 the portion of annuity accruing at each. 

We have first to ascertain three quantities ; c, e and g*, as already observed 
tn&KlMiXVth:— 

c = -4-7 = ^ = 0*06593407, 
n+1* 01 

e =: (~)^ = (5??!!^5~)3 — (4084271605)5 = 1-03212646, 

andg := 2(c— 1) + c =: 006425292 -f 0*06593407 = 013018699; 
Whence is ultimately obtained 



r = i/(cg)»-a=::*/O*O65034O7 X0*13018600— c— 0*002e4857=:0*06»34a7 

::£ 00267145, the half-yearly, and therefore 0-053429 the annual satio of interest 

h 
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The same data, a, m and n, being given ; Query p ? 

Let the case be the same as in the preceding question, and be it inquired tbe 
sum for wbich the annuity of £AbO should have been originally purchased ; 
calculating on the same ratio of interest whence resulted ^^82706. 10s., the 
Cumidaled annuity^ though that ratio is kept out of view* 

The use of the tables requiring a reference to the ratio- of interest, it mast first 

be ascertained ; and having as before mentioned found that ratio 0*0537^, 

» 

exceeding by a quantity 0*001224 the ratio 0*0525, we proceed as follows : — 

By the Table (p. 40th), an annuity for 45 years, when the rate of interest at 
5 1 per cent, per aniu is accruing by half-yearly instalments, has the value of 
17-19812 years' purchase, and (p. 44th) it has the value of 16*59958 when the 
interest is 5^ per cent ; the difference corresponding with ^ pereerU.^ or with 0O025 
in the ratio, being 0*59854. The proportion.:: 0*0025 : 059854 :: 0*001224 
: 0*29305 indicates that the latter quantity should be subtracted from 17*19812, as 
the value of an annuity decreases when the rate of interest increases ; whence 
the annuity of £450 was originally valuable at 16*90507 years' purchase, 
therefore represented a principal of £7GW» 5s. 7\d. 

By the direct method (pointed out in Section XVtb, page 40th) we have 
m 82706-5 82706*5 



p = 



[«y(cg)+l— c]» (1*09264857 — 0*06593407)^ "" (1*0267145)» 
82706*5 



10*726866 



= 7710*2275, or £7710. 4«. 6d. 



But it has been observed in the foregoing part, that even this direct method of 
calculation affords only an approximate solution; the present and the preceding 
cases being, in that respect, two exceptions amongst the series of ten cases. The 
rate of interest should have been exactly 5g per centum per annunif or 0*026875 
for the haJf'yearly ratio ; and the principal should have been (also exactly) 
£7602. 10s. 4<2., corresponding with an annuity of £450, so as to produce by 
accumulation a capital of £82706. lOs. at the expiration of 45 years; all which 
may easily be proved by the converse calculation. 

(XXXIII.) Before proceeding to elucidate various other questions, some of 
which assume a complicated character, and that may occasionally arise from the 
consideration of compound interest in its multifarious modes of operating, it 
is proper to revert to the six questions comprised under the first three general 
cases set forth in Section XVth, and 'the solution of which only could be 
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exhibitad in the shape of tablee destined for habitual ruference. As the purpose 
of those tables, that form the concluding part of this work, is exclusively practical, 
their construction and use require to be clearly explained ; which will render 
Iheir application easy for the roost simple understandings. 

On opening the book at any part of these tables, eighteen columns, each 
containing a series of results of calculation, obviously following a progression 
whether of increasing or of decreasing quantities, ofier themselves in a synoptical 
view, with reference to a specific rate of annual interest, there indicated, and 
which is always one of the three data required towards solving any question. 
Independently of those eighteen columns, each page begins with a smaller column 
of quantities regularly .increasing, and indicating certain periods of time, for the 
purpose also o& reference «s a tecond daium; and it should be distinctly under- 
stood that this second reference governs, for the whole horizontal line at the 
bead of which it is placed, the nine results of calculation there contained. 

From this construction and disposition of the tables, as also towards their 
intelligence and convenient application, it became necessary that the tAzrel indis- 
pensable datum vhottld be, altogether, uniform jtnd such as the mind could retain 
ifithout effort: umiy has therefore been adopted for invariably representing that 
third datum^ of whatever description it might be ; and with the greater reason, 
as yariable data could not in this instance liare found any place for insertion. If 
then it be borne in mind, that whatever 4he third and variable datum, — as 
supplied by the statement of the queetion itself, — it must always carry the same 
proportion with the quantity inquired after, as the proportion existing between 
unity and the quantity expressed by the table in the appropriate column, and in 
the line indicated by the period of years referred to, no difficulty can remain 
in obtaining at a first inspection into the proper table the answer to any of the 
six questions it is intended to solve. 

By successively exemplifying the solution of those questions, this matter will 
DC placed in the clearest light possible. But it is necessary first to observe, that 
each page of the tables being divided into three parts, similar in their generdl 
indications, yet diversified in the results they exhibit with reference to the same 
periods of time, and according as the specified rate of interest per annum may 
be understood to accrue — by annual— by half-yearly — or by quarterly instal- 
ments, there is always one of those three divisions which roust exclusively be 
referred to for the required answer ; avoiding, in all instances, to confound that 
proper division with either of the two others. 
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(XXXIV.) FiMT QoEMttov : — The Improved Principal* 

If it were inquired the sum to which a present capital of £9600 ie tuaeeptible 
of being improved at the expiration of 1S| years, by compound interest accruing 
quarterly, and at the nominal rate of 3 per cent, per anmm ; it wstfld be found 
by tb^ table {page fid, oohimn 7th), that every wmt of that capital should then be 
improved into r4638541 ; from which is to be inferred, in the same proportion, 
that the whole £MQO ought to improve into a sum of £b%W. \7; 6d. 

Bat supposing th6 question to be concerning that improvement at the expiration 
of 130 years, a period exceeding the limits of the tables ; it is theti evident, that 
t^hatever the sum to which every unit eontained In the original principal will have 
improved at the end of half that period, or at the expiration of 60 ye&rs only, 
every unit contained in that improved principal will again have improved in the 
same proportion at the «nd of a second abd similar period. TherefiS're, and as 
we find (page 4th) that the improvement for the first 60 years should be in tiie 
proportion of 6*00^1616 for every unit of the original principal, it must be 
i nierred that this quantity multiplied into itself, the product of whidi is 86* 100903, 
expresses the proportion of improvement corresponding with- 130 years ; and 
consequently, the original principal £3600 will then have improved to the sum 
of £13IN)05. 13s.» admitting the samemte of interest lo have been constantly 
available. The same result would be obtained, if the proportion of improvement 
corresponding with 100 yenn were mnltiplted into the proportion corresponding 
with the 30 years remaining, or generaUy by multiplying the rsspective prsfwrtions 
of inprovement corrsspeiiding with any two periods forming together that of 
130 years. 



(XXXV.) Secqiid Quvstion :— The Difcoimted JFVtnc^. 
This question is exactly the oooterse of the preoeding. 

Be it inquired the ptesent value of £10000, forthcoming at the expiration ef 
30 years ; the interest supposed at 3| per Cent per emi., and accruing half-yearty. 

It will be found (page 9th,.cefaifRii 4th), that every unit comprised i» 
that forthcoming capital is, with reference to the specified period, • reducible to 
she proportionate fraction 0*3801601 ; whence £3801*601, or £3801. 13t.0|d.r 

is the present value of the £10000 above stated. 

But if the proposed discount should relate to any period exceeding the limits 
assigned to the tables, then multiply into each other the proportionate decimal 
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fractioDSy as there expresfled with reference to any two periods into which the 
giyen period it susceptible of being dirided ; and the further reduced fraction, 
thence resuhing, will express the discoonted value of every unit contained in the 
capital fiHlhcoming at Hm ramdin period supposed. 



(XXXVL) Thibd QunmoN :_The OnmUated AwmUy. 

A sum of £500 is to be annuallf reoeived in a single payraeoty the first of 
which «t the expiration of the yenr now e«mvM«dng ; that annuity is to be 
•ocumnlated and impror^ at 3{ psr cent, oompound interest during %6 yean, 
being the period at which its last instatenent will be fortbooming ; and it ie 
inquired th)9 Cumulated amount of such annuity^ or thecap^ it will have created 
when its tenn is expired. 

Assuming that the improvement at compound interast is also to take place from 
one year to another, and not half-yearly, nor quarterly, (which otherwise would 
complicate the question,) it will be found in the Table (pugs 10th, cQhunm 2d,) 
thai on the aceomplishaeni of the d6th year, every unit of the annual income 
must have created 38*949857 capital ; whence £ 500 of such income will, in 
duer proportion^ have created a capital of £19474. 18s. Od. 



(XXVII.) Fourth Quxstion: — The Jnnviiy f(n\CumtUaUon, or the 

RedMiptwnrfund, 

The question here exemplified is converse of the preying. 

A capital of £125000 is required at the expiration of 45 years from the pro- 
tent time ; and it is question^ the annual provision that should be made, by 
half-yearly ineialments, the first commencing six months hence, so as to create 
the above mentioned capital by means of those savings improved at compound 
interest, also half-yearly, and at the annual rate of 3| per cent 

We find in the Table (pag9 I7tb> cohmn 5th), that every unit of capital to be 
provided at the stated time requires an nnnunl saving of 00080763;- whence 
and from muUiplyingj§}25000 into that frnctioni it follows that £1084*5375, 
or £1084. 10*. 9d,, is the Redemption-fund required to be annually appropriated 
to tha nbnve •ffiBCt, by hnlf-yearly instalments of £543. 69, 4{d. each. 
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(XXXVIII.) Fifth Question :— Value of the Ammty. 

Supposing the rate of interest 4 per cent per annum^ but available by quarterly 
instalments ; it is inquired the capital which should be given as the equivalent 
for an annuity of £ 480, also accruing quarterly, and to terminate at the expira- 
tion of 14( years from the present time, its last instalment then forthcoming. 

It will be found, in the last column of the table (page 18th); that every unit 
of the annuitfy of that description has the value of 10'96916, which is commonly 
called the quantity of xfear^ putchoBe ; whence the annuity of £480 is valuable 
according to the product of those two quantities multiplied into each other, which 
is £bUl. 16s. 9(2., the present equivalent. 



(XXXIX.) Sixth Question : — Raiio of the Annuity, 

This is the converse of the preceding question, it being here required the 
proportion which a terminable annuity should bear with the price at which it is 
purchased. 

Suppose £13333. 6s. Sd,^ the principal proposed for investment in an annuity 
payable by half-yearly instalments, the first of which in six months from this 
time, and the last at the expiration of 36 years ; suppose also the given rate of 
interest, for ascertaining the value of the annuity, to be 4| per cent, per annumf 
but accruing half-yearly ; and it is inquired the annuity itself, or the income 
limited to 36 years, corresponding with the above mentioned capital. 

By the table (page 25th, column 6th), it is found that every unit of the pnn- 
cipal should produce 0*0544896, as the corresponding annuity ; which proportion 
multiplied into £13333. 6«. 8(2., the stated principal, indicates £726. 10s. 6(2. 
as the equivalent and annual income that it should yield. 

(XL.) It is obvious that the ratio of a terminable annuity, however 
extended the duration of the latter, should always be superior to the ratio of 
perpetual interest which, under the admission of an equal security, a certain 
.capital might command at the time being; although in case of very long 
annuities the difference of the ratios may be only inconsiderable. If it be 
further considered, according to the principles from which we took our departure, 
that an annuity limited to a certain tenp of years is not any thing else than the 
adjunction, with the simple interest, of a periodical surplus adequate to produce, 
by accumulation and improvement at compound interest until the expiry of that 
annuity, another capital equal to the one sunk in the original investment* 
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necessarily follows that, in all the Tables applicable to the solution of the fore- 
going questions, each of the quantities expressed in the column indicating the 
Annuily for cumulajtion (meaning the RedempUtm-fund) should differ from the 
corresponding quantity as stated in the column expressing the Ratio of Auradty^ 
by a quantity never more nor less than the precise rate of simple and annual 
interest of money ; and this coincidence will always be observable throughout 
the Tables, although the calculations have been executed for both columns 
independently of each other. 

(XU.) On the other hand, the Raiio of the armuity^ and its counterpart the 
Vidue of the annuity^ are reciprocal quantities, such as invariably to produce 
unity by multiplyiag them into each other ; and therefore such, also, as that the 
division of unity by either should yield for its quotient the other quantity. 

Thus, in the same manner as the column entitled fiiitto of the anmdty exhibits 
a series of decreasing quantities, whilst the corresponding periods of reference 
increase, so the other column entitled Value of the anmaty^ exhibits a series of 
quantities increasing simultaneously with the enlargement of the periods of time 
to which they refer. 

(XLII.) The Vqlue of the annuity is a quantity having further an imme- 
diate dependence upon other quantities expressed by the Tables. First, it is 
the quotient of the CumukUed annuityf divided by the Imprvved pfincipdt ; and 
secondly, it is the sum total of the discounted values of the successive portions 
of annuity forthcoming to its last instalment inclusive. This last position has 
been demonstrated {Sectum. IXth), and is exemplified by summing up the quan- 
tities expressed in . the column entitled Discounted jn-inc^Kil, for any period of 
time where the instalments are supposed annual ; but the same verification is 
impracticable with reference to half-yearly and to quarterly instalments, as the 
intermediate quantities corresponding vrith portions of years, and which should 
also be taken into the account, are omitted in the tables beyond the 16th year. 
It should be observed, that what is there termed the Disoounted principal is, 
precisely the same as the diaoounted vutalmenta of the annuity ; both referable to 
unity f considered as the forthcoming sum. 

(XLIII.) It is obvious again that the value of an annuity, accruing by full 
yearly payments, must be more or less inferior to the Value of a similar annuity 
accruing by half-yearly instalments ; and that the latter value must also be less 
than the value of an annuity to the same ampunt but afccruing in due proportion, 
at the expiration of each quarter of a year. That such differences whatever 
should exist, in the value of similar annuities, is immediately accounted fur in 
consequence of the earlier accretion, during each succeeding year, of certain 
portions of the annuity^ in one case than in another. 
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Respecting the law of tboae diftreDoeB, Dr. Prioe has inadvertently made the 
erroneous remark, thet they oarUimmUy deortau a$ n (the period of timeXnureoMes^ 
tUl at last it VQmitke$y token n heoomu ir^mte or the annuity is a perpetiuUy. 
Dr. Hutton his come nearer to (be truth, when obserring that for any given rate 
of interest, those diftrences of value fir$i increase as the term n increaees, unto 
iome certain finite term when lAe difference i$ a maximum ; and that afierwarde^ 
OB n inoreasee more, that difference will cantimudfy decreaee to nothing again, Mr. 
Baiiy merely observes on this subject, but without elucidating the facts, that he 
has no where seen them set in their proper point of view ; and the writer of a 
late, pamphlet, of no very moderate pretensions ^^ though exulting in die detection 
of those ajid of other discrepancies, whether real or only apparent, equally fails 
to clear up the points of contention. 

The reality of this case is, however, that the difference or excess of value of 
any annuity for terms of yeaiB, when the instalments approximate each other, 
over the value of a similar annuity the instalments of which are more distant, 
continually increases until a period n of years e^psal to the ^tanHty of yeare' 
fwrchaee of a perpetual aunuUy according to the given rate of annual interest, or 

: . 1 . 

(mathematically expressed) until a period n zz — , be this annual ratio r what 

it may ; the progression of which increase, or the second order of differences, 
proceeds by a series of decreasing quantities. After that period, the difference of 

* iMVSsnoanoii tftie^rrmt^ €U writm m Amamtm, tHtkutetOmtim^Haif'ymlff and 
(hurUrly paymeatij mdndmg tAoM ef Sir Jmae NmUm, Deamvnt Dr. PHm, Mr, Mprgfrn, i^. 
HutUm, Sfe, ^c; by Wac. Rouse, Laiubn, 1816. 

This writer has taken great piins merely to prove truiBms. According to hii hypothesis, 
4 per ceitt. $amxal inteRst does not imply that any division of tUs ratio should mathematically 
cenne^oni'wffk a atssllar 4Mtkm of the year, seasia the present hMtaaoe (for example) to 
jnetifyths expression of «iie2Mr««Ht«ifllBiartqaart6fl J } sad he insiiSi, thaS sndi qmrt^y or 
otberpirtlsl psTments^f the Interest shouldhesadi as to iapji^rove tiaiiy (the princ^) exacfly 
to 1*04 at the expiration of the four quarters of the year, whenne the qnarterly, ratio ought ia 
that case to be expressed by 0*0098533, and not by O'Ol. 

Nothing can be more concordant than this mathematical position; and it is very certain 
that unity, improved in the ratio 1*0098533 at the end ef a first quarter, will in the same ratio 
heoome 10198039 at the end of the seoend, 1*0298524 at the end of the third, and^aeUy 
1*04 at die ei^iratioa of a whole year. SFea the BMst htubUe of Sir base NowUm's 
sttceesaors eould not be unaware of this. But the respectable authors aaimadTertad upom with 
uncalled for seyerity, in that pamphlet, could not have made themselves understood had they 
not admitted, according to the expressions generally receired, the quarterly ratio of 1 per emt,, 
as also the half-yearly ratio of 2 per cent,, equally to correspond with a nmmai ratio of 4 |wr 
cent, per aumm, aKhongh these are three different things. Their calculations, hi this respect, 
neither iavolre ao» lead to wy eisor on the part of those who rightly UBderstand the 
positions : a different view of the ease ii^neiag diitomH rssolSs, however, mjieferet. 
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'which we are speaking commences to decrease, thus proceeding during another period 
ofgimilar extent^ whilst the second order of differences forms a series of increasing 
quantities ; and after that second period accomplished, the differences of value 
continue to decrease until the remotest term imaginable, or until the annuity 
becomes perpetual, but the progression of decrease, or the second column of 
differences, then proceeds by a series of quantities decreasing also. It is thus, 
and in consequence of a somewhat more coiisiderable acceleration in those pro- 
gressions, (particularly the latter,)-— when the differences considered are those 
between the half-yearly and the quarterly, than when considered between the 
annual and the half-yearly, — that all such disproportions ultimately disappear, 
and that a perpetual annuity becomes valuable in (he same proportiot), exactly, 
whether, the instalments be paid annually, half-yearly, quarterly, or even 
momently; provided always, that the ratio of interest, which governs the 
calculation, be admitted to accrue by imlalmenU similar with those of the annuity 
with which that ratio is brought into comparison. But if otherwise, and 
supposing (for example) the value of an annuity by half-yearly or by any shorter 
instalments, to be calculated from a rate of annual interest accruing in one single 
payment, it is very certain that instead of assimilating at the period of perpetuity, 
with the value of an equal annuity accruing in one single and yearly payment — 
such value calculated according to the same stipulation of interest, — ^the respective 
values of the similar annuities, but subject to different intervals of instalment, would 
then diverge ad infinitum* 

(XLIV.) In the same manner as any half-yearly or quarterly ratio of interest 
is admitted, by common consent and without any alteration in those proportions, 
to correspond as aliquot parts of a certain ratio of interest per annum, — though 
the latter ratio should then be understood as nominal only, — so the ratio of 
annuity, as expressed by the Tables, should only be considered as nominal when 
subject to the condition of being paid either by half-yearly or quarterly propor- 
tions. We cannot too much impress our readers with the necessity of keeping 
these and other analogous distinctions constantly in view ; by which may some- 
times be avoided very gross mistakes. 

(XLV.) The simplest reasoning, no less than the inspection of the Tables, 
shews that quarterly rates of interest improve a capital faster than it coifld be 
improved by half-yearly rates; and still faster than by undivided annual 
rates. Should we suppose such interest to accrue daily, still maintaining a 
corresponding proportion, the progression of improvement would then be further 
accelerated ; and following up the same principle, even to the fiction of interest 
accruing momevUly in a proportionate ratio, this would have the effect of carrying 
to its utmost limit the rapidity of that progression. To indulge in contemplaUons 
such as the latter may be divested pf practical utility, but those researches of 
analogical truth, though otherwise useless, have a general tendency to rectify 
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and to invigorate the powers of ratiocination ; hence shall ptesently be considered 
some of the results attending the motinenUy accretion of interest 

(XLVI.) In like manner with the proportion of increase of the Improved 
Principal, by lapse of time, the proportion of corresponding idcrease of the 
Cumulated Annuity (which the authors hare technically called the ^moufU) it 
remarkably greater when the instalments are brought nearer to each other. For 
example: One mUHtfn annually appropriated, as a fund for the redemption of 
the national debt, and improved at the rate of 4 p^ cent, compound inteiirest, 
would, — in case of that sum being undivided, and of the progression of 
accumulati6n and improvement taking place from year to year, — be adequate 
to discharge at the expiration of the 90th year 898 millwM capital of debt; 
if invested and improved half-yearly, a capital of 858 mllwM ; and if quarterly, 
^873,741 ,030 of such national debt. 

(XLVII.) We have already noticed the corresponding effect of accelerated 
instalments upon the value, in present capitaj, of anvnities constituted for terms 
of years. But it may be worthy of remark, that all those effects are reversed 
when the comparison is made between annual, half-yearly, quarterly, and even 
momently instalments, with the condition of advancing each instalment of the 
interest or annuity ; that is to say, that the income should accrue at the beginning 
instead of the end of the year, half-year, &c., respectively. It is obvious then, and 
in consequence of such early accretion of income being greater as the instalments 
are farther removed from each other, that the Improved principal, as also the 
Value of the annuity, must be more considerable when the instalments are 
annual than when half-yearly, more so in the latter case than when the instalments 
are quarterly, and still more so than when momently. In this last supposed case, 
there would be no acceleration whatever of income ; the two modes coinciding. 

It is observable, however, that the consideration of advanced instalments of 
the annnity may be wholly discarded in treating the questions of compound 
interest; as such advance of 19, 6, or 3 months income, operates not otherwise 
than as a reduction from the represented principal, or from the price at which the 
annual income may h^ive been purchased. 

(XLVIII.) Notice has been taken (XL, XLI and XLII,) of certain invaria- 
ble relations between each of the quantities eoepressed in the Tables, under the 
heads either Ratio of the Jnntuiy or Value of the Anntdty^ and other qnandties 
expressed with reference to the same period of time and rate of interest It is 
further observable, that each of the quantities there expressed under the head 
CumidaUd Annuity^ is so related with others expressed in the same honcontal 
line, as constantly to maintain, between the Value of the Annuity and the 
Cumulaied Annuity, a proportion identical with that subsisting between the 
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ori^nal Princ^^ and the quantity of its Improvement at compound interwt. 
This identity of proportion, p : m :; 1 : (l+r)», follows indeed from the 
definition of those general quantities ; whence is to be remarked, that the sum 
into which any principal may be improved— whatever the time allotted for 
such improvement and whatever the rate of interest — is equal, in all cases, 
to the capital susceptible of being created at the expiration of the stated period, 
by the accumulation and improvement of the annuity which might have been 
parcbased with the same original principal. In consequence of this, if the 
Cumulated amount of a quantity whatsoever of successive instalments of the 
ananuity should be reconverted into another annuity, to endure a similar period, 
ooromencing when the last of those instalments became due, the two annuities 
would bear with each other the same proportion asjhe original principal bears 
with its improvoment at Compound interest at the expiration of the term of such 
accumnlation ; provided that the rate of interest and the intervals of the instal- 
OMDts were to continue as before. Any of the Tables selected at pleasure, with 
reference to whatever period of time, will corroborate this position. 

Suppose the rate of Interest S| per cent, ptr onntun, and the instalments 

half-yearly ; an auauity of One pound will by acoumulation and improvement 

during 25 years, create a capital of ^40*84049, which converted into another 

annuity limited to a similar term, and valuable at 16*1328 years' purchase, 

40*84049 
e8taUi8he.th.y««a«mofthel.aer.nDaity .t -^^^^^^ = £2.53152. being 

also the improvement at Compound interest of One powid Principal, at the 
expiration of U years (Table, page 14th), 

(XLIX.) At the head of each table of Compound Interest, and with refer- 
ence to the annual rate according to which that table has been calculated, is 
specified the corresponding value of public securities, or of any Stock supposed 
to be funded at the several rates of 3, 3i, 4, and 5 pei' centum^ perpetual interest 
per cainum ; but it should be understood that those assimilations of respective 
▼alue essentially rest on various admissions^ without which the comparisons 
bedome illusory. 

FirUf it must be admitted that the instalments of periodical income, whether 
annual, half-yearly, or quarterly, are the same in both instances compared ; as 
otherwise we should fall within the series of anomalous cases, requiring distinct 
and complicated calculations for solving the questioa. 

Secondly^ the compared price of Stock must be exclusive of any acquired 
claim, arising from the time elapsed since the last dividend became due. As 
each quoted price of Stock is compounded of two parts, — the portion of interest 
accrued einc^ the last dividend took place^ — and the price of the bare Slock, 
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considered as an investment of capital producing interest from the date at which 
it is made ; it follows that at any intermediate period between two dividends, 
a proportionate subtraction should be made from the quotation, in order to 
establish the real price exclusive of any portion of future dividend then acquired, 
and the whole of which dividend it is customary to transfer with the Stock 
itself. 

Thirdlijy the compared values necessarily rest on the admission that the holders 
of the Sfock are inde6nitely secured against any disadvantage depending on the 
possibility of its early redemption at par. Without (his last consideration, and 
supposing (for example) a Stock funded at 4 per cen^., being presently valuable 
above par ; if such Stock were redeemable at pleasure by the Government,— or 
if not being actually so, it were to become redeemable at the expiration of a limited 
period of forthcoming years, — the proportion of its corresponding value, as stated 
in the Tables, would then be only imaginary, and could not be received as a 
just comparison. 

(L.) The differences in the present value of annuities, according to the 
specific distribution of their instalments, have already been considered (XLIII. 

and XLVII.) But reverting to the equation p z= *- T._! T» > ^^ forth 

(XV. and XXII.} as a general expression of the value of annuities, a decomposition 
of that general expression will exhibit at a single glance the comparative values, 
in the several cases where the annuities may be accruing annually, half-yearly, 
quarterly, or otherwise, and even momently ; the latter, though merely a fiction, 
shewing the utmost value of which an annuity is susceptible, according to the 
specific rate of interest admitted to govern the calculation. 

If we take a =r 1 ; so that the value, as expressed by p, may be exactly the 
quantity of years' purchase of the annuity; the above-mentioned equation will 

then be simplified into p =: \l\ ^^L which is identical with .... 

r(l4-r)* 

p =: — — — . ^ ; and will always express the present value of the 

Perpetual Annuity, or its relative quantity of years' purchase. Considering r as 
the ratio of interest to correspond with a whole year; further admitting any sub- 
divisions of that ratio (thus become merely nominal) proportionately to correspond 
with similar subdivisions of the year, whether into half-years, quarters, &c. even 
into indivisible moments ; and again if we admit, instead of the general expres- 
sion p of value, the more particularized expressions p., p^; p,, p^ry and p^, 
it is evident that we shall con^)arative1y obtain— 
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« rr ; — r-r « the talue when the Annuity and the Rate of interest 

'^^ r K^+O" 

are both considered in one single and yearly payment ; 

Vk zz ; — I — rrr , the value when the Annuity and the annual Ratb of 

i nterest are both considered by haJlf •yearly instalments ; •••..•• 

«^ :^ - «• — , the value when the Annuity and the annual rate of 

interest are both considered by ^KoHer^y instalments; • 

p, := . . ,^^ 9 the value when the Annuity, as well as the annual 

r r(l-f--) 

rate of interest, are both considered to accrue by instalments dividing each year 
into a quantity whatever x of equal parts ; 



• 



and p. = . , ^ , , the value when the Annuity, as also the rate 

of yearly interest, are equally considered as accruing in similar proportion at each 
indivisible moment^. 

The equation p. , expressing the utmost relative value which any annuity can 
possess, in consequence of admitting it to accrue even by momently instalments, 
is reducible to a more simple expression through the developement of the series 

involved in the binominal quantity T 1 + -^j . That developement produces 

^ 1 ^ 1X2 1X2X3 ^ 1X2X3X4 ^ 1X2X3X4X6 ^ '"' 

ad infmlum '^ the summation of which series yields precisely the quantity that 
has m for its Hyperbolic logarithm, or in Neper^s system, and equally has for its 
ordinary and Ubular logarithm m X 0-43420 44819 03251 82765 . 1 • &c., accord- 
ing to Briggs^s system of Logarithms, having the latter and infinitesimal fraction 
for its fnodulus. Therefore, admitting N to represent such implied quantity. 



* We must be permitted here to remark, on Dr. Price's thieorems analdgoos to the abore^ 
that from his omittiDg to state th^ indispeosable requisite (with which it ^should be sappoeed 
he was acqaaiated) , of assimilating the instalments of the yalaed annnity, with those of the 
governing rate of interest, many of his readeis are not unlikely to be betrayed into fidse 
concluuons. 
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we obtain p. rr ^ -*» -sj; and supposing, for example, an annuity of 25 years* 

duration, ^ul^ecl; to momently in^Ulmenta, and the rate of interest at 4 per tenl^ 
accruing in the same manner, we find •...•..•• 

'- = 0^04 ~ a04F = ^^- 271828 18284 69 , , . . = ^^'^^^^ y^" 

purchase*. Thus the value of a 50 years' annuity will also be found 21*61662 ; 
and that of an annuity for 100 years, 24*54211 years* purchase, — at the same 
rate of interest and under the similar condition. 

• • 

For a last example, \Ai us suppose an annuity for 48 yearff, and the rate of 
interest Si per cent, per ana,; the yalue of that annuity being 23*09125, if in 
a single yearly payment, 23*16852 if by half-yearly instalments, and 23*20740 
if quarterly, (all which results are stated in page 12th of the Tables) ; its value, 
in the hypothesis of momently instalments, will be •••,.•••• 

1 1 200 200 ^.^^^^^ . 

^^ = 6:or5-0:0357^ = -7 7X5*366656 = "^^^' *' "^^ 

7X48 
quence.of 5*365556 being the hyp. log. of ^ 1*68 zr m. 

Those, and analogous calculations, prove that only an fnconsiderable increase, 
tB to the real value of annuities, is obtainable by reducing the intervals of their 
instalments to a less time than 3 lAonths. 

# 

(LI.) lioaseholds and various other descriptions of property, when their 
annual income is susceptible of ascertainment, or of being reduced to a valuation 
founded upon satisfactory probability, may be assimilated in all respects to 
annuities for terms of years and which have been hitherto the subject of our 
consideration. A question not unfrequently recurring is that of the 'fines due, 
at an equitable valuation, for the renewal of unexpired leases ; and the rule for 
solving such questions is of the greatest simplicity. The renewed lease is 
valuable as an annuity for the whole term of that lease, and its value may be 
immediately ascertained by the Tables of Compound-Interest, after having 
determined the standard rate of interest by which the calculation is to be governed. 
On the other hand, the unexpired part of the old lease is valuable on the same 
; and the value of the latter being subtracted from that of the former. 



• Dr.Pricehtf enonecroily staled theiMuUas 15*8010; and has also stated 15*7694, instead 
of 15*75723> as the value of a 25 years' anonity, at 4 per cent, interest, quarterly uiitalment9. 
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exhibiu a remainder which is the yalue of the renewal, or the pecuniary GOQai<» 
deration justly due. 

First Examplb. — A leasehold or equivalent property, produoiA^ a dear 
annual income of £B60 and accruing by half-yearly instalments, has 7i years 
unexpired ; the renewal is proposed for 91 years, computed from the present time ; 
and it is inquired the fine that should be paid on that transaction, the interest of 
money being considered at 5 per cenL per ami., also by half-yearly instalments. 
The Table (page S4th) shews the new lease to be worth exactly 12*01090, and 
that the relinquished portion ot the old lease is worth 0*100680 ; whence tha 
difference, 6*710611 years* purchase^ multiplied into £850, exhibits the sum of 
£Mb\. 17s. Sd. as the fine to be paid. 

* 

SxcoHD Example.— The lease of a property rendering £ 1760 annually, in a 

single payment, has 19 yean unexpired ; the renewal is proposed for a term of 

90 years, and the rate of interest is agreed to be taken at Mpet cefU. as a atandanL 

The Table (pages 26th and 28th} exhibits in this case the two values .0*1 18581 

and 21*03760 years' purchase ; and the difference 12*810010, multiplied into 

£1750, produces £22431. 5f. Sd, being the Tahie of the renewal. 

(LIT.) It is now requisite to point out the use of the Tables, in cases where the 
rate of annual interest (constituting a principal datum towards solring the questions 
that depend on Compound-Interest) may he either lower than three per cetdum^ 
or higher Aan.sut per eenium ; being the two limits within which those TablesL 
are circamscribeid. The introduction of an example, appropriate to each general 
case of that description, will be the clearest method of proceeding. 



ExAMPLBS cf appticaiion of the Tdblei^ when the Awnual Rate oflntereet i$ Use 

than Three per centum. 

FiasT : Supposing the rate of 2| per cenL.^ in one single and annual payment ; 
be it required the Improved principaL 

The progress of that improyem^nt will then be, for eyery succeeding year, the 
same as for eyery succeeding half-year when the rate is 5| per cent, per ann.^ and 
accruing by half-yearly instalments* We therefore find in the Table (page 42d), 
that eaph unit of the original principal will improye, at 2| per cent.^ to 1*7204284 
at the expiration of 20 years, and to 3*8823218 at the expiration of &Q years ; 
being respectiyely the improyements for simil^ir quantities of half-years, when the 
interest is 5f per cent. And if the interest at 2| per cent, per annum were to 
accrue by half-yearly instalments^ the progress of improyement would then 
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correspond with the quarterly instalments at 5| per cent. ; whence wouUl be found, 
1*7267708 and 3 9182011, instead of the above results. 

Secondly : Supposing the rate of interest 2^ per cent, annually, in a single 
payment ; be it required the present value of a future capital. 

If we refer to the Table relative to bper cent, interest ; and assimilate each 
half-year, in the progress of discounted principal at that rate, with each full year 
at the rate of 2f per cent, ; we find (p. 35) that^each unit of capital forthcoming 
at the expiration of 25 years, and according to the latter rate, is reducible to 
0*5303906, and (p. 37) to 0-1387046 at the expiration of 80 years ; those 
reductions respectively corresponding with the discounts for 12f and for 40 years, 
at 5 per cent. And if we had to consider the annual rate of 2f per cenL as 
accruing half-yearly, we then should find the results 0*5373390 and 0*1370234 ; 
10 consequence of the decreasing progression being the same, for every succeeding 
half-year at 2| per cent, annually, as for every suooeediog quarter at the rate of 
5 per ceni^ 

Thirdly :. Su]:^)0Bing the rate of interest 2| per oenL per ann. in one single 
payment ; be it required the CkmmlaUd a$muity, 

m 

> The results, by the Table corresponding with the annual rate of 4) per cenL^ 
exhibit for every succeeding half-year the progress of accumulation and improve- 
ment at Compound-Interest of a portion of annuity equal to 0*5, and therefore 
referable to each half-yearly instalment ; the whole of that annuity being repre- 
sented by tenity. But if the annual rate of interest should be admitted at 2 J per 
cent, only, those results would exhibit the similar progress of an annuity no more 
than 0*5, received and improved during as many full years as the quantity of 
half-years considered with reference to the double rate of interest ; those results, 
as expressed by the Table, differing however from exactitude inasmuch as they 
require to be doubled^ in order to correspond with the integral tmity of annual 
income, instead of corresponding as they do with 0*05 only. Hence if it be 
inquired, (for example,) what amount of capital will be created at the expiration 
of 30 years, by means of any annual income accumulated and improved from 
year to year at 2} per cent.y we find (page 26th of the Tables) that amount to be 
in the proportion of 21*097632 times the half tmity of periodical income during 
30 successive half-years, or 15 years as there expressed ; from whichSve con- 
clude 42*195264, or double the preceding quantity, to be the proportion of 
accumulation when unity is taken for the whole yearly income. And if the latter 
'were specifically £lOOO, it follows that its accumulation and improvement at 
2| per cent, annual interest, in one single payment and during 30 years, would 
produce a capital of J^ 421 95*264, or £42195. 5s. $d. * 
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Farther supposing the same rate of annual intereat, 3} per cerd,^ but to accrue 
half-yearly ; if it were inquired the cumulated amount, at the expiry of a 54 
year's annuity of jPflOO, we should find (page 28th) the proportion 52-166864 
corresponding with 27 years, by quarterly instalments at 4f per cent per annum, 
and corresponding in the same manner with 54 years by half-yearly instalments 
at 2} per cent, onjy; whence the cumulated amount would be £600 multiplied 
into the double of that proportion, producing therefore J^d2600.48. 9d. 

FoiTRTHLT : Supposing the interest at 21" p«' eent.f in a single yearly payment ; 
be it inquired the Redempium»Jund that should annually be supjjlied, as adequate 
to the purpose of discharging, at a specific period, the capital of a certain debt 

The considerations ate here precisely the rei^erse of what they were in the 
preceding case. 

We must, in the same manner, resort to the Table (pages 23d and 25th) cor- 
responding with a double rate of interest, or that of 4| per cent, per annum ; 
and there look for the series of results relative to half-yearly instalments, in the 
column entitled AwnuUyfor Ciemuktion. If the period assigned for the redemp- 
tion should be 21 years, we find 0^65559 the reqnired proportion referable to 
21 half-yearly instalment%^or to a period of 10} years ; and if the assignment 
should be 72 yean, we also find the proportion OOl 10896 relative to a period of 
36 years, by hatfyeariy instalments. Bat as those proportions refer alike, not 
to tPidy, but to the quantity 2 as the future capital (because of the case converse 
firom the above), we must reduce them to one^half ; whence 0*03827765 will 
be the proportion of the annual redemption-fund for producing any required 
capital at the expiration of 21 yean, and 0*0050948 will be the proportion of 
that annual fund for creating any capital at the expiration of 72 years. Let that 
capital be supposed £ 100,000 ; the annual redemption-fund will then be, either 
J^SSST. 15s. 3d. during 21 years, or £B99. Os. 7d. during 72 yean. 

Supposing again that the annual rate of 2| per cent were undentood by 
half-yeariy instalments, we should refer in that ease to the column of results 
corresponding with quarterly instahnonta eti 4| psr cent per annum ; and pro^ 
oeeding as above, the specific results would respectively be found J^3803. Os. Id. 
and £$9B. 8s. 

• * 

. Vrfntvf : Supposing the nilerest at 2 per osnl. per asmufn, in^a single pay- 
ment; he it required the ralue of an annuity for any specific term, and also to 
•oene by instahnents df swo c e nsiv ely undiYided yeasi. 

BaferriBg to the Tables (pag^s 18th and 20th), where the value of the annuity 
is stated with reference lo interest at 4 per oenL^ it h necessary only to observe that 
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hiilf years are there to be taken as full years, subject to interest at 9 per cent only ; 
that quarters, at the former rate, are likewise to be assimilated to half-years at the 
latter rate ; and. that the Value^ as expressed by the Tables, is consequently to be 
doubled. 

For exemplification, let two cases of annuities be specified, the one for 
20 years and accruing annually, the other for 45 years and accruing by half- 
yearly instalments, both at 2 per cent, per annum. The value of the first will 
be, according to the Table (page 18th), twice 13*67774 or 27*35548 years' pur- 
chase ; and the value of the other (page 20th) twice 208304, or 41*6608 years;' 
purchase. 

Sixthly : Supposing the annual rate of interest 1^ per cent in a single pay- 
ment ; be it required the Ratio of the annuity j or the proportion which that annuity 
should bear with its represented principal. 

This question being exactly converse of the preceding ; refer to the Table 
corresppnding with tbe double rate of intere^ or 3^ per cent ; substitute years 
for half-years, as also half-years for quarters ; and redtice the Ratioto one half 
of the fractional quantity expressed in that Table. Thus it will be fpund 
(page 15th) that a 25 years* annuity in a single payment, when interest is ]at 
If per cent, should be in the proportion 0*03090275, being one-half of 
0*0619855, for every unit o( the represented principal ; and (page 17th) that a 
50 years* annaity, half-yearly instalments, and calculated at the same . rate of 
annual interest, should be constituted in. the proportion of 0*0221815, being one 
half of 0*044363. If the capiul to be invested were jglOOOO, the Annuities 
would therefore be, respectively, £309. 18s. 6d. and £221. 16s. 3d. 



(LI II.) ExAMPLBs ofapplicabion of the^ableSf when the Annual Rale of Interest 

exceeds six per centum. 

First: Supposing the annual rate 6-| per cent.^ to accrue by. half-yearly 
instalments ; be it required the Improved principaL 

s 

The progress of improvement will be, for every succeeding half-year, the saipe 
as for every succeeding year at the rate of 3 J per cent. ; consequently, we find in 
the Table (page 6th) that each unit of principal improves at the latter :rate, .and at 
the expiration of 25 years, into 2*2245978, answering abo to 12} years by 
half-yearly instalments, wh^n that rate is doubled or 6f per centum. And if the 
interest at this annual rate were to accrue quarterly, the corresponding improve- 
ment for the same term of 12| years would be 2*2388651, the same as 25 years* 
improvement at 3^ per cent, interest accruing at each half-year. 
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Sbconi)i.y-: Supposing the annual rate of interest, at '7 per cetU,^ to accrue 
half-yearly ; be it inquired the present value of future capital. 

The considerations in this case being converse of the above, and reverting to 
the Table that corresponds with S\ percent, annual interest, We find (page 13th) 
that every unit of capital forthcoming at the eiopiration of 30 years is reducible to 
0*356^784, by dkcount at the latter rate in a single payment; which same 
result is produced by the discount of 30 half-yearly instalments comprised in a 
term of 15 years only, when the interest is doubled or rated at 7 per cent, per 
annum. Quarterly instalments, at this last rate, will equally answer to half-yearly 
instalments at 3| per cent, annual interest. 

Thirdly: Supposing 7-| per cent, interest per amtuniy and subject to half- yearly 
instalments ; be it inquired the CunuUaled annuity. 

This being converse of the 3d case exposed in page 72d, every consideration 

I 

there set forth accordingly applies in the present; and it -may be sufficient, in 
addition, to state a specific instance of that appliHtion. 

If an annuity of J^500 and paid by half-yearly instalments, when the interest 
is at 7-| per cenL per annum and accruing half-yearly also, be accumulated and 
improved during 20 years at that rate of Compound Interest; it will create, at the 
expiration of such period, a similar capital to that which would be produced by 
the accumulation and improvement at an interest of 3| per cenL only, in undivided 
yearly payments, of an annuity equal to no more than half of the first, or to 
£%^y but extended to 40 years* duration. Therefore, as we find in the Table 
{page 16th, column 2d) that every unit of the annuity will at the expiration of 
this last period have created 89*6101 capital, the conclusion is, that the capital 
created at the expiration of the prescribed term of 20 years will be £U0 multi- 
plied into 44*80505, being one half of the former quantity indicated by the Table ; 
producing in either way J^22402. lOt. 

If again a £500 annuity were to accrue by quarterly instalments,- during 
the period of 20 years, that' annuity would assimilate with another of £250 
only and paid half-yearly during 40 years ; when by the same Table (page 16th 
Gtdumn 6tb) we find that every unit of such income would create capital in the 
proportion of 91*1966 ; therefore the whole annuity a capital of £22799. 3«. 
or £500 multiplied into half that proportion. 

F00RTBI.T : Supposing S per cent, annual interest, by half-yearly instalments ; 
be it inquired the periodical Redemption-fimd. 

This isth^ counterpart of the 4tb example of the preceding series (page 73d), the 
•reasoning on which occasion equally applies here* 
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If the question should be of the savings required out of any iacome^ at the 
expiration of each succeeding half-year, and until the 25th year accomplished, 
with a view then to redeem ^100,000 of debt, by means of the accumulation 
and improvement of those savings at the above-mentioned rate of compound 
interest ; it is evident that they must be the same as would be required at the 
expiration of each succeeding year until the 50th accomplished, upon a supposi- 
tion of the improvement taking place at only one-half that rate of annual interest, 
or at 4 per centum. Hence the table (page Slst, column 2d,) informs us that 
the proportion of savings, either annually in the latter supposition, or half-yearly 
in the supposition of 8 per cent, interest, — and for every unit of the required 
capital,— is 0*0065502; consequently £655*02 will be the lialf-yearly, or 
^1310-04 (say J^lSlO.Os. 5d,) the annual redemption-fund. And if required by 
quarterly instalments, it would be in the proportion of 0*0064055 for every umtj 
corresponding with half-yearly instalments at 4 per cerU^ per annum ; therefore 
jg320. 5s. 6(L the quarterly, jp640. lis. the half-yearly, and J^1281. 28. the 
annual redemption-fund, during 25 years. 

Fifthly : Supposing the Af^ual interest 8^ per cent^ with the condition 
of its accruing half-yearly; be it inquired the Value of the ammUy. 

If we further suppose that annuity to be of 17^ years' duration, and also paid 
by half-yearly instalments, its value will be the same as that of another annuity 
of half the sum, but payable at the expiration of each succeeding year during 
double that time, or until the 35th year accomplished, on the supposition of 
4| per cent, interest only. The table (page 24th, column 3d) indicates the latter 
annuity to be valuable at 18*04729 years' purchase ; whence the formes, being 
for 35 half-years, or 17| years only, will be valuable at exactly one-half, or at 
9*023645 1 and if by quarterly instalments, the rate of interest understood to 
accrue in the same manner, the value will be 9*064875 years* purchase^ or 
one-half of 18*12975, corresponding with half-yearly instalments of the interest 
rated also at 4| per ceni, per ann.^ as indicated in the same table {cohtvm 6th). 

Sixthly : Supposing the annual r«te of interest 9 per cmtL, to accrue half- 
yearly; be it inquired the RhJHq ^ the annmty^ or the proportion that any annuity 
should bear with the invested capitsL 

t 

The present question being converse of the preceding, if we further suppose 
the implied annuity to endure for a term of 25 years, and to eccruf by 60 half* 
yearly instalments, it will correspond with another annuity equal to €Miie-half only 
of the first, but extended to 50 full years' duration, and aocruing by undivided 
annual payments, upon the supposition of an annual rate of interest no more 
than 4| per cenL and aocruing in the same manner* We then find, according 
(0 the Table (page 29th, column 3d), that the latter annuity should be constituted 
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ID the ratio of 0*0500021 for every wxii of the inrested capital, whence the 
former in the ratio of 0*1012043; and therefore, admitting £10,000 capital, the 
aonaity of 25 years' duration should be £1012. Os. llif., calculating from per ' 
cent, rale of interest. Quarterly instalments would, according to the same table 
(page 29th, column 6th)^ reduce the ratio to 0*109038, being the double of . 
0*0504519, ratio corresponding with 4f per cent interest per tamum^ by half- 
yearly' instalments. 

(LIV.) When the anunity, oi income whatever, set apart for creating by its 
accumulation any capital at* a future period, accrues at shorter intervals of 
fnstalment than those at which the improvement by compound interest at any 
given rate is obtainable ; or when, on the contrary,* the income or annuity 
accrues by instalments more distant than those available for the improvement ; 
the question concerning the progression of euok accumulation and improvement, 
as also the question concerning the value of the annuity, become complicated. 
In both cases, and for solving each of those questions, it is necessary to revert 
to the primary equations stated in Ssctums IXth and Xllltb, where is generally 

a(14-rV — a ofl+ry — a 

esUblished »»=: -^ , as also p = uil^y^ ' 5 *""^ ^^ *® proceed 

by analogy, as follows. 

The question being of the Cumulated annuity^ and supposing the instalments 
of such annuity to be shorter than those that apply to the rate of interest ; if we 
then signify by 4a the whole annuity, by a each of its quarterly instalments^ 
by n the forthcoming quantity of those instalments, and by r the half-yearly 
ratio of interest, we obviously find the cumulated amount m composed of these 
two secies of progressive quantities: — 



m = a+a(l+r)+a(l+r)» + a(14-r)>4.a(14-r)*+ &c to o(14.r)*r + 

+ fl(l+5) +fl(l-f5Kl+r)+a(l+^.(l+r)M-^l+r).(i+r)»+&c. to 

^ .^, a(l+r)T-a + (l+5).(l+r)r-^a(H-|) 
a (1 +-) . (1 +ry*' ; whence m = » 



[A+a(l+|)] X [(a+r)t_l] 



In order to exemplify this soiation^ if we suppose the anniuty #100^ by 
quarterly instaUnents of £%b ead», the term 1« years or 64 qiiartBr^, and the 
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half-yearly rale of interest ^ per cent., or ratio 0*02 ; the latter equation, reduced 

• 1 .-.• n .u u 60-26(0-8846406) ^^^ ^^^ 

to Dumencal quantities, will then be tn r= -— " zz 2%2'408^, 

^ 0-02 

or £ 2222. 8s. the Cumulated amount. Each unit of the annuity having therefore 
created 22*224082 capital at the expiration of 16 years, we find by the table 
{page 18th), that if the instalments of that annuity had been half-yearly, the 
capital produced would have been only 22*113515, and that it would have been 
22*261547 on the different supposition, of quarterly instalm^ts applied both to 
the annuity and to the rate of interest. 

Further supposing (as another ezampl^* an annuity of £l, it? term extended 
to 100 years or 400 quarterly instalments, and the same ratio of interest as 
above to govern the calculation, we obtain -» ' 

_ _ 50*25 [(1-02)*^^ 1] 50-25 X 61-484899 _ -o ,pn, ft,;Qi w 

m = ^V ^ -^ =r = £ 1293*5581 ; beino; 

002 0-02 * > o 

the Cumulated amount, coiuparable with 1287*1225» if the instalments of that 
annuity were half-yearly, and with 1313*1029 if the instalments of interest were' 
quarterly, as appears by the same table (p. 20th). 

/ 
Under the same supposition of shorter instalments of the annuity, and fol- 

lowing by analogy we have, in consequence, of p — ;^ , the value 



of such annuity generally expressed by p =: 



(l+r). 
[o+a(l+^)] X [(H-r)"7-l] 



r(l+r)« 



whence, by admitting tlie above two qwes of annuities as examples of applica- 
tion, and farther admitting 4 a =: 1, in order that the results may refer to unity 
of the annual income, we obtain in <;a8e of the annuity limited to 16 years, 

22*224082 
p zz ,.QQ^.^4^w. = 11*79284, and in case of that annuity extended to 100 years 

p ^ - ■ =: 24*64630 ; being the respective values, comparable the 

former with 11*78417 and 11*77572, and the latter with 24*52367 and 2453292, 
results found in the same table and according as the instalments may be taken, 
either half»yearly or quarterly. And be it observed that this excess of value, in 
both cases, does not proceed from an^ error ; but is the natural consequence of' 
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my present capital,' improvable by half-yearly iDstalinenUy being relatively less 
▼alaable than the same capital susceptible of quarterly improvement. 

Shonld on the contrary the annuity, or any other income, accrue by instal- 
ments more distant than those available for the improvement at compound interest, 
wre have then, and by similar analogy with the primary equations, — 

m = a + a(l+r)» + a^l+r)* + ^l+r)' + *c. to o(l+r)— = "/f^yji" . 



,nd » - a(l+r)-- a 

^~[(H-r)»-l]X(H-r)-- 



To exemplify in a particularized case, let it be supposed £l annuity, re- 
ceivable at the expiration of the year now commencing and of every suceeeding 
year, to the ^5th inclusive ; the rate of interest, considered in the improvement, 
being nominally 4 per cent, per armymy -but accruing by half-yearly instalments ; 
whence r =z 0*02, and n =z 50 ; -we shall then have ..• 

a(l4-rV— a 1-691588 
"»= {l+rf^l = "00404" = 4^^^^«' ^r ^^41. 17.. 5i, being the 

amount of that annuity accumulated and improved at compound interest until 
the period of its expiration,' which amonnt is comparable with 41*645908 and 
with 49*289701, as indicatedby the table (page I8th) ; /oA 

aO+ry-a 41-87099 ,,e.-.^^ » u 

p zz r.. . ^ ^ — -^ ; — : — r- = • = 15*55644 years' purchase, as 

^ [(!+'■)•— 1] X (l+r)- 2-691588 ^ ^ 

its present value, comparable also with 16*62208 and with 15*71180, the values 
expressed in the same table. 

If we further. suppose the same annuity extended to 100 years, the results of 

51*484899 
calculation will be m := "n^rvirLi *^ 1274*3787, the Cumulated annuity, 

1274-3787 

and p = zz 24*2808 the Value of such annuity ; the .former of 

^ 52-484899 ^' 

which results is comparable with 1237*6237 and with 1287*1225^ — the latter 
with 24*505 and with 24.52367, as expressed by the same table (page 20th). 
And again it is to be observed, that this apparent deficiency of value is the con- 
sequence of a capital, improvable half-yearly, being relatively worth more than 
the same capital improvable only by annual instalments. 

(LV.) When a Stock originally funded by perpetual annuity, at a higher 
interest than the current rate at the present time, is redeemable at the debtor's 
pleasure, that stock, notwithstanding its superior nominal rate of interest, can 
possess no greater value than another perpetual stock funded at the present rate 



f 
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of 'interest ; except in conseqaenee of asBuming, either that the latter rate is not 
entitled to consideration as a permanent one, or else that the faculty of redemptioQ 
will continue during more or less time without being acted upon. 

But if any stock funded on the principle of perpetuity should, from the condi- 
tions of the contract, be irredeemable until some assigned and future period, it 
will, under circumstances similar to the abore in other respects, possess a market- 
able value superior to far ; and the eiact value, to which it is entitled, may then 
be accurately ascertained. To this effect, let it be considered that any Stock of 
that description is compounded' of two parts, having each its proper value; ^s<, 
that of a terminable annuity, to continue at its original and superior ratio until 
the period availaUa for the redemption of that annuity at par, and uoondly the 
ndue of a perpetual annuity constituted according to the present reduced rate of 
interest, but from which last value should be subtracted that of a terminable 
annuity, at the same ledooed rate, and supposed to endure until the assigned 
period of redemption. A single example of the solution of this question, by 
means of the tables, will be sufficient 

Suppose a Stock funded at 6 per cenL per ofmum^ by half-yearly instalments, 
the last of which had just fallen dne» each stock to continue irredeemable 
until the ezpiratioii of 7 ysere from the present time ; and that another stock 
funded at 3f per cenL, accruing ako by half-yearly instalments, being at par^ it 
were inquired the prdnent vahie of the former, relatively to that of the latter stock. 

From the value of the perpetual stock, slated at par •••••'.•••• lOO 
subtract the value of an annuity at Sf per omL, supposed to endure 
for 7 years only, or 14 hal^yearly instalments, and which by the 
table (page 10th) is 6*161003 years* purchase; this last quantity 
multiplied into 3| is 1^1*56351 



remains «... 78*43649 
and adding the value of an annuity at 5 per cenL for the same term 
of 7 years, which is equal to 5 multiplied into the same quantity 
6*161002 .»,,••««« 30*80501 



together . • « . 100*241 50 
or very near 109^ ; which is the value of every 100 of stock at 5 per cerU,^ but 
irredeemable during the next seven years. 

The same result is to be obtained by merely adding to 100, or to the price of 
stock at par, the difference 1^ of the two rates, multiplied into 6*161002 ; which 
last is the quantity of years' purchase at which an annuity limited to 7 years 
should be valued^ when interest is at 3]| per cent, and the instalments half-yearly. 



COMPOUND INTEREST. 81 

(l«VI.) The preceding question leads as to consider also that of the value 
of deferred anmuitiei; which of their description may be 6ither perpetual or 
terminable, 

I 

The value of a deferred annuity, in both cases, is that of an equal annuity 
commencing to run from the present time, vnmu the discounted value of the 
instalments withheld. 

Supposing a perpetual annuity constituted at 4 per oent.f and the term of 
which should not commence to run until the expiration of 10 jears from the 
present time, its first half-yearly instalment consequently falling due six months 
afterwards; be it inquired the present value of that deferred annuity, admitting 
the same standard rate of interest, 4 per cent, per annumf also to accrue half- 
yearly. The table (page 18th) indicates 8*176717 years* purchase, as the value 
of the 20 instalments withheld and comprised in the suspensive term of 10 years, 
which quantity subtracted from 25, the value of perpetuity, leaves for the required 
value 10*824283 years' purchase ; and as the ratio of that annpity is 4 per 
cent.^ the value of J^lOO stock of that description will be £4 multiplied into 
16*824283, or J^67. 6s. The capital represented by annuities that are altogether 
deferred and terminable will, on the same principle, be ascertained by the 
difference between the present values of the long and of the short term ; which 
position does not require any specific exemplification. 

We may further suppose, however, the case of a perpetual and deferred 
annuity such as the above, but constituted at some earlier period with the 
condition of its continuing irredeemable during the first 20 years, or until the 
expiration of 30 years from this time ; and that the rate of interest, at present 
available, were reduced to 3| per cent, per amtttm, also half-yearly instalments. 
Admitting this rate of interest as a permanent standard^ and applying the rules 
already set forth, we proceed in the following manner to ascertain the value of 
each ^100 stock funded as here mentioned. 

From the present value of a 3 J per oenL stock, being hi par. ••• £ 100. 
subtract the value of the first 30 years of an annuity in that ratio, 
which by the Table (page 8th) is 19*07200 years* purchase, and 
multiplied into £ 3 J, is • 0108400 

Remains the present value of a perpetuity after 30 years £ 38*01600 

Add to this, the difference between the value of a 30 years* annuity 
and that of a 10 years' annuity, both o(£4; or between 10*07200 
and 8*47947, according to the Table (pages 0th and 8th), that 
difference being £4 multiplied into 10-59263 years* purchase, or. • 42*37012 

Together J^80'38612 

the value of J^lOO stock, or about 80} per ceniiwiu 

I 
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From those examples it will be easily perceiTed how to operafe in all analogfous 
cases* 

(LVII.) British capital being frequently invested in the securities of foreign 
governments, and at very elevhted rates of interest comparatively with the rates 
afforded by investments at home» — such sjarplus interest compensated however 
by an additional risk incurred and depending on political considerations,— it 
may be desirable to ascertain the period at which that additional risk is likely to 
terminate ; considering that the capital originally put to hazard is gradoalty 
recoverable, by means of periodical savings out of the income, and of their im- 
provement during that period. The simple question, thus stated, is easily solved 
by the Tables. 

Supposing the annual interest at home to be 3| per cent.^ assumed as a per- 
manent rate, subject to half-yearly instalments, and that a loan were granted to 
a foreign government at 6 per cent, per annum, payable in the same manner ; 
the extraordinary risk will be extinct whenever the saving of 1|, annual sur- 
plus has, by accumulation and improvement at the rate of 3| per cenL compound 
interest, recomposed the ongin alt capital £ 100 ; although the ordinary income, 
at that rate, will have b«en available in the meantime. This being the period 
a,t which unity of income will, in a corresponding proportion, have produced 
•f 57-142857 capital, it is immediately ascertained, by the Table (page 8lh),^to 
be a period of 32} years or thereabouts. Therefore, if the probable consequence 
of a war with that foreign country should happen to be the confiscation of its 
enemy's tangible property, such a transaction could scarcely be considered as 
prudent, unless the balance of chances were in favour of uninterrupted peace 
during 32-| years at least 

But instead of allowing the risk of foreign contingencies to diminish from 
each half year to the next, in consequence of exempting from that risk the 
reinvestment of the savings ; if such reinvestment were also made abroad and 
there improved at 6 per cevL per amnwn compound interest, assumed to be a 
permanent rate, the Table (page 36th, column 5th) indicates that 27| years, or 
thereabouts, will then be sufiicient for recomposing the capital integrally exposed 
to extraordinary risk until the accomplishment of that period. The Cumulated 
annuity being 55*878498 for 27 years, and 59*719847 for 28 years, those quan- 
tities respectively multiplied into 1| (the annual surplus) produce 97*787372 and 
104*509733, capital at the end of those terms. 

Let any foreign investment be further supposed at 7\per oeiU. annual interest, 
accruing half-yearly, therefore in the proportion of 3^ per cent, at each instalment ; 
and the whole of that income to be successively reinvested at the same rate. 
The Table (page 14th) shews that in such case, and after 19 instalments 
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•mBl'adng a period of Of yean only, erery unit of that half-yearly income will 
have grown, by accntnulation and improvement, to a capital of ^*00471 ; 
whence 3^ to 101*36T66» or even exceeding in the proportion of 1*26766 to 
100 the original capital at atake. The accurate solution, however, is indicated 
by the 6th case amongst those enumemted in Section XVib, where the term of 

1 . log. (a— mrW log. a 
tae anouity is generally expressed by n =: ' ; 

log. (0-0375+0-0375)-log. (0-0373); 
which BUmencally constructed^ gives n=— 2 . -' 

log. 2 0-301029905664 ,o o«o«.. -v *•* r v ir i 

^r -; — T? » . ^ =: — ^^, »^^,; — = 18'82827, the quantity of half-yearly 
log. (10375) OO1508811 > i / J J 

instalments required. 

And lastly, let us suppose a question of the more extensive period at which 
the same annuity would, in consequence of a similar accumulaUon and improve- 
ment, repay the original capital, together with its increase by compound interes 
rated only at 3^ per ecnt per annum; still admitting half-yearly instalments of 
both rates. 

It is perceived, by the table (page 16th), that unity improved during 33 years , 
at 3| per cen£. in entire annual payments, produces 3*3698260, and 3*4961945 
if thus improved during 34 years; which quantities, respectively taken in the 
proportion of one half, are reducible to 1*6849130, corresponding with 33 half- 
yearly instalments, and to 1*7480072 corresponding with 34 similar instalments, 
admitting the interest at 7^ per cent, per annttm,-— difference 0*0(931842 for the 
last half-year's improvement ; and it is also perceived, that when the annual 
interest is rated at 3J per oeni. by half-yearly instalments, unity should improve 
to 1*6750118 at the expiration of 16 years, and to 1*7208920 at the expiration 
of 17 years ; difference 0*0548802 for the whole 17th yearns improvement. 
Now, ^ of this difference subtracted from the preceding quantity leaves 1*716172, 
for 16| years' improvement; whilst subtracting one half of the former difference 
from 1*7480072 there is led 1*7165051 for the improvement during the same 
term, or 33 half-years^ when the annual interest is rated at 7| per centum. The 
eoincidence of those results shews that the required period is \6i years, according 
to the .nearest approximation attainable by this circuitous method ; and it is 
obvious that the original capital will then be reimbursed, together with constant 
interest at the minor ratew 

But the direct calculation yields a more accurate solution of this question, 
which partly falls within the 3d general case {Section XVth); the Cumulated 

amount of the annuity ISBing there expressed by m == *■■■■■ ^ . 
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It has already been.ascertaineA, by the Bolution of the preceding queetion, that 
at a period n r= 18^*82837 half-years the original capital would barely be repaid; 
and there remains to ascertain an additional period n' sufficient £br producing^ 
by the accumulation and improvement of a half-yearly income of O'OS?^ in 
this same ratio of compound interest, a quantity equal to the accumulation 
and improvement of a half-yearly income of 0*01635 only, during a period 

nm, r ,. [(l-OSrS)^'- 1] X (0-0876) , 

Therefore we have, on one part, m = ^^^ ^^r^^ — r » a°d on 

^ 0*0376 

the other part, m z= O'Qlfi^g * which, as a = r m 

each of those equations, and as m is an identical qtiantity in both, is simplified 

into (l-0376)«'=: (l-01625)"+»', or (1-0375)"' = (l-lD1625)'"+'*:"^ ; whence is 

successively deduced, (n'+18-8«8«7) X log. (1'01626) == n' X log. (1*0375), 

18'8i827 X 0-00700056 + »' X 000700056 = n' X 001 598811, . . : 

n(O01 598811 — 000700056) =: 1 8-82827 X 000700066, 

.... , 18-828 27 X 000700056 _ , ..«^e^- 
and ultimately n = 0^00898766 = ^^^^^^^' 

Adding this last quantity to 18*82827, we have n-^n' -zz 33-49412^ a period 
very near 33| half-years or 16 { years, at the expiration of which the whole 
capital risked in the foreign loan would be repaid, together with compound 
interest at 3| 'per cent, per annum ; and beyond that period, all further income 
derived from the transaction would be a clear profit, 

(LVIII.) In case of any series of equal sums, payable at equidistant instalments, 
the quantity of which expressed by n, if it were required to ascertain the 
intervening period when the united amount of those sums might be discharged 
in a single payment, without injury either to the debtor or to the creditor ; 
having ascertained the present value of those sums, respectively discounted and 
considered as a terminable annuity, the period at which that present value 
would, if improved at compound interest, amount to the same total sum- as 
before the discount, must be the period required. 

Example. — A portion of the National Debt of this country consists in certain 
terminable annuities, to the amount of ^1,338,837, the last half-yearly 
instalment of which will become due the 5th of January 1860; and after dis- 
charging the instalment due o& th^ 6ih of January 1826, it is inquired the 
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period at Which Ihe total sum of J^ 40,859^,990, being the uoreduoed atnouat of 
the 70 instalinents then forthcoming^ might equitably be discharged in one single 
poiyment ; calculating on 3} per cenL^ as a standard rate of annual interest, but 
supposed also to accrue in half-yearly proportions. 

The table (pa^e 8th)^ immediately solres this question. It is there stated 
that a 3ft years' annuity, accruing by half-yearly instalments, is exactly worth 
90*8134 years' purchase ; and as the improvement of this last quantity at compound 
interest, into the original quantity 35, is in the proportion of unity to 1*681609, 
the same table (page 0th) further indicates that such improvement should take 
place between the 10th and the 17th year. At the expiration of 10 years it 
will be 1*0750118, and at that of 17 years 1-7998990,— difference 0-0548802 
for the 17th year ; and as the required improvement exceeds that for 1& years by 
a quantity only 0*0005979, we find by taking the proportion of those differences 
that the latter corresponds with 44 days ; whence follows, that the paymf nt of 
the whole sum jg40,859,995 might equitably be effected at the expiration of 10 
years and 44 days after the 5th of January 1896, or on the l6th February of the 
year 1841. 

Under the supposition of deferred annuities as already described (LVI.), the 
present value of the withheld instalments should first be subtracted from that of 
ihe complete annuity ; proceeding afterwards as above directed, to ascertain 
the period (computed from the present time) at which such discounted value is 
impfovable into the original and total sum. 

But it might be proposed to discharge such a debt as the Long-aimui^es by the 
payment of any other specific sum, whether more or less than the unreduced amount 
of their forthcoming instalments. Let it then be inquired the respective periods 
at which either the sum of 40 miliums^ or that of 50 TnUUom^ should be paid 
for the discharge of those annuities. Having ascertained their present value at 
90-8134 years' purchase, if the latter quantity be multiplied into j^l,338,837, 
that value will be £97,805,750; the required improvement of wjiich sum into 
that of J§40,000,000 is in the proportion of 1-4354539 for every unit, and into 
;f 50,000,000 is in the proportion <>f 1*7943174 for every unit also contained in 
the expresnon of the present value. The table (page 0th) then indicates that 
the sum of 40 mUUmu should be paid at the expiration of about 11;^ years, or 
else that of 50 wiUUm^ at the expiration of a little more than 18 years, as.a fair 
equivalent. The method of proceeding, by direct calculation^ to obtain results 
strictly accurate^ have already been sufficiently explained. 

If we further suppose a specific period assigned for the discharge, by any sum 
once paid> of an annuity whatsoever ; it is ea^nly perceivable that such aum muft, 
in all caseS|^ be that into which^e yalue of the annuity is susceptible of being 
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improved at compound interest, from Uie present time to the assigned period ; 
and the Tables will readily answer all questions of this description. 

(LIX.) When the sum to which any original and unknown capital has 
improved by compound interest, in a ratio also unknown, may be stated with 
reference to any two periods of that improvement, those data are sufficient for 
ascertaining both the original principal and the rate of interest. 

According to the first case of the series set forth in Sedum XVth, the 
statement of this question supplies two similar equations, m ^ p (l-f-O** >°^ 
M zz p (14-'*)'^; admitting m as the improvement of the principal p during 
the period n, and M as its improvement during the period N. iPtom those 

equations is deduced^ log. (1+r) =: ^ kT ^^^ = g. to — og. p 

- , ' 2V W. f» — n Joff. M , , . , , . , , Ml 

whence log. p zz. ^ ■■ ; and this last, being resolved, wilL 

in consequence of substituting for p its value in the preceding equation determioe 
also the quantity r, or the ratio of interest. 

ExAMPiiB.-— A principal laid out at compound interest has, at the expiration 
of 24 instalments, iibproved to a sum of £2484. 12s. 6d, and at the expiration 
of 50 instalments it has further improved to a sum of £ 4202. 6s. 1 Id. : query 
that principal^ and the ratio of its improvements. 

Reducing 9hiUing$ and pence to decimal fractions of one pounds we have . . 

1 — N log, m -^ n log. M _ 50 X log. 2484'625«- 24 X log. 4292-346 _ 

og- P— N --n "" 50 — 24 "" 

50 (3-3952609)— 24 (S'6320947) _ 169-763045 -- 871 84673 _ 3.1780012 

26 "^ 26 "" * 

which last quantity is the logarithm corresponding with £1500, the original 
principal inquired after, 

_ ^ 1 /, , X log. TO — log. p 3-3952609-31760912 
We have next, log. (1+r) = —2 S-C :^ 

= 0*00913207, being the logarithm of 1*02125 ; whence the ratio is 0*02125> 

or 2| per cerU,i rate of interest corresponding with each instalment, which, if 
understood half-yearly, would establish the annual rate at 4| per cent. It might 
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indifferently have been proceeded with fo^. (!+'') = — — ^ — ^-^> yielding 
the same result. 

(LX,) Any principal wim being specified, with its increase by compound 
interest at the expiration of a given period, the corresponding increase either of 
the same or of any other principal At the expiration of a period different from 
the first, — and also the rate of interest Sttppoeed to be unknown,-^may both be 
deduced from those data ; admitting unifomiity in that unknown rate of interest. 

ExAicPLS, in which the principal is considered diflbtvnt in the two clauses of 
the statement. 

A capital of £ 2000 = p has increased to £ 10641. 18s. 9d. = m, by 
improvement at compound interest untii/lthe accomplishment of 168 zn n 
instalments ; it is then inquired, Jirst the corresponding improvement of £9bbO 
zz P at the expiration of 100 =: N similar instalments, the ratio of interest being 
the same in both cases ; and scooncKy, what is that ratio r of interest appertaining 
to each instalment. 

SoLOTioN. — ^Admitting M as the improved principal required, we have (in 
common with the preceding question) these two equations, m =:p (!+'')% <^<^ 

M = P(I+rr; whence, log. M = J^O^g- "-'«?• P) + nlog. P 

* 

100 Oog. 10641-9375 — log. 2000) + 168 flog. 3550) ^ ^ ,, 
= ;— ■ 2 i . therefore M r: 

iOo 

* 

100 X 0-7250907 + 168 X 3-5502284 ^ n^^.J,^ . . ^. 

= 3-9823667, which quantity is 



168 

thelogadthm of 9602*1 or of J^9602. 2s., the sum proceeding from the improve- 
ment of J§ 3550 original capital, at the expiration of the 100th instalment. 



The same equations being further transformable into 

log. (1+r) = !2iJl^J2S:Z. .„d into log. (1+r) = ^filfLzJ^ivP, 

. ^.^ , , , , ' X 3-9828667 — 3-5502284 
we may indinferently take log. ( 1 + r ) — « — , or 

1 /. . V 4-0270207 — 3*3010300 .. r u- i. • u *i, u 

log. (14-r) :z; , either of which yields the result 
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0*004821 37, logarithm oorreepondiog witb* 1-01 = 1 4- r, whence the mtio 
r =: 001 ;. and if the inatalmeDts were understood aa quarterly, the annual 
ratio would be 0'04» or the rate of interest 4 ji«r ctnl. 

The solution would be obtainable by the same method, if the two original 
capitals differed not from each other ; in which case, we should have . . . 

log. M == ^ pQg- "»- ^' P)'+ « ^og' P _ 



(LXI.) When it is stated that a certain* prioeif^al has improved at compound 
interest to a certain. sum at the expiration of a certain period, although the ratio 
of such improvement be unknown, those data are sufficient for ascertaining the 
period at which the same or any other principal would improve to any specific 
amount, provided that the same unknown ratio of interest be understood in both 
instances. 

» , . t , . . %^T ** (log. M — log. ») 

In the present question there are two results, either IV = — -^ ; — =-=- 

log* w» — log. p 

when the two principals are alike, or N =: , °' r-^- — '- when they differ 

^ '^ log. m — log. |i 

from each other, those results immediately deduced from the equations above 
stated ; and in the following exemplification, the latter supposition is proceeded 
upon. 

Example. A capital of £ 2750 hais produced another of £ 4950. as. 7^., 
by improvement at compound interest until the expiration of a 63d instalment; 
and it is inquired the period at which an original capital of £10,000 would 
be improvable to £64,641. 2ff. 2|dy at the same rate of interest, which is kept 
out of view* 

a XT 6S(log.6464J-1104 — log.KXXK)) 63(4-8 1 06088 — 4) 

DOLUnON. iV ""** ■ I I ^— - ■ 

log. 4950-4Sia — log. 4750 3-6946430 — 3-4393327 

/ 

• ft m 

r= 200, the period of instalments required. And the ratio of interest, corres- 
ponding with each of those instalments, will be found as in the preceding 

^ . , ,. , , log. 64641- 1104 — log. 10000 0-8105068 
question; having log. (1+r) = —2 _ S = -._ 

= 0-004052544, which is the logarithm of 1-009375, therefore r =: 0*009375; 

and if the instalments were understood quarierlyj the annual ratio would be 
4 X OKX)9876 =: 0-0375, or 3| per cent, the rate of interest. 
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(LXIL) Embracing id a general view the series of questions that depend on 
the consideration of deferred annuities, we find their solution in the transforma- 
tions of whieh one single fundamental equation is susceptible. 

Thus, let fy 0, and r, retain the significations respectively assigned to them 
in the foregoing pages ; let t signify. the period during which the annuity is to 
remain suspended, and n the subsequent period of its actual payment; the 
present value of that annuity will then be expressed by 

in consequence of which, any four of the five quantities p, a, i^n^ and r, being 
given, the remaining oQe may be deduced from those data, and the following 
five equations respectively solve the different questions. 

^ "" ril+ry.il+ry ' 

, _ log*(i-f r)" + log. a — log. [(l+r)"-ll — log. (pr)^ 

log. (1+r) 



log.[l-.£!l^'] 



— log.ll-^) 

La8tly»jrf1ter admitting 6= — ^^ • c =: ■• , d;^ / — j'»,«=:o-i-2(<?— 1)^ 

we find r =: n— >/ fecj, by analogy with (he 9th case of Section .XVth, and 
demonstrable in the same manper. 

(LXIII.) If we suppose any principal p originally due, and subject to interest 
in the ratio r ; which debt, in consequence of the interest remaining unpaid 
until 'the expiration of a period », had increased by compound interest to a 
total m, then proposed to be converted into a perpetual annuity a; those five 
quantities, p, r, n^ m, and a, will in all cases answering to the above description 
be invariably related according to the following' general expressions, obtained 
by mutual tranabrmation : — 



m 
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m =p(l+r)»:=: —; 

T 

_ log. TO— log, p log, g— log. p^\og. r 

"" - log.(l-K) "■ log. (1+r) ' 



TO 



^ "" r(l +r)- "" (1+r)- ' 



r = ^ = ~^-^; or fog. (1+r) = !2iL— :^-?Sl? 



m p{l+rr 



n 



The first four of those questions are solvable without any difficulty ; but as 
regards the latter, it is to be obserred that the quantity r cannot become the 
subject of the question, except in the case of m being also unknown, thus rendering 
that question very complicated* It then admits an approximate solution by tl^ 
following method, for which we are indebted to Sir Isaac Newton : — 



Take - = r', and r = r'+« ; substitute these in th^ equation r{l+rY =: -• 
P' P 

which produces (r' +«)•[!+('*'+«)"] = **' ; «^nd discarding, in the derelopment 
of the binominal quantity, all the terms affected with 2*, jc*, &c., there will 

, r'-r'Cl+O ..J , . r'+nr' X r'(l +ry-' 

•^ « — (l+rO'-'X (1+r' +«■•)' '^-'^■^•*- (1+r')— xCl+r'+nr*)' 

Let the latter quantity be expressed by r" and again substituted in r =: r"+t, 

which gives r = (i^y")-i x(i+y"+My"j 5 "°* «gnify»ng this last by r , 

r'+nr'" X r"'(l +/")""• 
there will ulUmately be obtained r = ^|^..^,-. ^ (14^'" ^.^") ' 

By further continuing the same process, the value of r may be obtained by 
approximation in any required degree. 

(LXIV.) Suppose p the principal of a debt, with r the ratio of its interest; 
and that instead of pr, or the amount of such interest correspoiiding with each 
instalment, being regularly paid, the debtor should pay each time, and during a 
period n of instalments, any other sum a, whether greater or less than pr,' If by 
m be signified the balance remaining due at the expiration of that period, under 
the consideration of compound interest; by m' the sum to which the debt 
would have increased, in case that the debtor had not paid any thing ; and by m" 



r 
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the amount of the periodical sums a, accumulated and improved at compound 
interest in the same ratio r ; we shall then have m zz m'-'Wl'j m' =:pTl +0% 



and m" zz 



a(l-l-r)*— 11 



; whence m izpCl+r)*— f 



fl(l+r)»— a 



] 



Consequently, any four of the five quantities m, p, a, n and r, being given, 
the remaining one may also be ascertained as follows : 



m 



=pci+.,._«[li±!2!:iL]. 



__ ffir+a(l+ry->o) 
'^ "" r(l+r)» • 

r[>(l+r)*-m] 
"" (l+r)--! ' 

log. (mr— a)^log. (pr— g) ♦ 

^ "" p(l +r)--m ' 

But this last can only be solved by approximation, and in the manner pointed 
out in the preceding section. 

If the snm a, paid by the debtor at each instalment, were such as ultimately to 
produce mzzo; by which is meant, that the original debt should be exactly 
cancelled at the expiration of the term n ; the case would then fall within the 
series of positions stated in Section XVth. 

Again, let us suppose that instead of the debtor paying any sum a at each 
instalment, he received that sum additionally from his creditor, the five questions 
then susceptible of arising would be solvable according to the equations above 
stated ; with this difference only, that a should be made a negative instead of a 
pontive quantity ; substituting 4* for — , and ~ for 4* i ^^ ^^^ those terms 
which are alFecled with it. 
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IN WHICH THAT DOCTBINB IS APPLIED TO LITE-ANNUITIES, AND TO OTHER 

TRANSACTIONS AFFECTED WITH CONTINGENCY. 



t 



(I-) Annuities on single or on joint lives; Life assurances; Refersionary 
payments, by annuity or otherwise; Expectations depending on sumvorship ; 
Endowments for children, for widows, or for persons in old age ; with other 
prospectiye transactions, equally founded upon the operation of Compound- 
interest combined with the chances affecting the duration of human life, collec- 
tively form a copious subject, already enlarged upon by able writers of this and 
of other countries. The intention, here, is therefore to treat that subject with 
great brevity ; merely stating the general principles on which it rests, with so 
much of their application as will be sufficient for establishing the basis of calcula- 
tions relative to the transactions above described ; and superaddiqg a few Tables, 
which, occasionally consulted, may so far guide the unpretending reader as at 
least to prerent his being betrayed into gross errors, upon a matter beset with 
difficulties and involving considerations of a delicate and complicated nature. 

(II.) In the first part of this work, the various modes according to which the 
power of Compound Interest is susceptible of operating have been traced with 
reference to specific and absolute periods of dme : we have now to view a similar 
operation connected with the constant uncertainty that attends the continuance of 
life ; whence all calculations, in this instance, are subordinate to the consideration 
of Probability. 

4 

(III.) When, in any stated order or system of eyents, the general laws that 
govern them in the aggregate are directly known, or at least may be inferred from 
an adequate series of correct obserrations ; whilst the secondary laws, to which 
those events are individually and variously liable, not only remain concealed 
Crom ouir view, but also escape all power of observation, there results from this 
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state of things what is calle^ PoMi6i/%, or Chance -, whence is deriyed the idea 
of ProbahUUi/, which implicitly or explicitly assigns to the former a moral value. 

Probability f in its vulgar acceptation, implies only a certain undefined notion of 
likelihood, or preferable chance, concerning the realization of any future and 
admissible event; but Matfiematical jn-obabUiiy is not confined to that vague 
meaning, as it numerically specifies the degree, or value, of each probability 
compared with AbsoUUe certitude, the latter being the maximum of ptobabilities. 
Whence mathematical probability may be considered in the light of Relaiive 
certitude. 

(IV.) First oeneral Prin^iplb. Towards estoblishing any mathematical 
probability, it is requisite comprehensiv^y to embsace «11 the possible eveiHs that 
depend on a stated order of thii^g^; to discriminate and classify those events, 
resolving them into a certain quantity of cases, whether individual or collective, 
to which an equal possibility attaches ; and to ascertain the quantity of those 
cases that militate in favour of .the realization of the specific event which is the 
matter of consideration. Then, the fraction of which the latter quantity is the 
numerator, and of which the former quantity (or the whole of the possible cases) 
is the denominator, will express the probability of that event ; at the same time as 
another fraction, consisting of the difference between the preceding one and unity 
(taking this as the expression of Ceriitudey) will also express the contrary proba- 
bility, that such an erent will not take place. Further, the addition of all the 
individual probabilities, existing under any order or system of possible events, 
will amount to neither more nor less than unUy ; as it is evidently certain of any 
event in expectation, that it will be realized, or that it will not ; and it is no 
less certain, that if any series of numbers are mixed together in a wheel, from 
which one of them is to be extracted at hazard, such eventual number will be 
oneof those that the wheel contained. 

To exemplify the foregoing positions, let us suppose a quantity of events. A, 
B, C, D, &C., all of which ascertained to be possible in an equal degree; and that 
the realization of any one amongst them, to the exclusion of thereat, is consigned 
to the decision of chance ; then the expression of the probability, indiscriminately 
attached to each of those events, will be unity divided by their whole quantity. 
If lioo events only, A and B, the probability of each will be | ; if three. A, B 
and G, it will be J ; if four. A, B, C and D, it will be 4 ; and so on, for any 
other quantity of equal chances ; whilst the sum of all the probabilities will amount 

to umtyf in each of those instances. 

« ■ ■ . ■ 

But let us, on the contrary, suppose some ascertain^ and specific inequalities of 
chance attached to the pending events^ A, B, C, &c. If the quantity of events \a 
limited to A and B, and if thechances between th^ are so distributed that the former 
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has oYily a singfo case TtTOurable to na i^Usitttion, wHibt the latter has tmo fayour* 
able oases^ — ^the tftr^ individual eases being possibleiii an equal degree ; then the 
probability df A will be J, and the probability of B' will be f. If three events, 
A having onej B having ftM>, Md C hairiog three eems, respectively favourable to 
them, with an equal chance 6t possibility' attached to each of those nx cases ; the 
probability of A will be 4, that of B will be f, and that of G will be ^ ; altogether 
amounting to |-, or to unityy as before. And if we further suppose A, signifying 
one Black ball, B signifying two White balls, C signifying three Red balls, and 
D signifying four Blue bafls; all mixed together, and one only of which to be 
extracted at hazard ; it is clear that the probability of extracting any specific ball, 
amongst the whole teUy wiirbe exactly .^^ ; at the same time as the probability of 
a SlackhhW will- also be ^,' that of a fVkUe ball ^, that of a Bed ball ^ and that 
of a Slue ball (indiscriminately considered) ^. 

When under those or any analogous supposition, the probability attached to a 
spedfic event is exclusively considered, then the sum of probabilities militating 
in favour of all the other events belonging to the same system of things, and 
collectively taken, constitutes a probability directly opposed to the former. Thus, 
injthe last stated supposition, the probability of a black ball not being extracted 
must be understood to be -^ ; that of a wkUe ball not being extracted, ^ ; that of 
a red ball not being extracted, ^ ; and the probabiUty that not one of the hfue 
balls will be extracted, ^ only. 

What has been hitherto said, towards illustrnting our first general principle, 
no less applies to regularly constituted hazards of all other descriptions imaginable. 
From the casting of two dice, in which each fape of the one is susceptible of com- 
bination with the six faces of the other, there results 36 chances, that may be 
taken as distinct events in one system ; whence the probability of each event 
will be -j^. But in another system, deduced from especially considering the 
sum of the two jmnis that may eventually be turned up, there are only the points 
a, 3,4, 5, 6, 7, 8, 9, 10, 11, and 14; limiting the quantity of events to 11, 
which then possess different probabilities, according to the unequal distribution of 
the 36 particular cases that have each an equal possibility, and are severally favour- 
able to some one of the events considered. In the same manner, the casting of 
three dice affords 216 positions or individual cases equally probable, with not 
more than 16 events amongst which those 216 positions are capable of being 
distributed; namely, the points comprised between 3 and 18 inclusive; and in 
either of those systems, or in any other analogous system, the mathematical proba- 
bility of each event is always equal to the sum of the cases which, being possible 
each in the same degree, may be favourable to the realization of that event, the 
said sum divided by the totality of cases. 

• » 

Extending the same principle, with its self evident inferences, to the considera- 
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tion of those ckaDces by which the duration of human life is affected; ftiither 
supposing it a fact ascertained from an adequate course of observations, that, 
amidst any giv'en population, the quantity of coexisting individuals aged 21 years 
is generally reduced to one half of that quantity remaining alive after a lapse of 
35 years more ; and that out of a similar original quantity, the survivors after the 
expiration of 44 years are only one third part thereof; if all other probabilities 
which that particular order of things may involve are discarded, it will necessarily 
follow that each person at the age of 21 has a probability equal to \ of attaining 
.the age of 56, and a prpbability equal to J of attaining that of 65 years 
revolved* A consequence of which is, that in case of any sum of money 
staked upon each of those respective events, and admitting the same to be ulti- 
mately realized, those sums should produce, as a just equivalent for the unfavour- 
able chances incurred, — ^in the formcfr instance an increase equal to twice the 
staked sum multiplied into the proportion of its improvement at Compound 
interest during 35 years, — and in the latter instance, an increase equal to thrioe 
the staked sum, together with 44 years improvement also at Compound interest. 
However important the consideration, that the probabilities attending the continu- 
ance of life may be very different, for individuals of similar age, yet existing under 
various conditions of health and various other circumstances capable of especial 
influence upon the probabilities of life, this consideration may be dismissed in the 
present application of a fundamental principle of the Doctrine of Probabilities ; 
our view being here confined to generalities. The cases requiring discrimina- 
tion will be duly noticed hereafter. 

« 

(V.) It is to be stated only as a corollary of our first principle, that the probability 
attached to the realization, indifferently, of either amongst two or more possible 
events depending on any single trial of chance, is equal to the sum of their 
separate probabilities, then considered as merely relative to different cases favour- 
able to an identical event Thus in a preceding supposition of ten balls, o^four 
different colours — ^A, B, C and D, the probability of indifferently extracting A 
or B is ^ ; that of indifferently extracting A or C is ^ ; that of C or D is ^ ; 
that of B, C, or D, indifferently, is -j^; &c. 8ce, But care must be had not to 
misapply this rule, by extending it to any plurality of cases that might depend 
on trials of chance independent of each other. For example : if on an average 
of all persons aged 21 years, 3 out of 5 live to accomplish their 50th year, thus 
establishing the probability ^ that any one amongst such persons will attain the 
latter age ; it is not thence to be inferred that the probability of attaining the age 
of ^0, for either of two persons aged 21 and considered indiscriminately, should 
be 1^ a fraction even exceeding unity or the expression of absolute certitude. 
Such an inference must always be absurd, as more or less probability evidently 
attaches to the contrary event ; and it might so happen, that not only two, but 
many more lives of persons taken at the age of 21 years each, were wholly 
extinct before the accomplishment of a period of 29 years. The false 
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inference wonld then arise from mistaking the events that depend on distinct trials 
of chance^ for those that are dependent on a single trial. 

(YI.) Skcond general Principle. When any two or greater quantity of 
possible events are independent of each other, so that their coincident occurrence 
mnst be the result of distinct hazards assigned for producing those events ; or in 
the similar case of successive repetitions of any particular description of hazard, 
in which each event, exclusive of any other, is made to depend'on a specific trial ; 
then the probability attached to the coincidence of those different events, in 
whatever quantity, is exactly equal to the product of their respective probabilities 
multiplied into each other. 

To exemplify this position, suppose two equal chances A and B, the probabi- 
lity of each being f , ilnd suppose any quantity n of successive trials of those 
chances; the probability that either A or B will be consecutively realized 1, 2, 
3, 4, 5, &c.. .to n times, as the result of trials especially assigned, will be respec- 
tively -, -r, -, — , — , &C... to — ; and similar probabilities will attach 

3 4 o lO oZ Z 

to the corresponding realization of both chances A and B, the same quantity 
of times between them, either alternately or in any other predetermined order. 
By analogy, if the probabilities were y for A and ^ for B, the probability 6? 
repeatedly realizing either A or B any stated quantity of times, or of realizing 
both those chances the same quantity of times in any successive order whatsoever, 
would be easily determinable by the same rule ; and also in case of any other 
expressions of individnal probability. 

If we suppose a perfect cube, such a die, the probability favourable to each 
of its nx faces will be -^ ; and consequently, that of repeatedly producing any 
one of those faces a given number of consecutive times, or otherwise an equal 
nnmber of times various faces of the die in any pre-assigned order of succession, 

will be acoordioff to the progression tt -r • rr : ^rr: : ^ ■ : &c. ... to r— . 

* 6 36 216 1296 6" 

But the probabilities would be very different from those, under the supposition 

of casting more than one die at each time or trial of chance ; unless a specific 

face were assigned to be eventually turnelTup by each of the dice in particular, 

which then would be equivalent to casting any single die successively. 

It may be sufficient lastly to exemplify our second general principle in a qufts- 
tion concemiog the uncertain duration of human life. Suppose that amongst any 
given number of coexisting persons, each of whom aged 15 accomplished years, 
one third part were the ascertained proportion of those whose' life should extend 
to the accomplishment of their 64th year ; and that the proportion of survivors, 
after a similar lapse of 49 years, were likewise ascertained to be one fifth part of 

n 
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any quantity of perioos taken amoofBt those aged 33 yean ; the phriMiility that 
two pereonsy the one aged 16 and the other 29 yeara, will bodi continue alive until 
the former attained 64 and the latter 72 years of age, must be expressed by § 
multiplied into }, or by the fraction -^ the true expression of soeh probability. 

(VII.) Thib»ii«iivra& PmNcxPLB. When two sucoesMve events are under 
mutual dependanee, so that the occurrence of either, in the first instance, should 
influence the probability relatiTe to the second event; then the initial probability 
of the double event is represented by the product of the probability relative to 
the event first expected, and multiplied into the ren^ining probability of the second 
event, the latter probability calculated on the adnrission of the first event having 
occurred. And if any more than two events under similar dependancy ; the 
probability, that any stated combination of those evrats will be realiEed, is equal 
to the product of the initial probability of the event fint expected, that proba- 
bility multiplied into the remaining probabilities, each of which calculated from 
succeeslvely assuming the actual realiBation of all the events that are to precede, 
and whose respective probabilities have been pre-established. 

Suppose A, B and C, to contain each one ball ; hso of them are wkiU balls, 
a third is a black ball ; and, it is inquired the probability that the two white balls 
aie contained in A and B. The probability that A contains a white ball is 
evidently ^ ; and assuming the fact, there remains the probaMlity | of B's 
containing a white ball also, as the uncertainty will be equally divided between 
B and C ; whenoe the probability of the double event is -^ X | = §• If we 
further suppose A, B, C and D, to contain three white balls and one black ball ; 
the probability that all the white balls are contained in A, B a^^d C, will be { X 
^ X i sz: }. Indeed it is dear, that in the event required by the first supposed 
case, C only could contain the singlef'black ball, the probability of which was } ; 
and that in the event required by the latter case, D only could contain that black 
ball, the equally evident probability of which was |. 

(VIII.) Fourth obhbral Principlb. When the object of expectation is a 
Smn of money, depending upon any event, however doubtftil, but the probability 
of which is susceptible of ascertainment ; or when it depends upon the coincidence 
of a plurality of events independent of each other, or again upon the successive 
occurrence of events under any mutual dependance, and even when the occurrence 
of any one amongst them should necessarily exclude the possibility of one or 
more others ; the value of such expectation is, in all cases, equal to that sum 
of money multiplied into the fraction expressing either the initial probability of 
the single event, or the uUiante probability resulting from a combination of the 
individual probabilities relative to the various events together to be considered. 
This value is referable to the period or periods of time at which the events are 
susceptible of accomplishment; otherwise it is reducible to a present value, by 
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(EfloooBt aooording to the coiifid«rat}o0 of Cdnvpoutid-rnterest at a certaiir rate ; 
and this hst Taloe la the ram for whioh Ae etpe^tdtioa migbt jiMtly be compro- 
iiiised, in eaib that the expectant prefiovfid a composition, Mker than to abide 
by li]9 UDoertiiiity^ 

(IX.) Tbe following qaestioA inroUea %» applieatioiiy altogether, of the four 
general principlea hitherto eipoited. ^ 

By fldiiiittiag certaift Tabtea of Mortality^ and by «|«p1yiag fkefint general 
principle (IV) to tho conBidocalioff ef tiM pfroportiOB of survivors after a stated 
period, out of any quantity of co-existing persons respectively of certain ages at . 
the eommencemeiit of that peiriod, it in infernsd these sooeesatfe probabilities; 
08735, that a personraged 20 will attain 8^ years aeeonplished, O8490 that he 
will afterwanii aiNaiii 40 yeais, 0*d043 that he wili theaoe a<ltatB 00 yeara, 0-7189 
that he wiH snbsecfaently aidlMia 80 years, 0-6509 thai he will further attiiin 70' 
yeara, i>99BO that he' will horn this last age attain that of 80 years, and 0-11036 
that he will nkiastttely attaiir the acoompiishment of his 90th year. Having pre-* 
mised those data, it is further supposed A aged 60, B aged 40, also C aged 20 
years ; and! thai a certahi advantage is to accrue in the event, altoge^er, — of A, 
B and CTs oo-exisling dJuiing a period of ten yesrs, — of B and C's co-existing 
dumg tea yeanr more, — and of Cs lllb continuing ten years longer than this last 
period^ ov QnHsl he attains dO yeara of age. Then, and by applying the second 
geoend priaoipls (VI), we hBivoO-5d09 X 0*8042 X 0*8725 z=0-3S($ 5, expressing 
tbe probability of A, B andf C*s Hves jointly continuing until the expiration of a 
first pnnod oi Im; years ; neatt; and by combining the application of the 2d and 3d 
prineipks^ we htm 0-9885 X 07189 X 0-843^3= 0'2343, expressing the pro- 
habiti^ that the Uve» of B and C wiH jointly contitiue ten years after they had 
coexisted with A dtti4ng a fint siinilisr period ; and i\irther we have 0^2343 X 
O^OdS 27 0'1884^ expreMing the probability that O will live t^n fears after having 
co-existed with B during the ten preceding years, as also with A and with & 
during ten years before that time. Whence, and supposing a sum of £ 10,000 
fOrthoouing in ease of those events being accomplished, that expectation might 
fairly be compromised at the outset, for a cer&tttUJy of receiving, at the expiration 
of 3a ysears, a sotxf of £ 1884, resultibg f^om £ 10,000 multiplied into the 
probability 0*1884; or else for immediately receiving the discounted value of 
^884 forthcoming after 3(^ years, which reduces the latter sum to that or£574, 
adJtaittitfg eomponnd inferest at the rate of 4 p^r csitl. per annum and half yeariy 
ijHtafanents, as may be seen in page 21st of the Tables. 

Bw reversing the ottler of the eon<iKtions specified in the above question, 
and supposing the advantage of jf 10^000 to depetrd on die event of A,'at 
Inr aged 00, attaining 09 ytears of a|^e, after having co-existed to the age of 80 
jointly with B wbo'i^ twenty yeaiB younger than him, and to the age of 70 jointly 
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with B and with C, the latter being twenty years younger than the preceding qnd 
forty years younger than A ; the probabilities, in that case, would be 0*3866 (as 
above) of A, B and C's co-existing the first ten years, 0*3865 X 0*7189 X 
0-2950 = 0*08198 that B and A co-existed during the next ten years, and 
008198 X 0*11036 =:0'009P47 that A continued alive ten years beyond the 
Dccomplishment of those first two periods under the conditions attached to them. 
Whence, and under the supposition we departed from, the value of such expecta- 
tion would be either £ 90*47 receivable as a certainty at the end of 30 years, or 
else immediately its disoounted value, which is 90*47 X 0*30478 r: J^27. 1 Is. M. 
according to the Table of Compound-interest already referred to. 

(X.) Fifth general Principle. The present value, reduced to certainty, of 
any advantage collectively expected as depending on a plurality of events, when 
th^ occurrence of each is to produce some partial and distinct advantage, vvill be 
equal to the sum of the several products of the probabilities of those events^ respec- 
tively multiplied into the spedfic advantages attached to their accomplishment ; 
and this rule applies in either case, of those events excluding each other or not. 

Suppose two equal chances Y and Z ; that the event Z, if realized at a first 
trial, should produce an advantage of £W; and that if realized at a second ' 
trial of chance, the event Y being realized at the first, it should produce an 
advantage of ^50 ; the whole expectation will be worth £%0 multiplied into f , 
or into the probability attached to the first condition, plus j^50 multiplied into ^ or 
the probability of the second condition; together ^10 + £i% lOs. zr £^%108., 
for the certainty of which the aggregate of those expectations may be compro- 
mised. But supposing, that independently of £20 advantage attached to the 
realization of Z at a first trial of chance, an additional expectation of £^ were 
to depend on the event of.Z being unconditionally realized at a second trial ; 
then the value of those expectations^ considered in the aggregate, would be 
£20 X i = £10, plus £60 X i =£45, together £35. 

Supposing ag^, adin the preceding section. A, B and C, respectively aged 60, 
40, and 20 years; that an expectation of £1000 depended on the joint conti- 
nuance of their lives during ten years ; and that £2000 further depended on the 
joint lives of A and of B only, but to continue ten years longer ; the value of the 
first expecUtion would be £l000 X 0',3864z= £ 386. lOf. ; that of the second 
expectation,— depending on the probi^bility 0*1628 of A (aged 60) living 20 
years, combined with the probability 0*5781 of B (aged 40) living the same time,, 
which makes the probability of their joint lives during that period 0*09394, 
— would be £2000 X 0*09394 =: ^187. 17s. 6d. ; and the united amount of 
those expectations therefore ,£574.7s..6<2., reducible to a disctnmtisd vabae under 
the consideration of Compound-interest at a certain rate, in ease of exchanging 
the two expectancies against a sum of money payable at the^ outset. 
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Bat we. may, on the contrary, suppose a case in which £ 1000 depended on 
the event of either life, A or B, dropping before the expiration of ten years ; and 
in which £2000 depended on the event of A, B and C, jointly co-existing for 
twenty years : those two expectations being mutually exclusive. Calculating 

from the same general principle, we find (the probability being 1 0*3865 that 

either of the lives will drop) £ 1000 X 0-6135 == ^613. 10s., vahie of the first 
expectation ; and £ 2000 X 0*07918 (the probability of the three lives co-existing 
for 20 years) =z ^158. 7s.- 8<2., value of the second expectation; the united 
value of both, independently of the consideration ofdisoowiU relative to the periods 
of 10 and of 20 years, being jg 771. 17s. Sd. 

Observe, however, that in those various eases no positive -loss is admitted to 
be incurred by the expectant, in failure of either object of hi^ expectation ; which 
otherwise would bring those cases under the application of the next general 
principle set forth. 

(XI.) Sixth gbnbral Principle. When considering in the aggregate ^ny 
series of probable events, from the accomplishment of some amongst wUch is to 
result a gain, and from that of some others a loss, the value of the whole expectation 
may be either pogitive or negalioe ; as it is equal to the sum of products of the 
probabilities relative to those events which are favourable to the expectant^ 
respectively multiplied into the specific advantage attached to the accomplishment 
of each,— tninus the sum of products of the probabilities relative to such of thbse 
events as are unfavourable to him, and in like manner multiplied into the loss or 
disadvantage which is to result from each. 

This grinciple is obviously no more than a corollary of the preceding, and 
scarcely requires any illustration. 

If amongst three events jointly q>nsidered, the accomplishment of X is to 
produce a gain of j^ 50, that of Y is to produce a gain of £ 75, and that of the 
event Z is on the contrary to produce a loss, of J§ 100,^tho8^ events being 
equally possible, and their mathematical probabilities therefore being uniformly J ; 
the whole expectation, taken together, will be worth exaptly £ 8. 6s. 8d, equal 
to the excess of 'SJlJI over ^. But if the probabilities, instead of being on a 
par with each other, were -J- for X, \ for Y, and -| for Z ; then the whole 
expectation would be vakiable only a»J^4.^~i|L = _ jgl6. 13t. 4cf., 
which negative quantity indicates a disadvantage in the aggr^ate. • All ana- 
logous cases are to be treated in the same manner. 

• 

(XII.) The Doctrine of Probabilities {urther rests on other principles,' the 
development of which is the lees called for on this> occasion, as their application. 
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iometioBtt imroMng nuitkenalMl opsratioiis of a traMcendant dsscription, 
chiefl J relates ta i^loaopbioal (ftieatioaa, and theiofofe would be foreigD to iIm 
purpose of this book. 



Oa tae foregomg sis geoew^ piAnoiplea^ end oa tkeir 
a>ie founded tb^ rules exposed el gnat lei^ by Div Ptioe and by odier 
authoss^ forexeeuliog the cakalalioM coaoennig Life-eaaukies^ Revsniottary 
payments, Surviverskips, Endowmeofts, aad geaeraUy all traaseetiooa rafeiaUs 
at the same tisM to the operatioa ef Compoood-inteMist and to the uneeslaia 
duration of human life. We refer oar leadevs to those rales^ admitting them 
wiihout discussion ; and now proceed to explain what must be understood by 
the Lawsof MestelkiSi — in what consistethe iftformatioii obtaiaaUe by coneuhing 
the.Tarioua TahLsa of aortaUty that hai^beeii published, — the useful appUeation 
of which they aee snseeptihtas^ — and thai eautioa aeoessary againet being led into 
error through their indiscriminate consideration. 

■ 

(XUI.) AmoDgst any stated and eonsideraUe Bomber of persons born, the 
profpftioM nraegriiag^lo wUdi their lives saoeassisely drop at sepecal stages' of 
existenee, or from year to yeary until th» wl»le number becomes extiao^ are not 
alike in di&rent elimalesv nor even in diftsent ooantries under similar degreea-of 
latitede ', neiliieit era thejs i>« die same countnesy exaedy the same with referenee 
to eaeh sea ^ and tbsy aaa espeeietty diasiaMkr, in respect to different ciicmo^ 
Manoesof human exieteneei that may bo 4aMnmioaled ia olassif^ttg any eottre 
popalatiao. The dSftafBeaii ia those proportions aae gseat, between a oold 
climate and a temperate one ; but respeoliag the infloence of ranaikably elefated 
temperatures upon the annual decrements of life, and upon the sTerege of its 
^duaadon, no safficieat data is possessed for establishing any calculation^ 
Without going farther than Europe, the average term of human life is some- 
times very different between countries subject to nearly the same temperature, 
diongb such diflssensa may not be escribed to ady known cause ; as (for exam- 
ple) between the Dishy of Milan and Fraooe, the anarage of life is ascertained 
to bo 3f years leas in the former than* ia the latter. Even* in any one country, 
the obser?Me pvopartioae, in the annnd d ee we ats of life, dilBfer not inooasl- 
derably with regardr to tho inhabitants of roountainooe parte or those of Tal* 
leye, to the reeidenta on a dry 8oi^or those oa marriiy land, and to those* who 
dwal^ near the aea or otherwise ia tracts remote from it Amidst Tariooe 
other eauses^ eminently favourabla to the protractioB of human life, ape however 
to be oonsdeved^ independently of a primary healthy constitution, the habitual 
breathing of salubrious air, the adequate supply of wholesome food, the exemp- 
tion from extreme vicissitudes and incessant cares,— from intolerable labour of 
body -or. mindr-*£n»n ^ exercise of daagetoaa professions^^^nHB eacesaes,-^ 
from. viea and its ef^naeqveooea. WhaoDO obviously foUows^ that in large oidea 
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and ia iMiny nanufiicteniig tewne life is oompantivtly shoit ; ^f w^ich hdl 
LondoD (tbat imiiMiue receptacle df all humiii miaeries) afibrda, by its Bills of 
Mortmlityy a most remarkable illttstration. 

On tbe other hand, so ^eat is aometilnes Uie difference between the probable 
Expectationa of forthcoming years of life, for persons eren of the same age, that 
dM ultimate resuh of a selection in considerable taumber amongst the best liTes at 
h eeoomplished years, when that Expectation is a maxmum^ would exhibit one 
Aa^ of that number attaining their 60th year, one quarter their 75th, and OTie 
dgUkjNirt fully aecomplishing 80 years of age.; whilst similar proportions do 
not respectively outlive their 4lst, 5fHh and 70th yeara^ upon an average of all 
London lives, originally taken a Mhesame age alfioe years 



rixiiiilt 



If to those considerationa oe added that, from obvious causes, the lives of 
females, particularly at an advanced stage, are generally better assured than those 
of the males ; and that an extension of three years, to the average of life such as 
it has been heretolpre calculated, would probably result from the total extirpation, 
by means of vaccination, of a destructive disease, — admitting no other to be intro- 
duced instead ; it will jusdy be inferred that, concerning the human race, there 
la no law of Mortality admissible as universal under all circumstances, or 
sososfptible of being indiscriminately applied, towards calculating with a suffi- 
cient degree of accuracy either the value of Life-annuities or dftt of expectations 
depending on survivorship, nor towards guiding with a near approach to perfect 
correctness any operations relative to the investment of capital, in whatever 
mode or shape in which the uncertain dtiration of life is implicated ; and that all 
private transactions of that description, between one individual and another, 
require to be proceeded upon with greater caution than is usuaHy praatised. 

• 

(XrV.) Notwithstanding that the natural law by which, at each stage of 
human existence, the average period of its farther endurance, together with the 
proportion of individuals desdned to attain any other specific stage, may seem to 
dude all means of deteetiott, the deficiency of accurate knowledge, in that respect, 
is capable of being in a great measure supplied by experience, duritag a long 
course bf wett-directed observations. We are thus itifoniied that, in the same 
countries or districts, the general results of those observatious have continued 
very nearly the same for many successive generations; proving at least the oon- 
stattcy of nature's fatwv of mortality, upon which in a muttftnde of instkmces we 
are called upon to place an implicit reliance. We are informed, secondly, that in 
each country, or particular district, the series of observations have also yielded 
similar results at various times, regarding any selection of individuals in consider- 
able number, and collectively considered as living under certain general circum- 
stances susceptMe of assimila^n. In very extensive coub^tries, those observations 
eouU seldom, and for any length of time, embrace the whole population. In 
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Sweden and in Frtnce, hotvever, ' the means of accurate observation have been 
generally afforded throughout their extent; whilst the defective character of the 
birth registers, in England, has hitherto deprived us of the like benefit. In this 
as well as in some other countries, the observations alluded to, and however 
attentively they may have been pr9ceeded upon, were therefore confined to certain 
towns or districts of very limited population ; otherwise to select classes, such as 
Government-annuitants, and sometimes to persons in monastic retirement But 
although the laws of mortality, as concluded from experience under that variety 
of aspects, exhibit corresponding differences equally remarkable ; in the whole, a 
sufficiency of statistical observations* is possessed for enabling, by a comparison 
of them, to establish the proportions according to which the decrements of life are 
operated from one year to another, under the consideration of general circum- 
stances duly discriminated, and aiso to establish with tolerable accuracy the actual 
state of a given population in its manifold subdivisions. 

(^V.) It was not long before the close of the 9everUeenih century, that the 
Doctrine of Chances and of Probabilities began to attract the special attention of 
scientific men, who then applied that doctrine to the consideration of human life, 
and to various questions of statistics and of political arithmetic. With a view to 
those objects, Dr. Halley published the first Table of Mortality that is on record, 
and whichhe deduced from a series of experimental observations made at Breslaw 
in Silesia: other observations have since been collected in different parts of 
Europe, the compared nesults of which, reduced to Tables, exhibit very great 
discrepancies. Various considerations may prescribe the preferable application of 
either of those tables. For example : when the Government or any incorporated - 
society proceed to grant Life-annuities, it is always probable that they will 
have chiefly to deal vrith a selection of the best assured lives, whence it becomes 
expedient to establish the calculations upon such Tables as exhibit the slowest 
decrements of life that may be admissible; and on the contrary, in case of receiving 
certain sums, either in a single payment, or else in the shape of an annual premium 
or any other periodical payments depending on the continuance of life, as the 
supposed equivalent either for capital to be paid at the period of death, or for 
annuities whatever and then to commence, it is requisite, from reversing the above 
considefttion, to adopt some table of mortality generally exhibiting rapid decre- 
ments of human life ; without which distinction no society incorporated for those 
purposes could subsist for any length of time, and no government could assume 
transactions of a similar description without a notable disadvantage, which has 
sometimes occurred. 

Many such tables, with results of calculation thence deduced concerning the 
value of Life-annuities and other prospective transactions, are introduced into 
Dr. Price's and other works. Before it is proceeded to place in a comparative 
point of view those and other valuable tables, not generally known in England^ 
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' At tiie ptriod of tba eaiiiar publicatioot jait now alluded to ; with oomparatiTe 
•tatementSy alto, of their Tariout reralts and deductions sueoeptible of practical 
application ; it may be proper to explain the method of constructiDg an j Table 
of Mortality, and that of inferring from it, aliogether, the average of forthcoming 
years of life belonging to persons of any stated age» — the probabilities attached 
to any expectation of life's continuing during any assigned period,*~and a dassi* 
fication of the proporuonate quantities of jpersons co-existing at each age respec- 
tirelyi with reference either to an entire population or to any selection from it. 

(XVI.) Correct Tables of Mortality, relatire to any country or district, should 
originate in the 1^1 obligation, strictly enforced, to inscribe within the shortest 
delay, and in registers of unquestionable authenticity, all the births and all the 
deceases that occur; with the precaution, amongst others, of referring each 
decease to the identical person whose birth at^ precise period has been previously 
ascertained. Nothing short of legislative interference could in a sufficient degree 
secure the regularity of those proceedings ; and it is only after their uninterrupted 
continuance, during a very long period, that the conclusions deduced from them 
may be such as to warrant any reliance. In England, Amidst the enormous 
n^lects tolerated by established custom in respect to the records of life and death, 
—the registers of baptism being tainted with more or less uncertainty as to the 
time of each birth, whilst a great part of the population have scarcely a distinct 
notion of their age, — any attempt at constructing a general table of mortality 
applicable to the whole country, or e?en such a table of that description as with 
satisfactory approach towards exactitude might refer to any considerable portion 
of its inhabitants, would be absurd : it is an object in all probability unattainable 
for a century to come. At Northampton, at Chester, and in a few other towns 

• 

and parishes, registers of the births and of the deceases have been kept with all 
practicable accuracy during many years, for which we are exclusively indebted 
to the laudable attmtion of some gentlemen possessed of local influence; but the 
circle of their observations has been too limited for answering general purposes. 
The Northampton tables, however, are usually considered as a specimen of 
regular decrements, applicable to a quality of lives rather inferior to their general 
standard in England; whence those tables are chiefly used, as the safest, for 
regulating the premiums of Life-assurances. On the contrary, the tables deduced 
from the registers kept for the town of Chester, and for the parish of Holy-cross 
(near Shrewsbury), afford an eligible specimen of the decrements amongst the 
best lives in this country. 

It were desirable that the British government adopted effectual means of ob- 
taining, in process of time, accurate returns concerning the population divided 
into certain classes, and concerning the law of mortality to which each of those 
classes is subjected : the results would be fully worth the incurrsd expense. 
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When any regular and complete Bystem of registring births and deceases is 
acted upon, it becomes easy to construct a table of life^-decrements from each stage 
of human existence to the next, and to deduct from that table all other data 
requisite towards the objects under our present consideration* The greater the 
inscribed number of births and of corresponding deaths, the more accurate will 
be the general results inferred from them, and the greater safety also in applying 
those results to the calculations conceruing Life-annuities^.reTersions, and other 
proapectiye transactions ; but the number of inscriptions should always be con- 
siderable, without which the results could not be entitled to credit. 

The mode of proceeding is as follows : — 

(XVII.) After having ascertained the quantity 6f indiyiduab who respectively 
died before the accomplishment of their firti^ their seoonJ, their t&trd, or other 
more advanced years of life ; the successive subtraction of those quantities, be- 
ginning with the first, from .the total quantity of births, will leave a series of 
quantities representing those of the individuals who remained alive at the com- 
mencement of each year. Let that total of births be noted, as corresponding 
with the year of existence; let the results of the above-mentioned subtractions 
be also noted to correspond with a firfiy a seooTidf a thirds &c., accomplished 
year ; and considering the rapid waste of life during the first two years, it will 
be proper to discriminate the half-yearly results of observation referable to that 
early stage^ This process continued, until the whole quantity of lives originslly 
inscribed be disposed of, will exhibit a Table of Mortality, or of the decrements 
of hitman life, admissible as average results, with reference to any country at 
large^ to any town or district, or to any particular class of persons selected from 
the general population as the subject of that table. 

(XVIII.) The aggregate amount of years, — during which all the individuals 
inscribed in the Table of Mortality, from the period of their birth or at the age 0, 
have continued to live, — ^being divided by the number of those individuals, yield 
a certain quantity of years which is the absolute csoerage of life^ Considering, 
in the same manner, the aggregate amount of years, during which any number 
of persons thus inscribed, as having attained any specific age, have continued to 
live beyond that age ; and dividing such aggregate amount by that number trf 
persons, the quotient will express, in a certain qtlantity of years also, the relative 
aoerage of li/e^ referable to individuals having already attained the specific age 
first considered. 

From this mode of framing any Table of Mortality, it is obvious that the cal- 
culations pointed at are executed by unavoidably substituting, for absolute quan- 
' titles, certain mediate quantities viewed as sufficienUy approximative. 
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(XIX.) TheTofore, the quantity of individuals who, taken at the age 0, hare 
not lived until the accomplishment of their first year^ may be considered as having 
averaged one half of a yearns existence ; the quantity of those who accomplished 
their first, but not thdr second year, may be averaged at If years ; the quantity 
of those who accomplished their second, but not their third year, may likewise be 
averaged at H year's each ; and so oo^ for every succeeding age. By multiplying 
those quantities into their respective averages, J, IJ, 9|, 3{ years, &c., until the 
whole number of original lives be disposed of; and by summing up those various 
products, the aggregate alluded to, in the first clause of the preceding Section^ 
will be obtained. In case of half-yearly returns of mortality fOr the first two 
years, as already recommended, there will be, instead of i and 1 }, the several 
averages |, i, 1| and 1^ years of life; into which last quantities, certain corres- 
ponding numbers of individuals should then be respectively multiplied. A shorter 
process, however, will lead to the same result of expressing the absolute average 
4>f life ; it is that of summing up the quantities of hving persons of all ages, as 
inscribed in the Table, dividing the whole by the quantity of births, and lastly 
subtracting ona half of a year from the quotient; but the latter mode of proceeding 
excludes the inscription of half-yearly returns of mortality, which would induce 
a considerable error in the result. 

The Ahm)biU average of life is of little import in a practical point of view. It 
has scarcely any other utility than as it further expresses, under the consideration 
of a stationary population (or one in progress neither of increase nor of decrease), 
the proportion subsisting between the whole quantity of people and that of the 
annual births amongst them, supposed equal to that of the annual deaths* 

(XX.) The Relative average of life is one of the requisite data for establish- 
ing the value of Life-annuities, according to Mr. Simpson's abridged method 
of approximation; and it. is calculable according to the foregoing principle. 
Taking the departure from any quantity of individuals inscribed in the Table 
as coexisting of the same age ; admitting one haJlf of a year as the average 
life of those who do not attain one full year beyond that age, H years as the 
average of those who accomplish a first but not a second year beyond the first 
age^ and subsequently admitting 2|, 3f years, &c, as the respeetive averages of 
lives extending between % and 3 years, between 3 and 4 years, &c., beyond that 
stated age; multiplying those averages into the quantities of individuals with 
which they respectively correspond ; and lastly, dividing the aggregate of those 
products by the quantity of individuala originally considered, the result will be 
llie average of forthcoming years of life> belonging in common to all those 
individual persons. 

The afqrementioned shorter process may equally be applied in the present 
case ; add to the number of the hying at any specific age, that of the living at all 
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«get more advaooed, divide (be whole by the first nmnber* subtract one haif of a 
year from the quotient, and the remainder will be the average of fortheoming 
years of life appertaining to those individuals of the age speciBed. 

(XXI.) That average of forthcoming years, computed either from the birth or . 
from any other stage of human existence, is what most of the British authors have 
called the ExpecUUion of life. But this denomination is inconsistent and impnqiery 
inasmuch as the period of rational especUUioth cannot be any other than that 
which admits an equal probability, for the expectant, of attaining it or aot 
That term of well founded expectation, applicable to any given age, is the sane 
at which a stated number of persons of that age should, by the annual decrements 
(according to the adopted Table of mortality), be reduced to eyactl-y one hatf of 
tlie same number. It may, as depending on the specific age, be either more or less 
than the average quantity of forthcoming years of life, to whicfa^all those of that 
age are entitled. For new-bom infants, that term o( probable Ufe or of just Ezpeo* 
tioo is about hoenfy years, whilst the average quantity of years' existence indiscri- 
minately falUng to their lot is between 28 and 29, at least in England and in 
France. For individuals having accomplished their fint year, and for all thoae 
under 40 years of age, such term of probable life is more or less superior to that 
of the relative average ; from 40 to 45, those two terms are nearly alike ; and 
above the latter age, to the most advanced age of man, the average of forth- 
coming years of life is greater than the term of probability, and the diiierence 
increases with the respective ages« 

(XXII.) The amount of population (supposed to be stationary), classed into 
certain quantities of individuals of each different age, is easily deducible from a 
table accurately exhibiting the annual decrements of life. To this efieot, admit, 
as the quantity of existing persons between the ages of and of 1 accomplished 
year only, one half of the united quantities of deceases that oceurrsd at both 
those ages ; admit in the same manner, as. the actual quantities of the living between 
Ae ages of 1 and of 2 accomplished years, one half of the united quantities 
of deceases that also took place at both those ages ; and continue, by a similar 
procese, to establish the quantities of the living at the respective ages between 
3 and 3, between 3 and 4 accomplished years, ftc. to the most advanced term of 
life ; thcQ the total of those quantities of living persons, thus ascertained, will 
constitute a fair estimate of the whole population under its various divisions 
felative to age. Inscribe that total quantity in another column of the Table, and 
in the horizontal line corresponding with the age 0; inscribe in the next 
horieontal Kne, to coirespood with the age of 1 accomplished year, that same total 
diminished by the quantity of the living between the ages O.aad ), wUch will 
exhibit the whole quantity of individuals actually existing of the ages of 1 full 
year or more; and by proceeding to the end, with analogous and successive 
subtractions of the quantities ascertained as aboTe, of the liying at each age*, — as 
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aba by iatoribiog otch remaiiictar in its proper order, libera will result from 
this m seriee of quantities corresponding with each aooomplisbed year of life, and 
generally ezpiessing tbe respectire qnantities of those persons who have ather 
attained or snrpassed any stated age. 

But, if any constant ezeess of the annnal births, orer the annual deceases, 
should denote a p ro g r o s si ve increase in the whole population ; then, — and akhongh 
the proportions in the relatiTe quantities of the liviog at each age, together with 
their rsspectiTe probebilities of life's continuance, will not be disturbed, — the 
total of those quantities, which otherwise would represent the true state of the 
population, will no longer do so. For obtaining this true representation, it will 
be necessary further to add, to that total, the annual excess duly portioned out 
amongst the living at each age ; and the contmry operation must be performed, 
towards the same olgect, if the population appeared to be constantly declining. 



(KXIII.) With the assistance of a Table thus constructed, and 
lelatitely to each age of life, altogether the quantities of the li?ing^-^the 
respective quantities of those who have attained that age only, — and the respective 
quantities of individuals who died within the last year, which would otherwise 
have aecompUshed that precise age,-^ell the probabilities concerning any forth* 
ieomiog period either of individual life or of coexisting lives, and those eonoem« 
ing the various casualtiee of survivorship, are susceptible of being with sufficient 
accuracy calculated ; as also the value of i^ny expectancy, whether single or 
periodical, and depending on those events ; by applying to the data thence 
possessed, as the case nuty require, one pr more of the sup general principles 
o^eeed in flMJsiis IVth to Xlth, with reference to the Dootrins ^f BnobMiify. 

In a taUe of the foregoing description, the setiea that ezprssses the annual 
decrements of the living at each age constitutes of itself, and in all respects, a 
table of the probabilities attending the expectation that may be entertained, at 
a slated age, of the furrier oontinuanoe of life during any assigned period ; and 
vrhen any question involves the consideration of a^lurality of lives, those pro* 
babilitieB admit every requisite combination^ upon the general principles alreedy 
setfodh. 

The frti of those principles (IV) establishes that the probability of any 
single event, in expectation, is represented by a fraction of which the denomi- 
nator is tbe whole number of events assumed to be possible in an equal dsipee^ 
and the numerator is that number only— amoagM those events»-wbich in under- 
stood will in fact be realined ; therabre the probability that any person, netnaHy 
of Oe age «, will live until he attains tbe further age JS; is equal ta the frection 
tesuhieg firom the quantity of the living at the latter, divided by tbe quantity of 
the living nt the former of those agea. 
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^ The teoonJ general principle (VI)^ applied in the same manner, shewa that 
the probability of two or more persons continuing to coexist during any stated 
period^ — ^whether they be of the same age or of different ages»— is equaly in all 
cases, to the product of their individual probabilities of liring throughout that 
period, multiplied into each other. And upon this principle, it is always easy to 
ascertain the probability that any marriage, or other life-association, will endure 
a oerLin length of time* 

The remaining four general principles, set forth in SecHanM Vllth, Vlllth, 
Xth, and Xlth, are equally applicable to a variety of other questions that depend 
dther on the continuance of single or of joint lives, or on the eventuality of sur- 
vivorship ; but the greater or less facility of that application, exemplified in s^ctum 
IXth, depends much on the clear understanding and discriminadon with which 
th^Me questions may be stated. 

(XXIV.) That Beoond general principle is especially applicable in calculating 
the probabilities of survivorship, between any two or greater number of persons. 

Thu% the probability that Patrf, aged x years, will continue in existence during 
a period y computed from the present time, and then have survived Humm who 
now is aged X years, is equal to the probability of PouCb living from the age s 
to the age « -f* y» multiplied into the probability that Thomat will not continue ta 
live from the age 2C to the age X-f*y« 

By the corollary (V), the probability that at the assigned period either Paid or 
TTuntuu will be alive, but not both, is equal to the sum of the last mentioned 
probability added to that of Thomas (on the contrary) surviving Pauii calculating 
the latter on the same prindple as the former probability. 

And supposing two persons of the same age x, the probability of survivorship 
will be^ for each, one half of those united probabilities ; which assimilates with 
the probability that any one person of the age x will continue to live until the age 
' + 2f» multiplied into the oompUmeni of that probability, or its difference from 
tat%, which difference expresses the probability that a person of that, age will 
not continue to live throughout the period y^ 

(XXV.) It has been established by the fourik general principle (VIII}» that 
when the object of expectation is a sum of money, its rsal value is equal to the 
product of that sum, multiplied into the fraction expressing the probability of the 
event upon the occurrence of which its payment is to depend. But this (tensidera- 
tion must be combined with that of the operation of Compound-interest; whence 
such real Talue, referable only to a future period, is further reducible to a present 
and discounted value, upon the prindple set forth in the Fvnipart of this book 
and exemplified by a series of Tables, according to different rates of Interest. 
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Upon An application of the general principlee before mentioned, to the probabi« 
litiea of life and of snryiTorshipy as deduced from Tables of Mortality assumed 
to be sufficiently correct^ are founded all the transactions undertaken by societies 
incoiporated for the Tarioos purposes of grantin|p Life«nnuitieSy^-H)f Assuring 
lires, (by which is meant to incur the obligation of paying certain sums at the 
decease of individuals, in consideration of receiying on the contrary, and under 
the denomination of premnim, certain annuities terminating with the lives of those 
individuals re6pectively),-*of purchasiog reversionary property, whether con- 
nsting of capital or of income,— of endowing either widows, children, or persons 
in 'old age,— 4ind generally with any other prospective views; all of which, under 
snoh conditions and regulations as may be deemed expedient But it should 
not be inferred, from the nnifprmity of the general principles to be proceeded 
upon in other respects, that any specific Table, exhibiting the decrements of life 
as deduced from select observations, could indiscriminately be adapted to such 
a variety of transactions, frequently having an opposite tendency. The laws of 
Mortality appear under a very different aspect, when relative to that class of 
persons who usually stipulate for Aimrance$ on their lives, and when relative to 
the opposite class, or to the generality of persons that stipulate for receivfng 
amaaiieB during life. And here again it is proper to remark, respecting stipulations 
for Life-annuities between individual persons, that the one who receives an 
annuity of this description, whether on his own or on any other life, institutes 
himself the assurer of such life ; with this difference only, that he yields for the 
annuity a present equivalent, instead of a capital payable at the uncertain period 
when the atmired life may happen to drop; whilst the engagement to pay any 
life-annuity, as a solitary transaction of its kind, is at best an inconsiderate one^ 
eapecially if the calculation be not established upon an appropriate Table of 
Deerements. . A variety of those tables, that either are or may be used, as occa- 
sions require^ will hereafter be adverted to. 

(XXVI.) The transactions engaged into, by the sodeties mentioned in the 
preceding Secfion, depend sometimes on the solution of complicated questions, to 
be proceeded upon with attentive discrimination; for example, in the exchange 
of reversionary property depending on contingencies, against capital or income 
made also to depend upon uncertain events, or on the uncertain time of their 
occurrence. The most proper and simple mode^ of executing the calculations 
relative to such transactions, consists in reducing each object of distinct considera* 
tion to a value either in present capital, or in capital referable to any other Common 
period ; whence the calculations may be completed by mere additions and sub- 
tractions. It is, doubtless, the method practised by those societies. 

(XXVII.) The present value of any Life-annuity is calculable, according to, 
ihefaurih general principle, from a Table of the Decrements of life.^ It is evident, 
that such value can be no other than the discounted ralues, under the consideration 
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of CompoundMnlereBt, and added together, of an equal mim aceraing at the expi- 
ration of each sucoeBBiye year, and multiplied into the probability of its erentoally 
becoming payable for that year ; and it is also evident, that the probabilities 
attached to those respective payments will bo expressed by a series of frscttons, 
having for their numerators the quantities of persons living at the expiration of 
the finly of the ncond^ of the thirds odhefcforth year, &c., computed from the 
present age of the life in ezpectation, and until the last accomplished year of 
that life ; all those fractions having for their common denominator the quantity 
of persons living at the present time, or at the commencement of the first year; 
which comparative quantities of living persons, at each age, may be taken from 
any Table of Decrements thought proper to be adopted. In case of annuities on 
joint continuance of life, the 8d general principle will further apply. 

Tables of the assumed value of Life-annuities, calculated from various Tables 
of Decrements selected as eligible, and according to various rates of the annual 
interest of money, have been constructed upon the above-mentioned principle ; 
they are to be found in many woil^s, but more particularly in that of Dr. Price ; 
which, valuable as it is, would be still more so and easier to consult, if the 
abundant matter it contains were methodically classed. 

In all Aose Tables, the value is stated as corresponding with every unU con- 
tained in the supposed annuity or sum forthcoming, in a single payment, at the 
expiration of each successive year during the continuance of life. That mode of 
expressing the value of Life-annuities indicates certain quantities of years* purchase, 
in like manner as the Table$ of Compound'tfUerat hereto subjoined indicate, in 
the appropriate column, the value of annuities for- terms of yean certain ; such 
value comparable, in either case, with the value of a perpetual annuity. What is 
commonly called the Value of a lAfe is identical with that mode of expression. 

When the value of a Life-annuity is calculated on the foregoing princijde, it is 
with an invariable understanding that the annuity is not otherwise payable, than 
at the expiratipn of every successive year, computed from the period when it 
was constituted ; and that it ceases to be payable after the last full year is com- 
pleted. But when, by ^tpress stipulation, it is additionally payable, in due 
proportion, for the portion of time .intervening between the last accomplished 
year and the precise period of extinction of the life,— in which case it is usually 
called an AnnuUy teeured on land, — its value is increased by the amount of half 
a years* income, discounted from the probable period of termination. 

(XXVIII.) Dr. Price has entmd at some length into the consideration of 
the value of Life-annuities, discriminated acedlding to their optional stipulation^ 
either by annual, by half-yearly, by quarterly, or by any other instalments; but 
it may be unnecessary here to touch upon that subject. Whenever the value of 
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a Life-annuity is establishedy relatively to annual instalments and to any given 
rate of Interest, the differences may safely be taken, for shorter instalments, in 
similar proportions with those observed in the Table of Compound-interest at the 
same rate, and for an eqoal or a nearly equal value of the annuity for terms of 
years certain. 

(XXIX.) The principle to be proceeded upon, for correctly ascertaining the 
▼alne of any Life-annuity, according to a stated rate of interest, has been ex- 
plained in Hction XXVIIth; and the Synoptical Tables that terminate this Second 
Part and exhibit the values of annuities of that description, with reference to 
various sets of observations on the decrements of life, have been calculated from 
a direct application of that same principle. But, the Table$ of Compound'InUresi 
having already supplied the correct values of annuities for terms of years certain, 
— at whatever rates of interest, accruing either annually, half-yearly, or quarterly, — . 
an easy and expeditious method is afforded, through that medium, for calculating 
the yalues of annuities on single lives and according to any rate of Interest ; at 
the same time as the results wiU refer to optional instalments of those annuities. 
This method has indeed been pointed out by other writers ; but without the 
assistance of the last- mentioned Tables, it could avail only in a small degree, 
towards diminishing the labour of calculation. It is founded upon an hypothesis, 
originating with Mr. Demoivre (a contemporary of Sir Isaac 'Newton),<*that of 
Decrements numerically equal for each year of life; and therefore it cannot, with 
the utmost correctness, yield results expressive of the value of Life-annuities. 
Yet as that hypothesis comes near the truth, with regard to ordinary lives, between 
20 and 70 years of age, those results will make a sufficient approach to exactitude 
for answering usual purposes, when the method is applied within those limits and 
particularly to middle ages. It must however be considered inapplicable, without 
great inaccuracy, to persons either in the earlier or in the later stages of life; as 
the decrements, in both cases, are very unequal from one year to another. 

This method is very simple. Take the Belative average of forthcoming years 
(commonly called Expectation of life) belonging to the given age, according to 
any adopted Table of Decrements, and admit dotAle that quantity of years as 
the Complement of life* ; seek in the Tahlea of Compoundrlnierest the value of 
an annuity for a term of years certain and equal to that Complement, such value 
corresponding with the instalments of the supposed Life-annuity, whether annual, 
half-yearly, or quarterly; multiply that value into unity increased by its interest 
for one year, for half a year, or for a quarter of a year (as it may be) ; divide 
the product by that of the Complement multiplied into the fraction expressing 
the ratio of interest foi^i whole year, — and subtract the quotient from the value 

• The CompUment / U/e is ao imaginary quantity, frequently used for abridging the 
calculations. 

P 
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of a perpetual annuity according to the stated rate of Interest : the remainder 
^in be the present value of that Life-annuity. 

First Example. Suppose the age 45 accomplished years, the rate of Interest 
3f per cent, per ann., the instalments yearly^ and the a'Slopted decrements of life 
to be those deduced from the observations on the Male population of Sweden, 
The Table hereafter (No. II.) shews the Expedtaiion^ for a life of that age and of 
that class, to be 20*712 years; whence the Complement is 41*424 years. The 
Table of Compound-interest (page 12(A) indicates, as the value of an annuity for 
this last term of years certain, 21*69907 years' purchase^ when payable by full 
yearly instalments (taking the due proportion between 21*59910, the value for 
41 years, and 21*83488 the value for 42 years). Multiplying 21*69907 into 
1*035 («n% increased by its Interest for one tns(a/m«nt)y.the product is 22.45854. 
Dividing the latter by 1*44984 (the Complement 41*424 multiplied into 0*035 
the aTMual ratio of Interest), the quotient is 15*49036 ; which subtracted fropd 
28*57143, the value of Perpetuity (indicated by the last line of the same' page 
12/A^, leaves 13.08107 years' purchase, which is the value of an Annuity payable 
by full yearly instalments, and on a life described as above. 

Second Example. Suppose the age 60, the rate of Interest 4 per ^cemtum 
perannum^ but accruing half'-yearly^ and the Decrements of life to accord with the 
Northampton observations. The Expectation will be found 13*216, and therefore 
the Complement 26*432 years. The value of an Annuity for this last term of 
years certain, and admitting half-yearly instalments, is 16*22266 (by Table 
page 20tik, and consequently to having added to the value of a 26 years' annuity 
the proportion 0*432 of the difference between that value and the value for 27 
years). The quantity 16*22266 multiplied into 1*02 (unx^ increased by one 
half year's interest) is 16*54711, which divided by 1*05728 (or the Complement 
mnltiplied into the Ratio of interest for one full year) yields the quotient 15*65064. 
Subtracting the latter from 25, which is the value of perpetuity at 4 per cent, 
leaves 9.34936 years' purchase, as the present value of an annuity payable by 
half-yearly instalments, and settled on a life aged 60 accomplished years. 

Third Example. Suppose the age 30, the Interest at 5 per oeittum per annum^ 
accruing quarterlyj — and the Decrements to accord with the observations on 
the general population of France, The Expectation then is 28*5177 and the 
Complement 57*0354. The value of an annuity for the latter term of years 
certain (by Table page 36(A) is 18*84271 (in consequence of 18*82250, the value 
for 57 years, and of 18*87858 the value for 58 years). That value 18*84271, 
multiplied into 1*0125, yields the product 19.07824, which divided by 
2*85177, (the Qnnplement 57*0354 multiplied into 0*05 the annual ratio of 
Interest,) quotes 6*68996; and this quotient subtracted from 20, the value of 
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P^rpduUy, leAves 13*31004 yean' purchase, at the presoDt ralue of an Annuity 
to be settled on the described life, and to accrue by quarterly instalments. 

\ 

It is only of minor importance, in such calculations, to discriminate the values 
of Ufe-annaities according to the specific interyals of their instalments ; in con- 
sequence of what has been remarked on that subject, in Sect XXVIIIth; and 
further because results strictly accurate, in respect to those ralues, may always 
be considered unattainable^ as a series of data merely probable are inevitably 
proceeded upon* 

(XXX.) It is immediately pereeptible, that the value of an annuity on any 
single life,— -as expressed by a quantity of years' .purchase, — ^must, in all cases, 
be inferior to the value of an annuity for a term of years certain and equal either 
to the probable term of the annuitant's life, or to the average of forthcoming 
years 4hat may appertain to his age ; because the proportions according to which 
the lives successively drop in, as observable from any table of decrements, are 
not (he same for every year of life, but are less considerable for the years preceding 
Ihat term of probability than for those that follow, — and because these proportions 
of annual decrement increase with every year of life's protracted duration beyond 
that same term. 

In other respects, and in like manner with what has been observed (Part I. 
Seat, XL.) concerning annuities for terms of years certain, the Ratio according 
to which any Lif»«nnuity is paid, ought- to differ from the ratio of a perpetual 
annuity, by neither more nor less than the fractional quantity which accumulated 
and improved at compound interest, during the probable period of its payment, 
would at the expiration of such period create the same capital as was originally 
invested. 

(XXXI.) The equivalent, in present capital, for an annuity limited to a certain 
term of years supposed n, and at the same time depending on the continuance of 
life during that term, is (by the same 4th principle) equal to the sum of the 
different products of each annual payment in expectation, — and reduced to its 
present value by discount under the consideration of compound interest, — such 
discounted values respectively multiplied into the corresponding- probabilities that 
the life of the annuitant will endure a^rs<, a gecond^ a' third, &c. to the quantity 
11 of accomplished years. If unitjf be admitted to represent the annuity, the 
calculation will be much simplified by taking the successively discounted values 
of unUy from the Tables of Com pound -interest ; and then the equivalent, 
inquired after, will be expressed by a quantity of years' purchase, called, the 
Valve of the Ufe for n years. 

' (XXXII-) The grant of an Annuity, payable during life, may be subjected 
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to the conditiim that its tdrm shall not commeooe to run unfil the expiration of 
a certain period of years, expressible by n. The equivalent, in present capital, 
is then equal to the equivalent referable to the expiration of the suspensive term 
n, and calculated according to the preceding directions (XXVII and XXIX) ; 
this last equivalent reduced to its discounted value corresponding with that term, 
and multiplied into the fraction expressing the probability that the life in expec- 
tation will endure until the term of the annuity commences to run. 

The same result will be obtained by subtracting from the value of a life- 
annuity, the term of which should commence to run from the present time, the 
present value also of an annuity depending on the same life, but limited to a term 
of n years ; which last value is calculable as above (XXXI.) 

(XXXIII.) The Assurance of a Ufe^ by which is meant the undertaking to 
pay a certain capital at the demise of the life as8ured,-^or rather at the expiration 
of the last year accomplished after that event and computed from the period of the 
assurance, — may be compensated in two ways ; either by an inferior capital once 
and presently paid, or by an annual premium, the payment of which by the 
assured party is exactly the reverse of a Life* annuity enjoyed by himself. It is 
evident that such present capital should be precisely the value of the latter 
annuity, — the transaction amounting to this ; that the assured party borrows a 
capital, against an annuity upon his own life, which capital is re-invested until 
required with the amount of its improvement at Compound- interest. The 
following is an easy rule of calculation. 

Let the excess of the value of perpetmty^ over the value of the assured life, be 
multiplied into the interest which the capital in expectation should produce for 
one year; let the product be divided by unity increased in the ratio of one year's 
interest ; and the quotient will exhibit the present capital to be paid as an equi- 
valent for the assurance. The division by 1 -f- ^> ^ l^st mentioned, arises from 
the consideration that the eventual payment is only to take place at the expiration 
of the year fulfilling the whole term, whilst the equivalent is paid at the outset 

It follows again, that dividing such present equivalent by the value of the life, 
expressed in a quantity of years purchase (which value the Tables may shew), 
the quotient will exhibit the annual premiuoi otherwise exigible. 

Various motives may induce the Assurance of a life for a limited term only. 
In that case, ascertain (as in SecL XXXI) the value of the given life, for that 
term, and also its value for one year less than that term; add uniiy to the latter 
value ; divide this sum by unity increased by its interest for one year ; from the 
quotient, subtract the value ef the life for the full term of the assurance ; and 
the remainder will be the equivalent, payable at the outset, for every unit con* 
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tained in the capital intended to be assured* This rule, with the preceding and 
many others, applicable to individual cases into which the present general question 
branches out, hare already been stated and exemplified in Dr. Price's work, edited 
by Mr. Morgan (who directs the transactions of that excellent institution, — the 
Socieiy for BquUable Asiummoes on lAves and Survivorthxps) : it is a sufficient 
reason for here abstaining from any enlargement upon this particular subject. 

' The prospective views of persons who, under appropriate circumstances, 
stipulate for the Assurance of Capital, or of any equivalent for Capital, to accrue 
after their demise and in behalf of their successors, are attended with this morKl 
eflTect ; — ^that the fruits of industry and of economy, during a period equal to the 
probable term of any such person's life, may thereby be secured, as seWoin and 
at all events. 

(XXXIV.) Dr. Price has further supplied a method, founded upon analogy, 
of deducing with sufficient approximation, from the correct values of any single 
life or joint lives,«*as calculated at any rate of interest, and from any table of 
observed decrements,— the correct values also at other rates. We must state this 
method, which may occasionally ease the process of comparative calculations. 

He proposes a preliminary problem relative to each case, of a single life and 
of two joint lives,— -assuming, for greater simplicity, the decrements of life to 
be equal for each succeeding year^; the following solutions of which problem, 
merely intended for this single purpose^ should not however be mistaken for 
correct ones, nor be otherwise applied. 

First. The Expectaiion of a single life being given, as also the rate of 
interest, the value of that life is thus to be calculated by approximation. Multiply 
the value of an annuity for a term of years certain, and equal to twice the 
Expectation, into the value of perpetuity increased by unity ; divide the product 
by that term of years ; subtract the quotient from the value of a perpetual 
annuity at the given rate of interest, and the remainder may be taken as the value 
of the single life. 

Secondly. The Expectations of any two lives being given^ with the rate of 
interest, the value of the joint lives (meaning that of an annuity during joint 
continuance of those lives) is then to be calculated as follows. Ascertain the 
difference between twice the Expectation of the yrnngeU life, and twice the 
Expectation of the oUeU life increased by unity and by twice the perpetuity ; 
multiply that difference into the value of an annuity certain for a term of years 
equal to twice the expectation of the oldest life, and let the product be divided by 

* An hypothesis introduced by an early author, «i]ready mentioned in Sect, XXIXth. 
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that same term of years,— reserring the qnotient Then, from twice the perpetuity, 
subtract the reserved quotient; multiply the remainder into the perpetuity 
increased by unity ; and dividing this last product by twice the expectation of 
the youngeU life, the quotient subtracted from the value of perpetuity will leave 
the required value of the joint lives. It has been here assumed, that twice the 
expectation of the youngest life would be found lest than that of the oUeU life also 
doubled and increased by unity and by double the perpetuity ; but if it should 
happen to be greater^ the reserved quotient — instead of being subtracted from 
* twice the perpetuity— must be added to that quantity; and the mnif instead of 
the difference^ must be multiplied into the perpetuity increased by unity. 

Either of those preparatory solutions being obtained, vrith reference to any two 
different rates of interest ; and admitting a correct value* of the life-annuity to 
have been previously ascertained, with reference to either of those rates, the value 
according to the other rate of interest will be obtained, either by adding to the 
preceding value, or by subtracting from it (as analogy will point out), a quantity 
equal to the difference between the results of the aforementioned calculations. 

Caution is to be observed, against an error which the argument from tiiducttbfi 
cnhj might lead to. Although the value of a Life-annuity^ according. to any 
specific rate of Interest, will coincide with that of an annuity referable to the 
same rate and for a term whatever of years certain; it should uot thence be inferred 
an equality of the respective differences between each of those values and the 
corresponding value calculated according to any other rate. Those differences 
may vary, even to the extent of one half a year's purchase, though the Rates of 
Interest differed no more than cne per cent. 

(XXXV.) Annuities that depend on a plurality of lives are susceptible of two 
different descnptions ; they may be payable mthar during the joint continuance 
of any two or more lives, or during the longest of those lives. In the former 
case, the annuity is of less value than if it were constituled on ei^er of the lives 
in particular, because the probability of each is affected with a contingency 
respecting the other life or lives ; and in the latter case, it is of greater value than 
that of an annuity on the best life amongst the whole, because the probability 
attached even to that best life is then augmented by the probability— however 
small it may be— of the worst life eventually surviving. 

(XXXVI.) The value of annuities of the first description, or on joint lives, is 
seldom of any practical consideration, except for the purpose of subsequently 
calculating either the value of an Annuity on the life of the last survivor, or 
else the value of expectations depending on survivorship. The value of two 

* TUa expreariou refers to the direct method of calcnliMkieii stated in S$dum XXVJItli, 
and Qumerer tedioua) indispensable when great aceoracj is aimed at. 
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or more joint lives ia ascertainable on the same principles as those already set 
forth as applicable to any single life. The fundamental principle is, always, 
that the present valae of uny sam in expectation, as eventually payaUe at a 
certain period, is equal to the discounted amount of that sum muUiplied into the 
probability of the event upon which its payment is made to depend ; therefore, 
by multiplying into each other the respective probabilities attached to the several 
lires, of their further enduring one full year, two full years, three full years, &c, 
bntil the last year when the annaity may possibly be payable, the product will 
express the probability of the joint continuance of those liyes until the accom- 
plishmeiit of each of those periods distinctly considered; and the sum of* the 
different products of those probabilities, respectively multiplied into the annuity 
discounted at compound interest for one year, for two years, for three years, Sec. 
until the remotest possible term, will yield the present value required* 

(XXXVII.) The value of annuities on the longest of two,or more lives, or 
payable until the extinction of all those lives, is calculable on the afore-mentioned 
general principles ; first ascertaining the different probabilities, that the whole 
of the considered liyes will not be extinct at the expiration of a firsts of a second 
of a Mrd year, See. respectively ; and the rest of the calculation then to be 
proceeded upon as directed in the preceding Section* 

For greater clearness, let us first suppose the annuity to be settled on the longest 
of two lives only, A and B. 

Subtracting, from unity^ the probability that A (according to his age) will live 
one full year, there remains a fraction expressing the probability of his not 
outUving that first year ; and calculating, in the same manner, the probability that 
B will not outlive the same period, the product of those probabilities multiplied 
into each other will be the probability that neither A nor B will then be alive. 
The difference between unity and the latter quantity will express the probability 
that either A or B, indifferently considered, will continue alive at the expiration of 
h first year; and the latter probability multiplied into the discounted value of fhe 
sam then fortbcoming, but depending on that event, will yield the present value 
of that first instalment of the annuity. Let similar calculations be executed, with 
reference to the expectation of the annuity becoming payable at the expiration of 
a s€eoi%dy a third year, &c. io the last year of possible expectaUon ; and the united 
•mount of those partial values will be the present value of the annuity, constituted 
on the longest of the two lives A and B. 

In case of three or any greater number of lives, the probabilities of their 
ieveraUy not continuing until the expiration of a /rst, a second year, &c., are pre- 
Tiously to be ascertained ; those probabilities must be multiplied into each other 
as above mentioned^ with reference to the expectation of each successive year 
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distinctly considered, — ^which will yield the probability that tbe whole nttmber of 
lives will then be extinct ; and the latter probability subtracted from iniUy will 
leave a reroainder, expressing on the contrary the probability that tme at least 
(indifferently) of those lives will continue to endure. The rest of the calculation 
may be proceeded with as in the preceding instance of two lives only. 

This method of calculating the value of the longest life amongst two^ three, or 
any other quantity, is immediately deduced from the fundamental principles ; 
but it ultimately resolves into an abridged method, producing similar results. 
It requires that there should be previously ascertained, the value of each life 
taken singly,*— the value of the joint continuance of all the lives,— and lastly, 
the value of as many collections of joint lives as can be formed by successively 
excluding from consideration each of the lives in particular. 

IP two lives only, A and B ; subtract the ralue of their joint lives from the 
united values of their single lives, and the remainder will be the value of the 
longest life. 

Suppose three lives. A, B and C. From the sum of their distinct values, 
subtract that of the values of A and B, of A and G, and of B and C, each of 
which jointly considered ; then add to the remaining quantity the value of joint 
continuance of all the three lives ; and the result will express the value of the life 
of the last eventual survivor. 

Further supposing four lives, A, B, C and D ; add the respective yalues of 
those single lives; subtract, from the whole, the sum of the /our values of Joint 
continuance, ABC, ABD, ACD and BCD ; add to the remainder the value of 
joint continuance of all the /ottr lives, and the result will be the value of the 
longest life amongst them. 

Those abridged rules have been first promulgated by Mr. Simpson. 

(XXXVIII.) The value of an Annuity, settled on the longest of two or 
more lives of similar age, is always Superior to the value of an annuity for a term 
of years certain, and equal either to the Expectation or to the probable term of 
any one of those lives ; which probable term extends to about two years beyond 
that of the Expectation^ at the age when the latter is greatest. But if the ages 
are very unequal, the value of such an annuity may be less than that of an 
annuity for a term of years equal to the longest of the individual Expectations 
or Probabilities of life. 

(XXXIX.) The value of Reversionary property, or of any expectation in 
the event of survivorship, depends on the conditions attached to such reversions. 
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•r tp Um •xpMtntidQB ^t^ruin^. Ilia «« ^nd (be ptber nmy CQniJat dO^ pf 
Capital^ of Annuities, c^r <»f JSslgtop. 



TI10 prMMt vilae of TUv^nionary CfipiUl, wiemdiliomqUy fprthcomio^ iipoa 
tho fiulim of AOf givoD life, is ilw (ia»e as (bp aquiTakpt aatoaliy payable for a|i 
AawraDet on tbat life, as aaoMtaio^ in M0li9fi XXXIII, BMt in c^aa of tbe 
lereHUNi being subjact to tbe condiiion of flanrivofabip, tbe preatot yalue wUi be 
•qttal lo tba prodact of the Intepest wUab tbe expeoied capital should produce for 
one f ear, mallipliad into the ezcets of the value of perpetuity, 07er thQ diffibr^noe 
hetwaeii the valuee of the Utk in e;cpeeUtion and of the joint liiFes* 



The present yalue of a reversionary Life-annuity, to a turyiTOC* ia eqiMJ tp 
that of an annuity on the life in expectation, diminished by the value of the same 
OBfiuity daring ooaUnuanoe of the joiot lif^f. 

The present value of the reversion of an Estate^ to be certainly entered upon 
lifter the'failure of two livas, 13 equal to the product of the clear annual income 
of tba^ Citato, multiplied 'u^ tbo e«9^w of the value of a peipetual annuity^ over 
Ihovaltte of an anMuily 0% tfao losgeet of Uie tvo Uww* Bi»t, if the Cstaia is to ba 
enjoyed upon the lailoro of mtker of two Uva»9 dio present value of soeh a ra- 
version will i>e the product of the income nttltipHed Into the exeess of the vahie 
of p er pettti ty, o^er the value of the joint lires, 

X 

$ 

The litl^r q$mipVi hraoK^ in tfpo pjlbftr^ ^mi^g from Ihe eooaidei^tioo 
Jbat either of the two lives Hiajf happen to be the Lojigest. TJxns^ ihal questipa 
may concern the value of the reversion in respect either to A's 9.:!ppectatiofi, or to 
B's ; and supposing them of the 9ame age, or assuming an equal valiie of their 
TtveSy the object of certomty will then divide into equal probahUMeB in favour of 
Ihem respectively. But supposing their ages dilTerent, or assuming their lives to 
be of unequal value ; ihe vake ascertained as above, of the reversionary Estate, 
*beingintrltii^ed into the fracdon expressing the pro^bifity of A surviving B, will 
yield the value of the former's expectation in particular ; and if multiplied into 
the fraction e;xpre86ing the contrary probability^ or that of B survivinjg A^ the 
|ttodttct will io the same manner shew the exact value of B's share in the jcojxmqtk 
sffoMi^M. jEUbr 4>f tboee j^obabiJiJw, wiuoh, added Aog^tb«r, wiU aoMMiot 
;4e sm%9 or <to tlM oxpreseion «f Cortiti^de, «ie ascot taioable ; and Mr. Moigan 
hflvisg «ipplied,tn his seven^ edition of Dr. Price's "Work (vaL i. page 400 ^c.) 
very valuable tables of the proliabilities of survivorship between two persons 
of all agee, we need only refer the reader to them. 

Tba soithod jof ^scertaijdog «ho jefl|Mcti50 popbabiliiiii 9S m^m^wMp 
^ o U r uMi A Md B, withovt tt/hmaoB to any apedic period of lioM, has ^been ao 
clearly stated and demonstrated by the same Mr. Morgan, 4hat it wiH be ^iie 

q 
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sufficient to give, in a note^ the extract from a paper of his upon that subject, and 
which has been read at the Royal Society^ in May 1788^. 

Supposing any sum of money, depending on a contingent reversion of the last 
description, to be assigned to some third person, in consideration of another 
sum presently advanced to the expectant, ivhether A. or B ; it follows from the 
preceding solution, that those two sums should bear, with each* other,, the 
same proportion as that which the present value of the absolute reversion, 
multiplied into the probability of the unfavourable contingency, bears with the 
integral object of expectation ; independently of the further and indispensable 
consideration of the reduced value of the future sum, according to the operation 
of compound-interest. 

* Let a represent the number of Uviiig persons (according to the Table of Decrements) at 
the age of A, supposed the younger of the two lives. Let a', a", a"', a"", &c. represent the 
decrements of life at the end of the IsC, 2d, 3d, 4th, &c« years from the age of A. Let b 
represent the number of persons Uying at the age of B the older of the two lives, and 
c, d, e, /, &c. the number of persons living at the end of the 1st, 2d, 3d, 4th, &c. years from 
the age of B. Supposing now it were required to determine the probability of B's surviving A 
in the first year. It is manifest that this eyent may take place either by A's dying before the 
end of the year and B's snrviTing that period, or by the extinction of both the lives> restrained 
however to the contingency of B's having died Uut* The probability, that A dies in the first 

year, and that B survives it, b expressed by the fraction ~* The probability Chat both the 

lives die in this year b expressed by the fraction ' J^' ; and as it b very nearly an equal 
chance that A dies^fnt, thb fraction should be reduced one-AaJ^, and then it will become 
=: — IST^* Hence the whole probability of B's surviving A in the first year will be 

— i^ H "X^ — — ' aj; — , In the same numner the probability of B's surviving A in the 

2d, 3d, 4th, &c. years may be found —<-^^^. . . !:l.i^'> • • • • £l.i£t±/)^ ^^^ ^. 
spectively; therefore, the whole probability of B surviving a will be 

=i(4-'«' + '-7^«" + ^'«''' 4-'-T^"'»&cO HAvlng thus found the probabiUty of B, 
the eUer life's, survlvmg A. the younger ; the*probability of A's snrvivfaif B b the ifiAren^ 
between the foregoing series and unity. 

The sum of thb series might easily be determined from tables of the expectations of nngle 
and joint lives ; bat no such table as the latter having ever been computed, it will not be a 
laborious undertaUng to compute a table of the probabilities of survivorship between two 
persons of all ages imssediately from thb series, without having recourse to the expeoUtions 
of Hfe. For if the probaUlitgr of survivorship between any two persons be found, the psoba- 
hllity between two persons one year younger b obtained with little difficulty; and by pro- 
ceeding in thb manner a whole table may be speedily constructed. 

The above series, expressing the probability of survivorship, may be easily found to be 

3 . (K--AK)--c. (C— AC) „ ^ ^ ^ 
IS 26 » '^ denothf the expectation of a life one year younger 

'than B $ C the expectation of a life nne year older dian B ; AK and AC the expectations of 
the joint lives of A.and K, and of A and C, respectively $ and ^» -the number of .penoils 
.liri^ia the table of observations at the age of K. 



s 
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Th« questiont coneernisg suryiyoraliipt and rerenionary interetts may occur in 
many otber shapea, bat they will always exhibit sufficient analogy , with acme one 
of thoae aboye describedy for inferring with more or leaa facility the method of 
aolying them, from aoch solutions as are already pointed out 

(XL.) It has' here been avoided^ as far as possible, to reproduce details upon 
which Tariotts authors haye enlarged on the present subject ; endeavouring, at the 
same time^ clearly to expose the fundamental principles not always reverted to 
by them, respecting the laws of Probability, and upon which only could rest the 
illostrations from which we have abstained. The analogies of the cases to which 
thoee principles however have been iqiplied, with other cases omitted to be 
noticed though susceptible of frequent recurrence, will be easily discernible 
when the questions are stated with proper discrimination. The inadequacy of 
the means hitherto employed, especially in this country, towards obtaining 
satisfactory returns of the population according to its eligiUe subdivisions, has 
left the Doctrine of Life-annuities and of Reversions in a rery imperfect and 
perplexing state ; and it may be superfluous to add, that absolnte accuracy in the 
results of calculation, regarding these matters, could but unsuccessfully be aimed 
at, in consequence of the substitution of merely tolerable approximations, 
for the more correct data that fail to be euppliedJ Therefore, in the practical 
application of the rules laid down for calculating the values .of life and of rever- 
sionary interests, or for obtaining sufficiently accurate results concerning any other 
prospective transactions, it is always of paramount importance to class the lives 
according to their comparative qualities ; a consideration that cannot too much be 
impressed on the reader's mind, and without which those transactions themselves 
must often be at variance with equity, if not even with common sense* 

■ To the effect of facilitating the necessary classification of lives, — as they may 
greatly differ in value, though of similar ages, — ^there now remains to be exposed 
a series of deductions from actual experience and observations collected in various 
parts of £ur«^, concerning the laws of mortality and the decrements of human 
life at its successive stages. When about to constitute any Life-annuity, the 
great importance of discriminating the qiudUy of the life or Ifves, during the con- 
tinuance of which such annuity is to be paid, will be clearly evinced, from the 
considerable discrepancies observable in the results of calculation founded upon 
different sources of informationt 

(XLL) By offering those results in the shape of Synoptical Tables, the chief 
purpose of facilitating habitual references will better be answered. This second 
part of our book will therefore terminate with fimr of those Tables ; and these 
aresuBceptible of a few explanations. 

' » * 

The FIRST Table exhibits, as deduced from each set of local observations,. 
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the aflBfHDod pmportidDt amoegst iIm quantitiei of lifiag ptnoiM at onhdiAf^Bl 
age ; expoting iIm natural law bf Which ihki Waate of kiftiaa lib wffmm to 
be bodstantlf regulated* The reeulta thera brought into eompariaon^ nlaiinoly 
to each age, have been caleolated tipoo the prineiplB aod aeeonltng to the niloa 
set forth in SecHona XVII and XXI I, If it be coosideredy that the di£Eirenoe 
between the quabtity of li?ittg pefsoBs At each fege tn pattiouiar^ and the qiian* 
titj of those livihg at thAI age iocreaaed hj one fnr^ exactly repriMUts (at kilt 
oader the aoppositioD of a atationarjr^ populatioa) the quaatity of the decaaeii 
during cAich laet year^ it will become obnout thai thoae piOpovtioualo qaaatlttai 
of the liTiBg, at diflbrmt agei| also cioilstitiata a Table of the probabilitios tiiai 
are attached^ for any giyen age, to the oentibuauOe of life duaiy waoommH 
peHods of fortiieomiog years* 

m 

In order to render more efieetiTo the tneans of OonpiuisoD whitth it is liktiaMl 
by that irst taUe Id affi>rd, it were dsaiiuble that tki Variooi docteflMMti then 
bxpoisd eould hare originated with equal numbers of biite ) btit frMli ^ 
meny eausea prodoetive of ifn^ianty, iuid of OnoBrtaioty^ in tho MteflMlNB 
Madye to the earlieBt sUges of Kfe^ it was apprefaanded that audi aiootumodft' 
tion of iStm oatcuktiona U> each other would teuse the whoto to pmiflSpalO 
iDore of illusion than of malitf, under a geiertil aipeet; tad it fan* bsen cMo 
eiderad preferable to adfipt a oooisson Radix to the ago of jfM aMOmpKahM 
years, at wbioh the Expectation of forthooming yeuia of life is elmOM uhriiyt ut itft 
ivMmfUMM* It may be sufficient further tt> lutnaik^ <toucetniug loeai obteitutioiu 
upoh the law of mortality in any metropolis, 6t in eay grant oommefdal city, that 
the ioferebcas from them are liable to be more or less vitiated^ couieqMatly to the 
population of such plaoes not being equally petmattenl with thM 6f the cbunftry al 
large. Their population is partially and variously recruited, whether from the 
surrounding ooantry or from the tecession of strangMU, whilM n OOnriderable 
proportion of the indiTidnals b'om in those eitieft are Mtbsequenily remoted ; att 
which eircumstanoea, occurring without eonsfant feguhdty) ttay trader very 
inaoeurate the generalined deduedoqs AoA any actual di*tiibuifon of popolaydb) 
or from any register isf Mortality^ ai r^tds the SxpecMtiMi of IbnfaiMtteIng yeUU 
of lifev espeoialiy at its eariy stages. 

Th« SECX>ND Table is a d«dudti6n fi^m the firsts and it exposes, in the 
same manner, a comparative sUtement of the Exp&oUOhHi of H^Otht ^Wefdget ^ 
forthcoming years of life, belonging to each age and referable to the different 
Decrements of life already brought under ^nsidemcionk H^is TuMe haft b«en 
calculated accotding to the principle and rule e^ fenh in SMhh XSi"; imd one 
of iti purposes is to lacilhate Ae app^icatioiii <^ an easy method, ^kseribed 
and exemplified in Sedum XXIX, of caleulatlng thO value Of fife-ao«nd1f^ 
conformably with any given rate of the Interest of money, and in either case 
of th# instalmohH of the annuhf noeruing fMiify, ta^-ynnHy, or qunfttti/. 
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Th« THIRD Tflble ghrM tke vtium of Animitiet on iingk Rve$, as d«daoed 
from Um data supplied by the fird TMe* Thoae vala«s an calcdated Qpoa 
tke priooiple aei forth in SmIm XXVII» and aooordiD^^ to a oiiiform rate of 
laterett,— that of fattr per oeiUiWH uoderatood in a single payiAent at the expi- 
ration of each year. The ezoessiire labour of sooh calculatioos has reqaiied 
that the statement of those values, strictly correct, should be confined to a cor- 
respondency with die most important systemsi only, amongst those previously 
exposed of. the Decrements 4uid Expectations of J^ife ; bet even with this 
limitation^ the intsHigeat reader will find the Table amply sufficient for ail 
pNM^cal purpoaes ) and the moM so, as other means of comparing the valaee are 
abundantly a&rdad. 

. The Narihampion Table being often coninltedi although br from ofiering a 
fair specimen of the asanai decfemenis of life» we have thought it worth whilo to 
re-calculate^ with> the utmost oare^ the valees of aminitieB eeeosding to the! 
Table of Decrements ; extending tile results iofioe places of dedmaK instead ^( 
tkree only, to which those results waie limited in all previous calonlations** 
The 'oerrect v^ues of hves are further stated in CQnespondeney with Mn 
Duvillard's Law of Mortality accurately observed, respecting the general popu- 
iation of. Fcanoe; and these valoes» tegMhor with the preosding, are brought 
into « oempwrative powt of view with «tlmn supfpUed from respeelable 
wthorities* 



Fiom a pMivaili^g igaorence on these matlsn, iuHnnerable oontracts for Ufe^ 
aanttitaes ara entered upoA, at variance with o()uitable priadples ; and the value 
of those aMwitiesi commonly* is much onderrated, whilst they possem a specific 
character of convenience that should render them the more valuable for the 
wsmiuoii diemseNok 

The ^FOURTH Tabb gives die values of Anamities supposed to be pnynUe 
daring the jaitd coffdinuanoe of lioo lives* whether of the same or of diierent 
ages; and from varioas motives* that stalement of vaioas has beea eiiaam- 
scribed within comparatively narrow limits* 

When the value of (ires joint lives is reqpiirady it auty oomclly be found by 
an ingenious method described by Mr. Moigan, and adverted to l>y Dr. Prios^ 
^«e2.ii«jHV^^l)» Bat a more abridged and easier, nntliod of obtaining that 
valae* iirith totorsbb approsimatioa* has beep pointed ^at by Mr^ Simpsea : it b 



* llMaiiiBipertMt differonofls, obeenrable between Mr» Motgiii's lesalts sad Aeee ws hsae 
obtsined, are tatisfactorilj accounted for> without impeacfaiag tfie character of accuracy of 
either calculatLoos; if (as we apprehend) he has employed logarithms limited to lir places of 
decimals, and has further abandoned the deciina) parts of his resujts^ when ereo amounting 
toafnfi ka^MnUy belonghig to the last Ifigure retained. 
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as follows.—** Lei A be the youngest, and C tlie oldest of the three propoeed 
" lives ; take the value of the tun joint lives B and G, and fiad the age of a 
** single life D of the same value ; then find the value of the joint lives A and D, 
** which will be the answer," Either of those methods may be applied, in 
ooirespondency with any Table of the Decrements of Life. 

The value of Annuiti& during JoUU contmuance of Life is but seldom re- 
quired for direct purposes : it constitutes, however, an indispensable c2a£ttfii for 
establishing the value of Annuities payable during the Umge^ of anif two or 
more HveSf according to the rules stated in Section XXXVII; and also for 
calculating the value of JReversions, on the principle exposed in Seotian XXXIX; 

References to the last two Tables, and for practical purposes, will not be 
attended with much inconvenience arising from the uniform rate of Interest 
applied to all the calculations of which those tables exhibit the results ; an easy 
method of concluding from the Talue of a Life-annuity, as ascertained according 
to any one rate, its corresponding yalue at any other rate of Interest either 
superior or inferior to the first, having already been supplied in Section XXXIY. 

The compuUtion of Corroet Tables of the F^oIm^s of JoiiU itoes, both of 
similar and of dissimilar ages, according to comparative systems of Decrements, 
and to various rates of the Interest of money, would consume the whole life of 
an expeditious calculator. It has been hitherto executed only partially and 
piecemeeU There will be no inducement to attempt any thing eompUie of that 
description, until goTemments are mindful of the expediency of providing sails* 
factory data, upon which those laborions calculations may be proceeded, 

(XLII.) We may now dismiss the subject of COMPOUND-INTBRBST 
applied to Transactione affected with CorUingency^ after further giving a brief 
account of those local observations which, at diflTerent times and different places, 
have been made for the purpose of discovering the natural law that governs the 
gradual waste of human life ; and according to which observations the four 
Tables last mentioned have been constructed. 

FIRST, — ^The series of regular observations, earliest recorded, consiaU in a 
Register of Mortality for the city of Breetaw^ in Silesia. That raster had been 
carefully proceeded upon during a whole century, commencing widi the year 
1633, when Dr. Halley constructed from that source the first known Table of 
Decrements ; but as it is not exempt from error, chiefly produced by a cause 
already adverted to in the preceding Section (p. 1^4), that table is seldom 
referred to at present. It has induced, however, the admission by Mr. Demoivre 
of a convenient hypothesis respecting the decrements of life. His hypothesis 
assumes that, out of 86 living persons aged less than one accon^lished year, a 
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aagle life aDfluaUjr fails ; that of the last survivor being cooseqaently extinct 
after the accomplishmeDt of the 8dth, and before that of the 86ih year of his 
age ; thus prodacing eqaal decrements for every year throughout that period. 
From that assumed equality, the Average of forthcoming years in Expectation is 
made exactly to coincide with the true FrobMHty^ thence inferred, of life at each 
age ; which Expectaiion^ therefore, is always considered as one half o( the differ- 
ence between the number of accomplished years of any person's life and the 
supposed term, 86 years, of the longest life ; the whole of that difference being 
taken as the ComfdemefU of life, which (however suppositious) is one of the 
requisite data towards calculating by an abridged method the value of Life- 
annuities, the labour of which calculsittons may thus be considerably diminished. 
Although the proportions of annual decrement, as also the averages or expec- 
tationa of forthcoming years of life, are very defective under Mr. Demoivre's 
hypothesis, as regards both the earlier and the later stages of life ; yet they are 
acknowledged to correspond with the Decrements and Expectations resulting 
from the Bresfaw observations, relatiye to the ages comprised between 20 and 
70 years or thereabouts, in a sufficient degree for warranting their admission 
within those limits. A similar correspondency has since been noticed, between 
the results of admitting that hypothesis and those deduced from the Northampton 
Observations further mentioned hereafter. But, from the preceding remark, it is 
obvions that the hypothesis of which we are speaking must be utterly inapplicable 
towards calculating the values of Reversionary property, depending on survivor- 
ship ; an exception that has not escaped the sagacity of Dr. Price. 

SECOND,— T\^e observations supplied by thd Bilhi of Mortality of London, 
during the Un years ending with 1737, have been the foundation of Mr. Simpson^s 
deductions and calculations, consigned in the works of that celebrated writer* 
Analogous deductions were afterwards made from the same source of information, 
during the ten years ending with 1768, and again during a similar period ending 
with the year 1780. The general results, inferred from those three series of 
observations, are so nearly alike as not to indicate any material alteration in the 
degree of healthiness of this meti^^lis, between the first and the last of those 
periods ; in consequence of which, we have preferred, in the construction of the 
Jint and seoond Table$ hereafler, to proceed upon an average of the results of 
observation^ as supplied at those different periods, relatively to each successive 
jtmt of li£B. 

. It has already beeniiemarked by Dr. Price, that the Expectations (Average) 
of 'Life, as deduced from the London observations, come out generally too high 
for the first 35 or 40 years ; that they are not at a]l to be depended upon for the 
first do years, — and also that the BiUs of Mortality, for London^ exhibit an 
instance of constant waste of human life the most rapid at all its stages. The 
first two circumstances are doubtless ascribable to the great mutabiKty in the 
population of this metropolis, especially i{i early life. 
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THIBD.— From a Ragiater of MortaUty instituMd for the town of Nordkifiif- 
ton^ mod correctly kept during a period of 46 years ending with 1780, Ims been 
deduced a Table of Decrements considered as one of th6ae most to be relied Ott 
for regularity* In its general aspect, it rery nearly agross with die Breelaw 
obeerrations, and like the latter it affords a specimen of lives rather inftrior 4n 
quality to the coraison standard of those in England ; wheneeih^ Nbrtlian^icoii 
Table is principally adopted in this, and eyen in other oottatries, as a safe guide 
for calculating Life-assuraoces and Snnrivorships. It follows that the Bipeota^ 
tions of Life, u reenlting from that table, aire lower than they ehontd appear ih 
consequence of a table of 1ru£ decrenewtt dedoced fion observations euppoee d 16 
embrace a more extended selection out of the popnlation of the hingdom el 
la*^ ; and that the Tslues of Liie-annnities, stated ia the corresponding^ m^mn 
of the ihxrd Table bereafler, could not be indiscriminately admitted i« iha 
practice, without prdiably yielding an ondiie adrantage to AnMntmile planed 
under ctrevmstamses more Cavoarable to the protracted duration'of Hfew N«as»' 
reus tables of Tarioos descriptions, and elaborately enicnlailed 4iom the Nbit^ 
•mpton observations, hava been snpplied by Mr« Morgan, and inserted hi the fd 
Volome of Dr. Prioe'e OfrserwUiotts e» Arocrstotiory ftymentMj ^. ^^ 

FOXJBTH4 — ^A spectmen, on the contrary, of the beet M ws eti e e e pl ifale of baiog 
brought under observation ia England, as averaged from any iHass of popnladoA 
not absolutely inconsidenble!, fans been snpplied by fuo other RegtelsRi kept in 
this country. The one through the care of the Rer. Mr. Ogtench, for the 
parish of Holy'Ci'Oss (near Shrewsbury), and embracing a period of SO yean, 
ooding with 1770 : the other through the care of Dr.* Hayga^A, (or ^ 4owrf^ of 
OWsfer, and daring the ten yoars terminatiRg with t781.. The fonner eshifaits 
rather the best quality of lires ; but considering the limited aumber of llm 
popolfftion to whibh thoae sets of obserrattOM are rti^sraUe, k has been |»re- 
terred, ta the comparativie Tables hereafter, to admit the eorrespondiag dedne^ 
tions at, an average of the reeuhs produced by each set, relatively toeireryageeC 
life. It wilt be enfficient further to remaif[, that (he values of i^ fe - aaa ni tie s, «i 
deduced from the observations at Chester aid Holy^^ross,' come oot generaliy 
too high for their indiscrimiaate applicstiba, 'in Ihe* practice, to 'the commost 
standard of lives : they might, however, be a safe guide ^rdeafSngwMiiStalOii 
annuitants, mtil the (xoverament has taken proper tteasnres fcrMogettpplied 
with more correct data, respecting the Law of Mortality amongst that spedfic 
class of persons. 

fTFTET.*— A more eligible nndiwn, yerhaps, k inslanoed ky tlio BiliBofMof*' 
tality of NortoM, from the year t740 to tho ye«r ITM^and by the Tesnlts of Dr.' 
Aikin's observatioBs on the mortality at WiBu^nngUpn {in Iionoashbs) and tta 
ticinity, from the year 1773 to the year 1781* The a^rerage Tesnike'of thos^ two 
sets of observations, admitted as a nogle ojcperieient, are also brou^ into com« 
parative view in the following TaMes. 
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' SIXTH.— Ad iodattrioat observer and weH-infonned German writer, Mr. 
SuMmiloby has rapplied, about the middle of the last oeatury, very valuable docu- 
menfaconcemiiig the Mortality and the Decrements of life, in a considerable part 
of the PrussiaB dominions. From those data, tables have bften constructed, which^ 
as they are extenfively used in that conntry, will also form a branch of the compa* 
rative system hereafbr exposed. Mr. Sussmilch's Decrements, for Brandenburgkf 
ftc, may be considered as applicable to lives of the middling quality. 

fiEFSJVTfl.— A specimen of the Decrements of lifci under general circum- 
stances rather favourable than otherwise to its protracted -duration, and deduced 
fVom a series of correct observations upon an extensive scale, is afforded by the Re- 
gisters of Births and of Mortality in Siuden. Their results for a period of 45 years, 
ending with 1770, embrace with very few exceptions the whole population of 
that kingdom. Mr. Wargentin*s scientific reports upon that subject^ and in which 
the circumstances have been attentively discriminated as relating to the Male and to 
tiie Female lives in that oountfy, supply more authentic and satisfactory information 
eoneeraing human mortality, and ooooeming the classification of an entire popula* 
lion, than bad been obtained from any other quarter until that period. In 
consequence of distinct returns fbr the city, of Stoddiolm in particular, Dr. Price 
has made the remark, that ^ The Tables .for Sweden at laig«, compared with 
** those for Stockholm the capital, confirm in a very striking manner all that has 
«^ been said'of the difference between the duration of life in great towns and in 
** the country." 

The proportions of the decrements, resulting from the Swedish observations, 
night admit some modification, in order to render them quite applicable to 
countries under a more southern latitude ; considering that the progression of 
«ortaIity, throng the different stages of life, is in more or less degree influenced 
by the climate, even under the supposition of an equality in the absolute average 
^f forthcoming years. The Swedish decrements are, however^ and with the con- 
fidence to which they are justly entitled, frequently resorted to for calculating the 
values of annuities on good Uvee } and in our comparative representation of them, 
the distinction between male and female lives will not be omitted ; where it may 
fbnher be remarked, that the progression of mortality is sensibly less ropid with * 
respect to the latter sex, whose Expectation of life is therefore greater at all 
•agesy as appears indeed to oonetitute one of Nature's general laws. 
• 

BIGHTff.— Whatever general law may govern the gradual waste of human life, 
in a community of which the members are considered without any distinction of 
classes or conditions of health, it is evident that such law must be subject to a 
considerable modification with regard to any particular selection, either of the 
beet, or of the worst lives amongst the whole. Annuitants in general, and 
eepedally Stet^annuitaols, may properly be viewed, in all countries, as a select 

r 
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body of the former description ; and experience has abandantly. proved that the 
Decrements of life, amongst any collection of annuitants, proceed according to «: 
progression remarkably slow. The progression of those decrements might be.- 
ascertained in a very satisfactory degree, as regards this coantry, if the Govern-^ 
ment, together with certain incorporated societies to whom much valuable;, 
experience has doubtless been imparted, would publish the data they poss^s<( 
But such information being withheld, . the experience of 6ther countries. must bet 
consulted, towards supplying the deficiency ; and in the first place, there is to 
notice the Table of Decrements given by Mr. Kersseboom, and deduced from a 
^Register of Mortality kept during 135 consecutive years, with reference to the 
State-annuitants of both sexes in Holland. Although no distinction is there made,- 
between male and female lives, Mr. Kersseboom has remarked that the female 
annuitants have, amidst all accidents of age, lived about throe or four years longer 
than the males. 

NINTH. — Of the same description with the preceding are the Tables of 
the Decrements and Probabilities of life amongst the State-annuitants of France, 
as published by Mr. Deparcieux, somewhat less than a century ago. Those tables^ 
and the several deductions from them, may usefully be brought into comparison 
with the corresponding results inferred from the Dutch-annuitant register. 

• TENTH and laM,. — Subsequently to the works of other authors of any 
ndte, concerning this general subject, Mr, Duvillard of Qeneva published^ iQ;the 
year 1806, some amongst tke'results of his laborious and scientific researches on 
the population of France at large. • Having been supplied, under government- 
authority, with adequate means of information, embracing a very extensive 
portion of the French territory, the statistical data he has been able to collect, 
together with his deductions from them, are at present, and indisputably, admitted 
as more correct and exempt from objections than any other docun^ents existing of 
the same kind. In bringing into view the results of Mr. Duvillard's researches, 
comparatively with those noticed in the foregoing paragraphs, there are. sufficient 
grounds for assuming that they exhibit a very fair specimen of the law of 
Mortality indiscriminately applicable to the kingdom of France, such as it existed 
p^^viously to the year 17^0; and it is probable that, were our instiluticna in 
England such as to afford local information equally authentic and extensive on 
the same subject, very little difference would be found to exist between ibe iyfQ 
progressions, expressive of the Decrements of human life for the one country and 
for the ot||er. 

The correctne^ of Mr. Duvillard*s Decrements of Life may the more be relied 
on, as he has applied to them a very ingenious method of rectifying the itiacou*- 
racies with which an assumed Law of Mortality, derived from any course .ofob*^ 
fl^ryations, will probably be tainted, consequently to the casual character of tb^ 
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events observed in limited number. His method reduces the general expression 
t)f a correct Law of Mortality to that of a Parabolic curve ; in the equation of 
which the OrdinaUu represent the quantities of the living, at the respective 
ages represented by the Ahsdaaa, Without such previous rectification of any 
Table deduced from actual Observations, even a tolerable approach to accuracy 
in the ultimate results^ referable to Tory advanced years, and expressing the 
Expectations of life, together with the values of Life-annuities, could only in 
vain be expected. In fact, Mr. Duvillard's Table of Decrements, is the only 
one tn existence that may, in any degree, be depended upon for that purpose. 
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w.ofii 

W.T48 


41 :6m 

47-*80 


1 
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41.379 
4a.91T 
4«.S70 


4a.tw 

44.814 
44.97J 


SS8 

44,473 
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4S.(84 


44.(60 

41.JJ0 
VMS 


si 

40-908 


4li8* 


;i:S 

40.199 




38^7307 


18.111 
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3«W 
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IS 

34:4U 


Is 
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u 
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38.443 

3t!oo9 
3a.«94 


ii 


3e.esg 
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14.290 


»r.oo6 
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»4:»i5 
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IS 

31,908* 


3J.B71 

13.B7B 
3S.700 
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IS 


IB 
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U.4U 


a4.afia 
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34.3M 

38.gii 
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S;S: 
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li.53S 

30.005 
10.469 
29.0fi3 


11.761 

10!S47 
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30 
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1S.838 
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si 
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»)J04 
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eB!oH3 
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ii 
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24.900 
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TA3L£ (No. III.) — Of the Values of Annuities on Single Lives, at each age, 
accordmg to viirioiis systemg of the Decrements and ProlabiUtiee of Life as staled in 
Table No. I. ; those values expressed by quantities of Years* Purchase, and asceftuned 
upon the principles referred to in Section XXVII. { admitting as a Si^mdMrd Rmie of 
Perpetual Inter^t that of four per centum, to accrue by fullyemrhf instalments, — and 
the Annuity to be payable at the expiration of each succesnee year^ until the last 
accomplished previously to the demise of the annuitant. 



^ > 






1 

2 
3 
4 

5 

6 
7 
8 

9 
10 
11 
12 

13 
14 
15 
16 

17 
18 
19 
20 

21 
22 
23 
24 

25 
26 
27 
28 

29 
30 
31 
32 

33 
34 
35 
36 

37 
38 
39 
40 

41 
42 
43 
44 




••• 



18.24246 
18.55893 

1874921 
1837658 
18.95347 
18.99571 

19.02190 
19.00758 
18.94924 
18.84375 

18.73423 
18.62049 
18.50233 
1837954 

18.27496 
18.16664 
18.05439 
174^3804 

17.84073 
17.74037 
17 63682 
1752994 

1741^57 
17.30556 
I7:i8773 
17.06591 

I6;93990 
16.80952 
16.67454 
16.53474 

16.38^89 
16:23973 
16.08401 
15.92245 

15.75474 
15Ji5586 
15^864 
15.13266 

14.90746 
14.67254 
14.42739 
14.17147.. 



Pi 

r p w 

o 



16.820 
17.719 
18.344 
18.780 

18.927 
19.045 
19.131 
19.162 

19.151 
19.109 
19.041 
18.952 

18^840 
18.707 
18.568 
18.424 

18.290 
18.151 
18.dl3 
17.872 

17.725 
17.573 
17.414 
17.252 

17.087 
16.915 
16.751 
16/588 

16.427 
16.261 
16.104 
15.941 

15.787 
15.62^ 
15465 
15.278 

15.070 
14 854 
14.629 
14.401 

14.185 
13.994 
13.798 
13J^96 






16.503 
17.355 
17.935 
18.328 

184(03 
18.622 
18.693 
18.725 

18.715 
18.674 
18.600 
18.491 

18.378 
18 246 
18.105 
17.958 

17.803 
17.643 
17492 
17.335 

17192 
17.042 
16.887 
16.742 

16.592 
16-436 
16.274 
16.105 

15.930 
15.751 
15.575 
15.395 

15.208 
15.014 
14 812 
14.601 

14.382 
14.154 
13.916 
13.668 

13426 
13.196 
12.984 . 
12.763 






11.61829 

14.74285 
16.51642 
17.47403 
17.96071 

18.17773 
18.2.3890 
18.20941 
18.12684 

18.01340 
17.88230 
17.74155 
17.59600 

17.44876 
17.30112 
17.15438 
17.00904 

16:86524 
16.72295 
16^8201 
16.44214 



... 
... 
... 



15.74696 

... 
... 
... 



15.02106 

... 



14.21380 




13.28559 



. .. 
•#• 
■ .. 
.... 



1032794 

13.46627 
15.63361 

16 46262 
17.01059 

17.24906 

17 48276 
1761222 
]74»6320 

17.62599 
17.52522 
1739440 
17.25244 

17.10497 
16.95169 
16.79£29 
16.62651 

1646382 
1631112 
16.16912 
16.03543 

15.91414 
15.79966 
15.68269 
15.56300 

15.44054 
1531518 
15.18697 
15 05549 

14.92119 
14.78350 
14.64234 
1449771 

1434946 
14.19742 
14.04148 
13.88147 

13.71724 
1354860 
1337541 
13.19743 

13,01842 
12.83904 
12.65804 
1247260 




16.791 

16.882 
16.882 
16.791 
16.698 

16.604 
16508 
16410 
16311 

16.209 
16105 
154)99 
15.891 

15781 
15669 
15 554 
15 437 

15318 
15197 
15073 
14.946 

U.816 
14.684 
14.549 
14411 

14.270 
14.126 
13.979 
13.829 

13.676 
13319 
13359 
13.196 

13 028 
12.858 
12.683 
12.504 



*^ J? «♦ 

• 9g" 



••• 



16.2 
163 
164 

164 
164 
164 
163 

16.2 
16. 
15.8 
15.6 

15.4 
15.2 
15. 

14.8 

144^ 
143 
143 
14.1 

l4. 
13.8 
13.6 
134 

13.2 
131 
12.9 
12*7 

12.6 
124 
123 
121 

11.9 
11.8 
11.6 
113 

114 
11.2 
11.1 
11. 



I 



8.05935 
7.C9096 
7.35019 
7.piB69 

d39375 
6 08366 
5.79394 

5.32183 

4.9^546 
4^5225 

4M972 I 
4.106X0 
3.83448 
3.59617 

3.36953 
3.16395 
2.93934 
2.67866 

2.42422 
118465 
1.97716 

i^roso 

1.44602 
1.18743 
94061 
71191 

0.48077 



7.566 
7.352 
6.930 
6.596 

6.253 
5.897 
5.564 
5.261 

4.998 
4.792 

4..')82 
4.367 

4*145 
34»13 
3.668 
3.402 

3.145 
2.905 

2.699 
2.559 

2.$52 
2.518 
2.431 
2.294 

2.108 
1.873 
1.628 
1349 

1.071 

0.799 
0.544 
0.330 



8.241 
7950 
7.669 
7.382 

7090 
6.792 
6.489 
6.201 

5.9.13 
5.670 
5.418 
5.180 

4.940 
4 724 
4.487 
4.253 

4.024 
3.76t 
3.511? 
3.360 

3.017 
2792 
2.600 
2.473 

2.371 
2.281 
2.154 
1.955 

1.698 
1.417 
1 154 
0.835 

0.477 
0.240 



11.02642 
10.76184 
10.50375 




.err* ^ 



10.24205 
9.97514 
9.70936 
9.43912 

9.16682 
8.8928« 
8.61766 
8.34165 

8.06525 
7.78B82 
7.51307 
7.23816 



6.96465 
6.69298 
642364 
6.15723 

5.89566 
5.63459 
5.37974 
5.13002 

» 

4.88619 
4.64913 
4.41988 
4 19975 

3.99034 
3.79371 
a.61249 
3.45006 

3 31080 
3.20(B6 

3.12498 
3.09187 

•3.10564 
*3. 16162 
•3.23293 
•3.24895 

• 

3.08870 
2.92992 
2.77258 
2.6167& 

2.46296 
2.311Q9 
2.16129 
2.01390 



12.28355 
12 08921 

11-88995 
1168556 

11.47585 
11.26490 
11.05734 
10 84966 

10.63788 

10.42197 

1020191 

9.97771 

9.74937 
915 1692 
9.28043 
9.03998 

8.79572 
8.54781 
829132 
8-03096 

7.76161 
7^48817 
7.21094 
6^3037 

6.64708 
6.36185 
6.07580 
5.79038 

5.50764 
5.23040 

4.96265 
4.71022 

4 46743 
4.19787 
3.92173 
3.64386 

337766 
3.12192 
2.88716 
2.70840 

2.54364 
2..39339 
2 25156 
3 13157 . 

1.96769 
1.75819 
1.47388 
1.17152 

0.82703 
0.53008 
24038 . 



12322 
12.135 
11.944 
11748 

11.548 
11344 
11. 135 
10921 

10 702 
10478 
10.248 
10.011 

9.773 
9«527 
9-275 
9.017 

8.763 
8.482 
8.205 
7.921 

7.631 
7333 
7027 
6J14 

6 394 
6.065 
5 728 
5.383 

5.029 
4.666 
4.293 
3.912 

3.520 

a.iii 

2.707 
2.284 

1.850 
1.406 
0.950 
0.481 



^2 2 



10 8 
10.7 
10.5 
10.4 



Age 



CotUiHti^d, for tlie 
populat. of Fnutce 



1.B6887 
1.726/7 
l.d8733 
1.45149 

1.3)998 

1.I9()|3 

l.u67iu 
0.94615 



• Thii iiVbernipuoii of (he decreasing values is ^counted for in a note to Ae preceding page. 
' Cif.^ Il.^-r- When tbe rate of Xni€re$t is other than 4 per Cwt, the difference in value is sscer- 
the rule given in Sedion XXXIV. ' 
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TABLE (No. IV.), of the Valubs op Aknuitibs during lh« Joint eoNriaacnn of t»o Hve*, 
according to varknu systems of the DecremtfntR and ProbabilitiM of Life as stated in Tablk 
No. I. thosevalaesexpreitedby quantities of Years' parchafe; admitting as a Standaid Rate 
of Perpetual Interest that of /our per eentitm, to accrue by full yearly inatalmenU,— ai»d the 
Annuity to be payable at the expiration of each successive year, until the last accomplished 
previously to the fiulure of either of the lives. 
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FiBBT Part; — Referable to Live* (if tivalar age*. 
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eferabli to Livtt of differmt agn. 
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Second Part continued: — Lives of different ages^ 

AccordiDg to variom STBtems of the Decrements and Probabilities of life. 
Rate of i&tereaty fmr per eent» per annum. 



1 



T 



ilgea. 



^-10 
15 

£0 
. £5 

IS 

'40 
«5 
SO 
55 
60 
65 
70 
75 

10-15 
<80 
<5 

30 

4o 

45 
SO 
i95 
00 
05 
70 
75 
80 

15-CO 
S5 
50 
35 
40 
45 
SO 
85 
00 
05 


60 



By 

tforUismpUm 

register. 



t 



40 
40 

05 

70 
75 
80 
85 

S5-20 
55 
40 
45 
50 
85 
00- 
05 
70 
75- 
00 
86 
90 
95 

30- S5 

40 

45 

50 

55 

00 

65 

70 

•75 

'80 

-85 

•90 

95 



13.9SS 

13^479 

18.093 

18.033 

18.880 

11.738 

11.150 

10.500 

9.748 

8^1 

8d011 

04^ 

5.708 

4.557 

13JB41 

13.355 

18.998 

18.S60 

18.098 

llj;i3 

10.651 

10.085 

9.856 

8.314 

7.880 

6.008 

4.785 

3.517 

18.061 

18.630 

18.846 

11487 

11.834 

10.607 

9.878 

9.077 

8.170 

7.187 
5.033 
4.^ 
3498 
2.408 

18.889 

11.873 

11.445 

10.984 

10.330 

9-630 

8.869 

7*995 

6.966 

5.886 

4.619 

3.443 

8.431 

i.704 



10.948 
10.490 

9*999 
gt.3Bl 
8.619 
7;.«>8 
0.844 
5.789 
4.507 
3.400 
2.411 

1.236 



By 

Mr. DeinolvreH 
hyputbesia. 



«• 



13.093 
18.808 
18.480 
18.108 
11.065 
11.156 
10.564 
9.871 
9.059 

3.105 
.9BO 
5.658 






18 593 

18.881 

11.981 

11.501 

11.013 

10.440 

9.707 

8.975 

8.041 

6.934 

5.083 






18.051 

11.711 

11.314 

10.847 

10.897 

9.048 

8.879 

7.967 



5.590 



■ • 



11.408 

11.093 

10.655 

10.131 

9-509 

8.766 

7.88O 

0.886 

5.551 






10.838 

10.488 

9.936 

9.345 

8.634 

7.779 
0.748 
5.505 



By London 

register, 
1788 to 1737. 



• • 

• • 

• ■ 

• • 

I8.7 

18.8 

11.6 

10.9 

10.8 

9.6 

9.0 

8.4 

7.8 

7.8 

0.5 

5.8 

5.1 



11.8 

11.8 

10.6 

10.0 

9.4 

8.8 

8.8 

7.6 

7.0 

0.4 

5.7 

5.0 

• • 

• • 

10.8 
10.3 
9.8 
9.8 
8.0 
8.0 
7.5 
0.9 
6.3 
5.7 
5.0 



10. i 
9.6 
9.1 
8,5 

7.9 
7.4 
6.8 
6.8 
5.0 
4.9 

• • 

• ■ 

• • 

9.8 
8.8 
8.3 
7.8 
7.3 
6.7 
6.1 
5.5 

4.9 

• • 



Ages. 



.15-40 
45 
50 
55 

60 
65 
70 
75 
80 
85 
90 
95 

40-45 
50 
55 

60 
65 
70 
75 
80 
85 
90 
95 

45-50 
55 
60 
65 
70 
75 
80 
85 
90 
95 

50—55 
60 
65 
70 
75 
80 
85 
90 
95 

55-00 

65 
70 
75 
80 
85 
90 
95 

60-65 
70 
75 
80 
85 
90 
95 

65-70 
75 
80 
85 
90 
99 

70-75 
80 
65 
90 
90 

75-80 
85 
90 
95 

80-85 
90 
95 

85—90 

95 

90-95 



By 

Nortiianipton 

register. 



10.196 
9.706 
9.110 
8.4^ 
7.669 
6.747 
5.063 
4.516 
3383 
8.398 
1.688 
0.835 

9-381 
8.834 
8.8S1 
7.490 
6.614 
5.571 
4.457 
3.349 
8..I79 
1.679 
0.835 

8^503 
7.948 
7-874 
6.453 
5.400 
4.380 
3.306 
8.356 
1.608 
0.834 

7.593 

6.( 

6. 

5.306 

4.885 

3.847 

8.388 

1.651 

0.833 

6.659 
5.980 
5138 
4.171 
3.180 
8.S84 
1.633 
0.838 

5.658 
4900 
4.081 
3.098 
8.834 
I.6O8 
0.830 

4.573 
3.8O6 
8.965 
8.163 
1.575 
0.888 

3.471 
8.757 
8.048 
1.515 
0.884 

8.446 
1.B50 
1.413 
O.8I7 

I.6O8 
1.878 
0.808 

1.054 
0.187 
0.177 



By 

Mr. Deinolvre's 
hypothesis. 



10.157 
9.7O8 

9.149 
8.476 
7.658 
6.668 
d.45u 



■ • 
• % 



9418 
8.911 
8.ve3 

7.510 
6.556 
5.383 






• • 



8619 
8044 
7..'W« 
6.485 
5.300 






7-788 

7.091 
6.S5B 
5.193 






6.781 
6.036 
6.053 






5.730 
4.856 



4.571 



• ■ 



• « 

• t 

• « 
*• 



By Londrm 

register, 
1788 lu 1737. 



8.5 
8.1 
7-6 

7.1 
6.5 
6^ 
5A 
4.8 

• • 

*• 

7* 
7.4 
0.9 
6.4 
5* 
5.4 
4.6 

• • 

• • 

• • 

7.1 
6.7 
6.3 
5.8 
5.3 
4,7 

• • 



6^ 
0.1 
5.7 
5.8 
4.6 
• • 



5.5 

5.9 
6.1 

4.5 

• • 

• • 

5.3 

44» 
4.4 

• • 



4j6 
4.8 



• • 

4.0 

«• 

• • 



ZdMti, 



SOLVING THE QUESTIONS THAT DEFEND ON 



Compomiiti Stitmilt, 



ACCRUING BiTBBR ANNUALLY, HALF-YEARLY, oa QUARTERLY. 



B 



RATE or INTEREST: 3 per Cent. per Ann. COBBESFONBINO VALITE or 



r 


RATIO qr IHTBREST; 


BATIO <ir INTEREST: 
BiLF-TMJHtI.r, 0.0U. 


RATIO flriKTERBST: 

a[r.AaTSScr, 0.0ns. 




ffiSSf. 


AMuHy. 


J.-.X'. 


Improved 


CaiBDlated 


i:X 


SESf. 


CimalMcd 
Auuiity. 


™x 




1 


i.om)W 


t.<mM*ooo 


(LfiJOBT* 


I^"«. 


ojooi'ooo 
i.a6ii'«oo 


o.wTe« 


11 


CSMJOOO 

i).7ua3gt 

IJIIISDIM 


0.9B13S 










;:i: 


i.<«8m 


i-ttii'm 


i^ioo 


l/UBoaBT 

i.o(ii»9eg 


J!M»4mI 

SB 


i«M(to 






i.c6v*oao 


sjww'ooo 


tilM TO 


i^ijM 


«^MT 


i«in BE 






ijoia'tio 


sjvwW 


MW8W 


i^'i'aw 


f^rsu 


c^uu 






ii 






lisu'dm 


«.i.mVo 


s-rn'oBB 




♦.eisi'idfl 


s-«wio7 
3.i4ig 03 


i;is69l«i! 


*!»j»7n 








'.'.','. 






I.1M^W 


*.n96'flM 


4.WWB9 


!:Sg 


vB'i 

5.T728 Ot7 


'3.9WeM 
4.I[M7 9a 






l.i8»«V*l 


a^i'MB 


*J™'t07 


l.l(i»'»09 


fljiiiW 


4.6110 S3 


iMeu Ml 


ri^^sj 






i.i»»o's«s 


6.^-m 


e^Tifli 


1.19^-« 


s.oJiii'jK 


S.oiusg 


lilllSt 1» 


3J«3]CKIS 

G.S4;t lie 


43Wr 00 






l^T» 


T-Sau'ca 


(l.i»'E8S 


i.£1u'ki 


T'liM'l4B 




i.aouess 

1.S144 OT« 

i.aa3S3u 


6.a46t no 

.1473 B77 

itWoaS 


iSIS 






iMn'm 


8^'sto 


Jjj^'fl9« 






fl.e7'ifl IT 




B.eBB5*M 

8.00)7 073 


;ii 






ijmtVm 


lo.ugKXi 


T.TB8"l09 




B.«JJsm 
to.M«'«e8 


TiAao 


litBCK S43 
1.1^ 036 
l.Sin6 4M 


9.3S>e 331 
DJitllMfl 
g.SG3tM! 

lo.ras 173 


ii 






i-siig'tM 


11^ "wo 


siio'ios 






a.tuoN 


l!32S]4afl 
i;m1B466 


lo.Sia 3<o 

10.»M1»3 


'^l 






iJBw'saB 


uww 


flilK'SM 


ijns'w 


wiis'soi 


DJIM 11 




U.Sff5 £U 


B.9TMSa 






i^6i)B 


ifciie'ow 


9.9m'o>» 




iMism 


10*015 M 


jjwaTSB 

1.44in407 


Ii!a7i447 


iSsi 

1DJM4W 






iJiiw 


ifliiTW 


loItoiflS 




ifljjjraig 

l5.TSfl"i)M 


mmK 


I.44SI *09 


li!oU9 161 

la.iai so* 


Kiss 






l^'tSW 


wiii'sM 


li^WOT 


I^'ODE 


lfl.w"M9 


ii'sjisd 


l!li)70 3M 

].ai93 laj 


ii 

11.319 CT3 


!i:SS 






i^V* 


l«J»'9l* 


n'^W 


i-MwW 


IT-Wa'sM 


U-'OOTPS 


iSs 


17.699 170 


UJ60IB 

11. JK BO 

u«3 9r 






i^'ofl* 


to'^'aa. 


uiiii 10 




m.m'im 


UJ«3« 

is^sr 


1.97T4I3G 
IJSllIBM 


KIS 


"is*" 

1S.S70 0* 




1 


i.a»M4TS 


ii 


IS.lfifl u 

i*irrT*7 


11 


ssSt IBS 




i.66aiiM 


111 


14.441 33 

l4.vog 61 




« 




ts.ers4s6 




l.aMB4TI 

ligniiee! 


M-TWaiO 


15.WM 


i.eTst oao 
ligsBSagi 

!.M8B«W 


e9.10fi 731 

Sis 


13.338 « 




IS 


t.<«nTT9 


XMt^ 


^T..W 13 


= .!««*« 


H^U* 


17.499 B3 


S.I110 asg 


n-03eis8 


1TJ4160 





rSBFKTVa, STOCK: Sp.CIOOj 3^ ;i.C. 116,6667, ip.C. 133,3333, Sp.C. 166,6Cer. 



~" 


aATIOflriNTERESr: 










^INTEREKT: 






AmsnjLLr, o.o». 




reotr, 0,0073. 




DiMcoatcd 
PntKipKl. 


AnncUyfe 


BMioot 
Aqi>«1L). 


V""^. 


AnnoUyfc 


Annuky. 


Pr™i^. 


Annuity fO 


zr;. 






aSITOBTST 


.i:„ 


I.MOO'OOO 


o.gus'm 


a-oiiJioo 


LOMft'sM 


Si 

o.inosMi 


olseaesoo 


liouasoo 






;::: 






o-wsim 


WiW-«fl 


o,flMr"'95e 


o-BMsas* 


JSgS 


:sg8 






cmi'm 


o.^-x«> 


oJEWS'ioe 


o.imi'mi 


0.«8Bb'b9I) 


OJl'wV 


oiwig T*« 


oilBTO^ 


o:«i7o ^ 






<M.iii"«T 


„^-^ 


OJMj'jM 


o-gsKM 
o.gitf'ui 


o.S8Bi'wi) 


O.UUM 


0.034S6M 
0.9580 OSI 

::SSS 


o!^u£ 

O.]30«018 
0.3190 099 


o.3ea«o3s 

0.319BOS9 






.... 


o^'wo 


(wftioVc 


D-smo'cS)' 


asiil'eu 


o^Msi'ie) 
o-ajfr*! 


C..BM9 7M 

ojeja 17(5 


ss 


o;3oa)4i9 






o^'we 


(uasJ'Me 


Miw'w) 






o.m»b'ib6 
o.nfl^-Ge3 


o.ofiii ugy 


o!i!i6iie(ie 


0,1514 9CS 
0.«Jfil IM 






:::: 




:::: 


oMa'is! 


o.i6m'wt 


0,i9a5'877 


0,8*47 790 


o,i«9 oa9 

0.13!» 938 
0.13*7 390 


o.aW3 en 

0.UW390 






&ni«*au 


0.»i8'(IT3 


o-isiaW 


IMB6JV* 


o-iiiiW 


0.1Mi'fiOO 


olaMB^s 












oj^Vo 


ci^^iOT 


O-ITW'SOT 


o,aiw 1(7 


0.1460 6Sa 

oIJSStI 


3i 






cauo'su 


o.iios'M» 


0.i6m'oB 


o*m'«9J 


0.1«i'4» 


0.1S9i'*5fl 


O.U89 14fl 


0.1389 140 






o-TaJi'oiw 


OAiii'se* 


<i.t«i'»* 


0.TW8415 

o.Teeo'jio 


o-iija'aaB 
o.iiis'sos 


o-iwW 
o.uu'sot 


csosiBoe 

Si 


ciugsag 
0.119s 9* 


0.1339 089 
0.1493 903 






o.Ti9M')er 


owi'MB 


o.i«tti'sae 


O.T6i'llfi 


o.iMrs!» 
oxgie'ite 


o.ijir"i9s 


oiTWB 801 


o,i07t BI9 
0.10JJKI 


0.1H11«» 






Miiim 


wwi'sos 


o.ii«"»j 


MMIS'OT* 
o.I*»('tm 


0.086* '91s 


o.i«iV"i6» 


0.7iB4 6oa 
0.7H8 IM 


oiogia 663 
OJSGI aw 


oiiiei «W 






o-TiJi'ni 


(muw'tt* 


moso'tt* 


o.liaa'ete 


OjHi'ilo 

o,oni'o66 


O.IU7"sio 

o.iw;"oa6 


O.T361 m 

0,7S06 474 

oItibb 093 


0.(SM9JI 

0.0013 7B1 
0.0791 733 

o/jno;oo 


0.1136 911 
O^IW 734 






o-Tou'nB 


o.«*ifl« 


Cli^'flSl 


o.lloa'sn 


oxeii'iet 


o-idu'eis 

0,08»'«B 


0:7091 MO 


0,0730 6oe 


0.1090 008 
0.JW39B 

oio993 4as 






oAij'sis 


o-ooi^'w 


0,(I»m'£!» 


oJlaii'aie 


a.od6i'tB» 

O.O6M*ei0 




o:ei<u4sg 


MS 


ill 






ojiii-m 


■MHu'aas 


(kows'iea 


ojsiig'm 


0,0*06 'soa 
o^DSad'on 


0.oiw'so5 

o.oawW 


o.G7fj)!Mi 

o.enBBM 

oiUMOTW 


Si 

0^77391 


0.0917 410 

o!oe9ot42 

O.OS7T391 






oJus'aw 


(l.0M7'(M« 


Mwi'dW 


•xswr'au 


oMsi'sia 


oj»m'j76 


0J3U] 7BJ) 


S:SS 

o.Wi 491 


S:S^M9 






ojtti'"(ie9 


».d^-.te 


o.rfii-.oa 




O.Otpi'M« 


o.oiT«6 

0,0791 MB 


0.S»9 4S1 
o^eiil 

0.8198 (ht7 


0.0319 349 
O.OS09 U8 
0.0*99 084 

o.oiag £31 


D.OG19 s>g 

0,0789 231 




IT 

to 


O-OoMiSt 


0.0398 I» 




oismgaw 


D.OtU«» 


ss 


0^10394 


oiosGSTra 


0.0733 08T 
o.o7Si oti 

0,0092 40B 

0.0666 728 




M 


ss:s 


ooweisD 

0.01(»*M 


Si 


o.suasgi 
0.SIB3 goj 

OJMUKT 
0.4B33 Sir 


oiuiHsoe 

0,0305 OU 
O.D«OT KW 


o.oflosou 

0.0507 M) 


0.iSja4M 

0.4BB0^T 


il 


O.OStS363 
O.odomij 

0.01)80 008 




'" 


o.*7T«oaa 


i)jia*n9 


o.os;4CTfi 


oMioon 


o.oeri*M 


0.0*71 *»* 


0.4TJ6 1W 


o^mooor 


0.0370 007 





HATE or INTEREST : 8 per Cml. per Aun. CORRESPONDING VALUE o 





RATIO ^ lUTKB 


EST- 


RATIO qrlHTBRlSF: 










s 


AHNVALLY, 


«. 


HAU^TEAALr, 


OJWS. 






Principal. 


ADB.lIy. 


Annulljr. 


'^i'!::,iii. 




AoDUity. 


iSSci^ 




ValHof 
AluMUr- 




A...U,. 


""■«'■ 






1.1369 (IIS 

1:3 1 


saJssoM 
«0.109 6h 

U.«10B»O 
41.973 «IS 


T.S76M 

a.3e7 03 

Si! 


S.ieaa 734 

1.13*4 ?rfi 
i.443sige 




JT-964S7 

19)11777 
19-690 19 


1.1T» )M 
1)3791 7*9 


S:SiS 

43.637 16V 

43.W1499 

4SJ78»rO 


!9)toS 




i 




».00«a7B 

III 


fi.«ii n 


I JITO 661 

i!au4 66s 


soJ6«Bro 

111 


10,^6 09 
»i;*77 44 


5SS 


30.a9I6*3 

lis 

61)S49133 


10,139 Bl 
S0-3M44 

-lis 




1 


3.01 a MS 


7S,401 «« 


sis 


1.9111 380 






Isl 


64.4»T8Sa 

76)S£w 


si-9»TTr 

91,94* 31 
13-14a4T 




i 


JJi7l»5«J 


w.otmoB 
gg.Tig b6i 




3.3901 131 

3.7069 OJl 


79*0 769 
06)603 101 
90.ISO 141 
93-964 990 


III 

14.604 93 


3-4019 636 

5)6133 414 
3)8380 431 


80.189 431 

83-619 910 


13.34143 

13333 64 

mi 




i 


*'Uw "" 


iM.Moea 
1H.79 «BJ 


III 

ES.7«9 16 


S.9S*JT6l 

4.033f 917 
4.1736 OU 

4!4310 436 


IJl.n 6K 

iioioe 714 


14.86100 
W,109 3T 

is'jasos 

M-B11S9 




I9.fitlM 


14.904 09 

ill 

19-893 91 




M 


«!6NeU« 


IM.M joa 


asr. 

S:S§8 

16.774 43 


4.3660 041 

4.70*0 116 

::SS 

3.i*s3 6ya 


118,88 880 
138,11 899 


16.493 08 

16.636 Ht 

i6.BaiTi 


4,9918 869 

9.1790 AM 


119.W SS6 

l»4,IIi37 
119.13 606 

139)16 734 






I 


S.7C00 0S0 
».8<.lfl Ml 


iji.is m 

i6s!ussu 


11 s 


3.!D90 3« 


SIS 

ISIS 33 


!T,04«8B 

sis 

e7.T49ia 


a.33ioi6s 

6)oogi S16 


166)1? Ill 


iT.oaieo 

17169 88 

lis 




1 


6.6110 MS 

6,m!»«iri 




'S7.e»36 

SB.000 14 


ISis 


171.63 ei8 
177-69 409 
184,13 TIO 

190J1 S* 

197 -96 809 


CT.91S 09 
M,41.69 


6-1914 643 
6J79JOB4 

6-9777 313 


ills 

191.40 BS8 
199-13 771 


S!SS 

n.Wi 97 




65 

Or 

1 


Si 


W1.16 m 

«DB-1B 76i 

I.»:»9«o6 


ia.393 04 


7- WTO 308 

7!3749B43 




eB,66l86 
^.799 66 

«9-o5l 99 
sw.isr 30 


T,189*]0t 
7-4073 917 


SIS 


W-69S90 




e 
1 


9 JIBS lie 


IIS 

ns.6soe3 




9!oM7 BB9 

9,330) SUJ 


171,66 434 


19)41701 
19,»n 61 


9)4084 146 


£44-94 1T9 
1M.»439 

wo-iao<9 


ill 

89-790 41 




Jfi 

s 




saiiaoEoa 


III 


9,6113 +56 

9.9030 S4| 


306.74 689 

si?;" SI 


19.869 04 

iSi 


9,6936 983 
9.9879 611 

iS)iSIS 

W-9M9W 


ii| 


Hi 

30.189 63 

30,181 to 




8* 


10,960 IIT 

IISS 

11-976 *U 


377^695 


J0.19I01 

£:SS 


li;491934 
11.R40 3OI1 


336,31309 


lii 

30,660 83 


11,689 613 


j^)ssrf 
S?)^JS 

sa9J«7« 


30-17104 
30,7097s 




8B 


li.TM TBO 

i;:SSg 


S90.i9 2fia 
tl3.9B My 
«9.*6*y3 

44.1.MBP0 


30'.;Ba 57 
30.»flu4« 
30,031 4a 
.11.001 41 


11.946 7M 
14!sW3fl7 


S9a,ii391 
4S4.T0 SST 


so,758 6b 

J0,8S4 1I 


ls)46T139 
14)196611 


401.39 668 
41SJS7 316 

ilS 


S0.7B3 10 
30.848 a» 
30.M1 08 
31.001 81 




!M 




457^937 

4B7J3TO1 

ioj.17 971 
sm.irr SOS 


31. em 33 


IS.Oli 180 
19.419 S16 
1B.94T 17B 

16.419 "M 


467 JO 600 
481,64 367 

S:SB 

330.89 846 


si) 179 9! 


ii 

1T)i04 9IJ 


4T156 3O0 

910.04 144 
336.83 «9 


31)101 7T 
31, (64 53 




96 


n.0!3M( 

iS.tia ess 


3s3.ai> oie 

M!^969 

noJl 346 


31.49S ta 

3iJM0n 

SIJ9BHI 


11 


tS:!iJ; 

381,37 6» 


si!3e3oo 


17-643 861 

3£ 


5« 

609-13 668 
618.J3 ITS 


ii 

31.604 16 

31.669 06 












- M.M]» 





























PERPETUAL STOCK: 8p.C. 100; 3^^.0.116,6667; 4p.C. IS3,SM3, Sp. 0.166,6607. 



DiscantiUd Aanahy foi 



ijerws 






0.00T3 4gi 



0.OM1 Ml 
0,0*73 El 9 



oja;6 SM 



o,4Sio 6eg 
o.*4ifl 4ig 

OJJJE BIB 

o.3Ke 16a 









0.0497 TSO 



1.036! S76 



0.360J( 49* 






oijeie a 



l!oil4 708 

1.0110 oei 

I.OIOS TO0 



I'OOMIM 
I.0DM89* 



ojMMni 
0.0419 n» 



0.039T 878 



ojovi »i» 



0.0319 <M 



RATE OF INTEREST : 3^ P«^ '^^ P"" <**"■ CORRESPONDING VALUE or 



1 


SHNUALLT, OMa. 


BATIO «r IMTEaeSTi 
BALF.TEARl.y,a.nf>lS. 


RATIO i^INTEBEST: 1 
QUABTERCr, O-OOeiM. 1 


Imprond 

Princlpul. 


^-^ 


Addllly. 


SKSf. 


o-nuwd 

Annotty. 


Annnily. 


Pr£clp»l. 


AniMliy. 


Taloeof 
AM-lt,. 


i 








i.oits'aoo 


0-5000*000 


o.;i^os 


!:SS 

(.0349 716 
1.01)8 »B2 


O.S0J0 91S 


osmas 


I 


i^'o«) 


i.«^*000 


0^*» 


I-OMTM 


i-cou'au 


o-^'ei 41 


il^siat 




1.065^ "msj 


t^iu'ooo 


i^do 


l-OMBoifi 


l^Mw'oTO 

E.owt'a(u 


i.»jij IB 


1.041! 905 
1-0197 MO 


si 

S-OnS087 


ii6!M4M 




I-IOOTOM 


ajwiifis 


t^UOIO 


i.iois*4i8 


<Je»BU 


>.^ao 

«i^07 


1:SS 




£.l6l« «S 

i«79 9e 




1.1SMT69 


4.19W'«»S 


SAwn 


l.li»(*4B0 
l.lJrt'390 


».a7"i»"ei9 
4-siw'4ag 




i.iiSW S67 


1-97W769 


9 J.7O » 
1.7967 14 






tt-ssflr'sa 


4iifi W 




4.ao»'fiM 


4.uai 4s 


i:SS 

1.1796 IW 


S.4I»*1B9 


si 

4.5977 11 




Lwia^W 


8.(WBr4e7 


sirwKo 


j.iw'ow 


S.9fi9i*«45 
8j>6M*8a(l 


4.g9M66 
3.41U9 


liatuenr 


9.6999 J79 
5-8996*90 

6.Z943 30S 

6J1995019 


9.«si4 1« 




I.M09W 


t-tJoaW 


K-iVii 00 


i.MJi'(Jn 


7.lJJo'(KIT 


6.nww 


l-tEtf KM 
l-Wll BW 
1-1441 9W 
1-M41019 


T^u6an 


Sjua9 99 
6^389 09 




i-wis'm 


8.ilH0*I« 


0.»6>' «T 




8.4{6f'ui 




i-aS44a9i 
i-m? §1 

l.S99t6e3 


8!4M4 951 

8-7711 «74 
8.0944 091 


T.OIB6I0 










l.Jl«*»6 


Q-Ioii'lDS 


T.iiso 9t 


1.9060 948 

i.ii6r oas 


8.41B101S 
g.I*«8M8 


ill 




l,3Su'a38 


wioi'w 


T^i« 


l-Mffi'M* 


io.JnW 


7.7491 67 


i:j39i9« 


lolw^su 




i.gfwW 


..ii',« 


B-uiiss 


t.ue3'4ea 


.,^-o» 


s.im Bi 

8.479* TO 


1-ls 


ii 


7.9SU78 




i^ifl'4U 


le^j'OM 




1.4^ W 

i.4«M4Tfl 


l!.J9i*4M 


8.8198 ST 

9.1-^ 05 


Si 

t;4e76 B07 


SSI 

19.199 332 






»^'4«a 


i*.J9»*f8J 


9W0 77 




i4iM*ogi 


9.Mi"t 14 
9-0711 06 


1.4^867 


11.876 Mfi 






:::: 


;": 




l^"«38 


laifo'wo 


io'caS47 


1:SS 


14.979497 

15-949096 

19-719 779 
16.0B7 41» 


IO.(F74 0B 
10-198 as 




uiu'siB 


U^-lM 


KMiSego 


lJ»M'fl84 


i6.ow'4it 


10^ » 


1:SSS 


I0J68tl 




iJiiwt 


iTJre'ew 


iitioj w 






10^8* 


111 


MS 

17.M9 1B2 

17.639 191 


iiiSi 




i^'iS'as* 


IB^V 


hItmjo 




t8.MsVB 
W.i»'«44 


ll'iwB 
uItw ei 


1-9860 6is 

i.ew*i 


!i:^?66 

i8-8raeo3 


UJ«4« 

iiii 




i^i'tm 


W^'lM 


WISMW 


i-fiiaaai 

lJ(f»'llB 


i9«w"4eo 

M.»li'(i94 


it'.ioi 17 


i.6M«igG 

I.691S 909 
1.6619693 
1.9784 WK 


19.698 147 

lii 


11.9B7 9* 


i 


l.T«3 881 

i.TTM«8 


wiw 71s 


. It.Oll SB 
14.JW M 


:.8**1 056 


27^ M? 




if 


«.e7*9in 

S:!S!S: 

18-015 B90 


I9-0nflB 
11-986 9* 


i 


ii 


S1.*!T M* 
3S.U8 604 

MMSSUl 


16.468 M 


iioK* TSO 


S9-784 SOT 
M:1»M4T4 


ii 


1.9711 681 

l:^«6 

i!.1746 07B 


(9-949 818 
96.141778 


ass 

leisiggi 


as 


i.tMcms 


srOreBu 


K-Wafi 


cues 691 


M.H8 0tf 


IT-OWDO 


<M6l4S9 


n-MlOK 


S== 



PERFET. SrrOCK; 3p.C. 92,3077; Si p.C.\07jBdS$i 4 p. C. 133,0769; 5p.C. 153,846* 





? 


FrIucliMl. 


Anulty foi 


KMioof 
AnDDlty. 


Di>«.i.nled 
Principal. 


Annolly for 


Annalty. 


DisconntHl 

rrincipiU. 


Annnitjr for 


RUloof 

Annuity 




j 


o^'aao 


■JL 


i.oMs'ooo 


O.B84o"lO« 

o.Baw7« 


UMJD.'OOO 

OJ)i9'403 


;~;™ 


0.9919 *oa 
o.gBjg tsg 


iiiii 

0.9WB 947 


4.03tS«lCI 




1 


O.0W>'9I]B 


o.4«ra'ow 


OJMs'oW 


o-bwi'bm 

o-wi'ns 


oJBBo'w 


o.eeB»'«7 


o;9»aio6B 

0.»*I9«» 
0.9S7S IM 


0.48WSM 


0.8198 OS 
O.A157K 
oittiet 53 




! 


o.9iltt"iog 


O^MD 


.3„ 


o-wisW 

0.JOTB1M 


0.S8li'0(B 
0.1MO'4SS 


0,*i97'o9i 


0.9m* «a 


0.*»I9« 

o.wis gig 

O.MJIOCT 

o.3ia«9efi 


O.MMM 

O.J8I6 oz 
0.S511 se6 




i 




:::: 




o.8(;ie"ws 


o-iiso'sM 


o.4Mi'aM 


0.9001 *Sl 


0.«B9T5a 


S:^" 




1 


o^'uo 


cLsm'sra 


ojriii'xn 


o.Brao'iM 


0.»8i'M0 


cmm'^m 


oilwse^ 


o.!i»i 11a 


a.sgi6 111 




i 


O-BKt'lSt 


o.wr'i'uo 


0.slio'lB6 


(I.86«"W9 


o.»uW 

o.iB«'OTa 


ojtisi'oTD 


ojnt* 760 
0Jifi+t3M 


!:S5K 

0.11IM467 
o.iBi9 99fl 


o.!iia7is 

0.S.W7W 




J 


ajiii'v» 


0.1^'»» 


o-iBa'aoo 


owa'iT* 

O.Wu'!M 


o.i«;-«s 
o.iiii'iwfi 


O.IMr"lH6 


o.otn i9« 

O.B3flB19« 
0.atMB» 


0.17S* 390 
0.169T 878 
0.1^ 7M 


O.S079 1I90 
0.199! B7B 




1 


:::: 






o.aiogVG 


0.1«;*09B 


o-iTia'Dga 


0.ei6B464 
0.810! BSO 


0.1177999 


0.1774 ««7 




.' 


OiTSlJi'lOO 


cwii'MO 


(l.l£^W 


D.Tinfl'B03 


o-ims'tss 


o.ito>» 


oISkmo 


o.\mm 




1 


(►.TTwVo 


o-iiiiw 


o.i«o'm 


o.TaM"«M 
o-nrt'ew 


o-iixng 
o-iiiiW 


o.lJu'iT9 

o.i*a9'«)fl 


o.jgoaags 


O.ltlB 1S6 
o!lI39 04* 

0-1099 577 


OJJMTBfl 
O.U07 81S 
0.146*8*4 

o.i*a*m 




1 


:::: 






o.jeoj'ogr 


o.ioso'gu 


o.isiJBis 


o!7M3 4i» 

o.7«S TTS 


o.ia;i 763 

oioBHsM* 
0.0960 99B 


fill 




.' 


O.T«8TfiD 


o^i'wfl 


D.l^'s9C 


0.7*6! 'SM 


0.lW*"*Bl 


0.1^ ■«& 


0.1(83 908 




J 


ATiw'TM 


(MWSiMI 




O.Ti5r'o91 


0.0^'siB 


o.u'JiW 

0.UJ9'3I9 


oItssj Ml 

O.T«3*7efl 


0.0931 oSt 
O.OyO! 718 


oilan 711 
0.117s 30! 




J 


:::: 


o.mo're» 


0.10(5 't9* 


o.jiw'»sT 


0.0f6i"Ml 


D.iuiTw 


O.T004 3Jfl 


O.OBMOJr 

0:07*990! 


Ill 




1 


:::: 






o4»m'ib* 


0.0im'i19 


o.io4;'ie9 


0.69*7 887 

0.tol890 


IKS 


S:iSSS 




J 


a.eeii'7<it> 


o.cmi'era 


o.ioig'era 


o-ereJW 


o.o»;^W 


o-ioJiW 


0!fi711l2*) 


aiSw 7M 




1 








o.8to"«M 


ojiiii'aaj 


ojjwb'w 


Ss 


sSffi 


0.0993 849 




J 


o^'m 


o^V 


O^OBSSW 


O.W6'Mfl 


D.oaMW 


O.0Mi's81 


o.fifissiei 


oJHtti tifl 


o.osMdtia 




,! 


lubfo'se* 


<M)n9'4IB 


o.ogoo"«e 


o.e«i"«M 


ojisiis*B» 


o.o»io'»3 

o.o»»Vs8 


o!6t59BS3 
0.9407 790 


0.0606 IB9 


SiSS 

0.090173a 

D.0S91 915 




J 


cfiro"** 


0.0B7'e86 


o.cw'8ae 


0.6^ 'nod 

o.fli6li'TU 


o.oeis'MB 
o.oai'ois 


O.OWo'sM 

o.omt'gii 


0.630* g«7 


oioM! eie 
o!asig07o 


o!oe**g7 




J 


O^Wt'oM 


:::: 




o.«^'m 
JJ70 lor 


o.osorsw 


0.09»S'3« 

o,oiys«i 


SI 

OJKBTJIO 


o.osoo !1S 
oioias?** 
0.0479 000 


0.083* 11 
oioeotoo 




J6 


11 


DAUB Geo 


o.oTis6ea 
o-owjeg 


0.37«OTca 


S:SSa 

0.OSMSIW 

o.ousei» 


11 


ojierg** 

o!i4o6ses 
ojiBj* ua 


0.04U950 
o!om6 94o 


0.0767 93 

o!o707 30 

0.0681 94c 




*3 
M 






0.0664 *« 
0.0608 489 


ojoei sto 

0.4SW «9t 


0,0«6T*6 
0,031* 779 
0.OS9STO0 
0.0CT8W 


sii 


0.90ST475 

0.4906 073 

oitdseuo 


D.OMSao! 

a'.tKi6 6ea 


0.069s eg 

0:0619 02 
o.oSoi Set 




S 


0.MW1M 


0.IH6IIU1 


0U>S»«U 


a.MgOM9 


O.0tfJ.»J7 


0JM87OT 


0449SC0S 


O.D!60Ba« 


0.0»5I». 















RAT£ OP INTEREST : 3j. per Cent, per Jnn. COBIUBSFONDING VALUE or 





E 




Valacor 








s 


Improvid 


CsBiiilaud 






Valstof 


lapmned 


CanoliUd 






M 


Prtneipn. 


An..lty. 


ABi«tty. 


SSS^ 


Anmiky. 


Ann-lly. 


PhScii-l. 


AnnBlty. 






t.9gBs9rs 


39.904 391 


1TJ73I3 


( 31(S 19* 


40.17J 981 


1J.4610O 


(.3(00 4<9 


40.616 704 


17J06B8 




n 


«^1S«« 


«.a)iMe 


17 .79* 90 


:;li 


42.706 9£ 


I7.884 17 


tJ96>ee2 


49-9M 116 


17.9(9(9 






s.4«6»17 


«Ji7!97i 


18.(03 (9 


43.114 167 


18.(9(9* 


1.475(0*5 


45.390909 






«9 




fl.Otl 3(6 






41.600 6t( 


18.688 13 


2.3566 34* 


41-896 4*3 


18.734 18 






lilMflM 


49.5*9 T98 










(.6*07 «2 


50.48*406 


19-117 50 






LfiassoM 


3«.iS) 197 


19-331 g» 


'.SS 




10.443 09 


(.IITB 190 


33.157 3(» 


13.488 61 






<-7s«r9iis 




19.711 30 


S5!35B009 


I9.>M41 


(.8173 5(9 


M.9I8 090 


19-847 BI 






t«»*a6 


I7.6SB 17S 


M.060 3t 


:ss 


38-387 370 


(0.150 K 




58.170 416 








1-9866 (0» 


eo.311 41i 


B).39J *1 




20.487 (0 


3!o05T140 


61.716 123 


I0.33C5( 






S,oBsos6i 


fi3.47B OM 




3.0905737 




(0.813*0 


3.1046 587 


64.158 799 


10^58 96 




» 


3.1B« W7 


«6.34ioa9 


11040 09 


3.igi8 3M 


67-*410!28 


(1.1(9 E* 


3.(0ff065 


67.901 431 


n.i7* M 






3.«B6Br 


wjose** 


Il!346 33 


3.t(«J*108 


70.658 795 


ei-433 07 


3.312(9*5 

3.*I12 631 


11.1*7 52£ 


II.179 83 




» 


a: SI 


T!.969 0CI 


2i.a*«M 


S.*04t 1*6 


73.981 989 






11.773 10 




39 


T6.M0 516 


«,9» 11 


3J139 571 


77-41* 06* 




3-5138 167 


77.961591 


IS.oe( 13 






3.SMB OH 


19.8(1 16S 


££.208*3 




80.958 589 


(£.(95 55 


1.6300 131 


81.5*0 710 


(E.33B47 




„ 


s Tlio ISO 


U.*t5TB4 


et.m9o 


3.7501 (S5 


84.619 2*6 


(E.56*3B 


3 7701 5*1 


B3.EI5 509 


(WSOT96 




« 


ss 


B7.1S6 79T 


zs.jjsag 


3 J7 29 9*8 




B(!a2*6j 


1:89*1855 


89-051861 


((.891 90 






go.9W4iB 


K.99166 


3.9998 809 


9(-30*304 


(3.016 71 




91-993 765 


11-119 36 






4.oe«rut 


94.91* 3«S 


tJ.t3a4T 


4.1309 4SS 


96J36 691 




4.1346(39 


97-065 390 


(3-163(1 




*s 


4.«n« Tflg 


9a.999«90 




4.(06(889 




(JJ37 03 


4-(B110Jr 


101,27 088 


(3^99 « 




4G 


ts:a 


10S.S1 0T7 


*3.I0JI3 


4.4060 6119 




(3.TB3B3 


4-43(4 801 


105.61 417 


M*rT*B 








«3.9»6* 


*JiO4 30e 


109.(4 40( 


B*.007 40 






»*.o*8ae 






4.S*il«!» 




!*.l*IOfl 


4.6993 «I( 


111.83 142 


(*.((1 92 






11.26161 








ll6!70 V7 


sag 


4.8534 966 


11B.56 913 


2*.*(9 63 




119.59 (83 


11.469 80 






!:m£Sm 


121.90 tSl 


3.01(3 189 


1(3.46 (JO 


(*.63«ia 




UM.*6 718 


11.610 50 




il 


3.1096 T« 


1M.43I47 


t*.T*T*7 


5.I7B7 473 


128.51 330 


SfcB(S*9 


5 Jill 610 


1(9.S7 418 


11-86*74 






5,(T»7 170 




M.M7 0J 


i.3«i3 3Be 


113-73 411 




5J8(5e90 


134.84 920 


15.05180 






S.4tTl 9M 






S.4(Li (70 




25:19663 


5J596 771 


140.(9 176 


(5.131 sr 










is-tgeio 


5.70(4 3*6 


1*»!69 030 


(3-173 *E 


5.7»(5 8aj 


1*3.9(536 








siaoTOEOO 




.5.*7o6o 


5«92e9S 


150.43 906 


95.54*60 






23-581 80 




as 


fl.9!H7«l 


153.71 533 


13.61739 


6.<»niei 


186.37 619 


13.710 36 


6.1(66 375 


157.74(69 


15-7*7 0( 






S.1906DB9 


159 J 1 107 


t3.798 9« 


B.(aw 0*5 


iea.so 183 


(5.810 65 


6.MB1 931 


163-94 440 


M.91W98 








163.90 16B 


t5.BM J7 


6.4011 ISl 




26.0(6 a* 


ejilS3 793 


170J5 01* 


96.061 85 




se 




17:. 29 349 


26,10690 


6.6998 628 


173.38 039 


(6.176 71 


6.7514 150 


176.96 661 


16.111 78 




£ 




118.89 303 


(6.153 66 


6.9101 m 


IM.ll 469 


(6.3» 41 


6.9133(46 


183.80 076 


(6,356 90 




81 


TOSMTSl 


185.70 T05 


Be..l93 79 


M.80 844 


189.110(9 


(6 463 48 


1(0(9*14 


190«9I3 


«i.4OT« 




He 


tW JM 


i9>i74 as 




196.31 4*4 


(6.600 08 


7.43m 055 


198-13 094 


(6.613 33 






7-soM lej 


coo.oo6fie 




JiteSlw 


203.73 ♦6( 


(6.13(35 


1-68*6 653 


(U5.68 201 






6t 


T.TWfl Tsfl 


WJ.30fi88 


«6.793 9t 


7.8717 437 


211-43 BI7 


(6.860 41 


7.937* 773 

8.1986 06* 


(11.46 084 


a!-89»T8 






7.99J9K7 


«U.«5(S3 




8.1(96 643 


(19.17 *W 


<fi.984 4( 


E21.49 538 


(7.016 1* 




as 


B.»M 114 


K3.M0S0 


IT.04S W 


8.3960(31 


(27.Jf7 0O0 


(7.10*49 


84683(61 


S3?. 


17.1MT8 






8.M38 1*5 




(7-139 43 


B.6J11 130 


(36.03 4U 




IiSm^tm 


(1-15150 






8.B00B393 


B4o!oa 303 


(7-273 06 


8.95*1 139 


B**.77 5ai 




941.21 08* 


(1 .361 55 






8,oeBB66B 


M8.ac«e7 




9.(486 231 


(53.80 379 




9.1319 025 


(56.36 6(3 


(7.471 at 






e.M«ooo 


W.913J4 




9.3316 *36 


(63. 1( 756 


(7-3*7 88 


9-6389 0J7 


165.81 e*8 


17-577 01 




71 


9.6B71 lit 


ssi.tssis 


(7.392 9( 


0.86*3 963 


n(-73 681 


(1 .650 07 


0.»)6aoBT 


(75,36 950 


(1.978 71 






10.001 itu 


nB.ge <84 


T7.6»2ga 








10-883 54* 


183-6* 751 


(7.777 1* 






10.3CT OBJ 


286.98 478 


I7.7B9T4 


io!mi 59* 


B92'97 (13 


271844 8* 


10.6(1 B5* 


«6.09 1I16 


17.87(4* 






10.6(te6M 


897.31 17s 


I7fl83 51 


10-BS6 3il 


303.57 9S1 




10.911 (93 


306.BO907 


(7.96*70 






11.009 160 


»7.W4«! 


»7.9J*36 




314.53 383 


(8.0(7 43 






18.0X01 




tb 


ii.MBgSr 


318.98^ 




11-990039 


K534 736 






3(9.38 590 






T7 


U.TM 393 




11.969 776 






l(!o90 111 


3*1.23 137 


(sitMIl 




T8 


1B.117 »6 


J4«!oe693 




1I.J6I»54 


3«:J9 860 




1S.*81 861 


S91.*7(63 


18.305 99 






1I.S11 fiss 


334.20*77 


(8.309 99 


1(.166 981 


36(.06o99 




1(^98 689 


366.11 at 


(8.383 17 






is-ilia 18* 


366.716*3 


E8.3BT39 






28.433 63 




179-17 026 


98-439 73 






13.33S IIS 


379.63 471 


(8-46(37 


13.617 (8* 


»8,((41( 


(8-50966 


13.761 138 


309-65 655 


(ejJlll 




ta 


IS.TTl B!7 




(8-334 98 




401.95(0* 




1*.(14 062 


406.38 631 


(8.604M 








M6:74^ 






416.1( 915 


28-630 75 


14.681670 


410.97 «5 


nji7i«7 






11.6B1 aiy 


42O.06 3S5 
435.8*497 


(S-ej3 4! 


isiooooeg 




(8,711 96 


15.164 681 












(8,73939 


t5.»9l 533 


,*«3!89 394 


(8.1*3 03 


13.663 579 


451.18 68* 


lalaotat 








430.80 343 




15.999 119 


461.51 136 


28.846 05 


16.178 876 


497-04(35 


tBJ«ltl 






16.159 775 


46B.43 435 


88.863 17 


16.523 313 


477.61 047 


(lt.90106 


16.711 113 


4BI-111M8 


(8^91 




m 


16.6M965 


*b;.6J til 


28.9=3 10 


17.06*686 


•9».s9ein 


18.966 11 


17.(60900 


500.33 538 


(8.986 (M 




89 


17.W7M7 


499.«9 9«a 


(8-983 13 






(9.0(3 54 


11-8(8 153 


511.80 779 


(U.041 40 




W 




6JB.52 B3I 


(9-039 s: 


181(01 ssa 


5«9:(6e3e 


(9.078 73 




533.85 501 


99-008 IT 




91 


lH.JflS 193 


33t.3I 301 


(9-OMW 


18.707 388 


5*7.61 747 


•9-132 36 


' 19.091 IIB 


55*.49 995 


(9.131 Sf 






is,b6e 061 


3J«.eT0Bl 




19.413 *ss 


366.56 717 


29184 Sy 


1 19.&16B80 


313-75 013 


(9.2(nii 






19.S7B KB 


5J1.64CBB 


29-197 63 




586.11 896 


(9-23*57 


20.2019(5 


503J117TO 


(9.131 M 








391.21 920 




20.Tue»(0 




(9-SS3«6 


S:^^ 


6l*.il 960 


1^348 Ot 






m'^iigg 


61I.*1 383 


(g!(05 0( 


21.384 &t6 


6lfr^603 


(9.330 40 


B»5J9 7(8 




SB 


■1JH9 9« 


B3E.30 5U 


(9-3*1 4t 


(2.C85 50I 


648-78 461 


(9.376 0* 


9(.369-672 


657.31(99 


90-39130 




Vt 


se-Mo (S9 


0M!aiia3 


!9-s«»a 


(lilSi^ 




(9.*raM 


2.xa98 305 


679-9*088 








«.975«t 


«6.10 363 


(9.4(9 89 


694.04*01 


(9.*0ia* 


91.858(60 


701.(5 416 


90-4I9 5S 




09 


«.7«1 070 


699-07 909 










24-641 133 


7(1-48 170 


(9.52D63 




loo 


M.W97J 


7es.79 9lfl 


E9:31« 88 


(5.1MSW 




(g!54*6o 


(5.133 87( 


75(.4<B81 


i<Mao« 




5 


Viiliie of Perpetn*! Ann 


30.I69M 




- 30.169 M 

























PBBPET. STOCK. 5p.C.M,*)77i »ip.C.107,69SS, 4 f.C 133,0769, 5p.C.15S,846S. 



F 








Ratio nr 






R.Un of 


DiKoanted 


AnnDllyfo 


Ratio of 


1 


^iiudi^i; 




AnnoKy. 


Prftidll.1. 






PrindlHJ. 




AnnaKy. 




OMSsBga 




00SI3SQB 


0.4314 849 


O.0S4T 67! 


0.O57S 67! 


0.4110 265 


0.0J46 2M 


0.037120* 




o.mo eae 


0.0136 m 


O.oe6i9!l9 


0.41W 8(4 


0.OS34 1M 


O.O5S0 194 














COMOUI 


O.4OHI93 


o.oiei659 


0.09*6 650 


0.4O4OO7O 










o.oti! eaa 


0.0^ ean 


o.3gi6i*6 






0^911392 


0.0OT8TB1 


o.owjia* 








O.OM6S17 


0.3801 eoi 


0.0199 '« 




0.3786 ei! 


0.019B 081 




11 


o.niD 193 


o.oi(n TIT 


O.OJ16 TH 


a.3fisoogii 


0.01B9 3M 


031* 3^ 


0.3666 201 


o.oiea i!o 


0.0511 120 






omitm 


0.0901 «{ia 


0.3564 SIB 


0.0179 991 


0.0904 931 




O.OITB M2 






aS^^ 




a.otin4»fi 




0.0171 no 


0|O4^IIO 


0.3436 380 




0.0499 13* 




ol^W 






olSJIflM 


0.0163 110 






0.01 6e 032 




u 




oiMWSM 


OMU 043 






OJ2SO066 


0.015*419 


0.0*79 419 


36 


ojisiiffi 


HISSS 


o!o4tW«« 


SiiS^ 


0Jl»l AU 


SSEeSs 


OJ0I9O55 


tTZ^ 


S:SI«SI 




0.S9W0U 






0.1937162 






0.!9S!897 


0.0131 227 


0.0*39 «e7 




o.^0a 






0.IB44 i;o 






0.28!9«ll 




0.0453 263 


M 


ojctmaa 


0.01M na 


0.04*0*79 


0.ej43 94S 


0.01M 3g0 


0,M48 5aO 


a.s739^> 


0.0122 638 


0.044761a 




o.segtees 


D^igasi 


0.0444 881 


o.Eflss sn 


0.0118 176 


0.M43 116 






0.0442 322 




o.^s6i 




0.0410 TTS 


o.!Sai {SI 




0.0*38 1«* 


0.29W93I 


O.OllS «94 










0.0114 940 


o.i»)ooaB 






0.8486 141 








(l!tMB14e 


0.0103 UB 


0.0438^ 


0.E4SO7S5 


O.0IO3 803 


o.ouawi 








M 


0.M7I oaa 


0*101 Oil 


0.04Seoi] 


OJJ4JD37 


0.0090 501 


0.0*24 501 


0.M30 291 


0.0098 T43 






o.fzueui 


0.00015 884 


0411884 


o.rai9S9fl 


0.0093 418 


0.0*20 418 


0.S236O73 


0.0094 684 


^«;s«j 






0.0099 ofia 


oImit 06! 






0.MI6 538 




S'lS!?? 








o.owy esi 


0.0414 HI 




0.0087 B49 


0.0*13 8*0 




0JM9T 157 








o.ooesi5B3 


O.U410 eS3 


Oisoflo 3)0 


0.0»4 59 


0.0409 339 


0.SO47 206 


0.0063 666 


0.0408 666 


w 


0.MWO17 


O.OOBKSOS 


0.0401103 


0.1995 OOS 


0.0060 uej 


OJMOflOOl 


O.lWgOBB 


O.O0U0 14* 


0.0405.3*2 










0.1931 Tl» 




0.0*02 812 


O.I9I8 0»B 


O.0C7TIT6 


0.0*02 176 


JH 


S!SS 


owsJS 


i^^ 




EI:5S? m 


3k 


0.1S37 838 


Si 

0.0063 903 


aS^ii? 


M 


O.ITK 0(0 


oiSSflJe^ 


O.OSOift* 


lis 


0.0069 113 
0.0066 47! 


0:0191 472 


o:i(iB5 914 


0.0390 901 




o.uht Me 


0M6SaSS 


0.0S9OO3S 


0.1S«113 


0.0063 9*6 


0^1388 948 


0.161! 21a 


«!SSS! 


n^St 












O.OO6I 533 






O.W60996 


^^9» 




aiSe^M^ 




o!o3asnT 


0.1541 470 


0.0090 »8 


O.OSMESa 




0.0058 T03 




^ 




D.O09BO41 


0.0383 041 


O.II9136B 


0.0007 019 


0.OJ82 019 






O.Ojai 308 


D.itn 9i« 


OJ»M80B 


O.0W0B99 


0.14*5 Sir 


D.O0349O4 


0.OS79 9M 


0.1433 995 


0.005* *0T 


0.0179 407 




0.I4I1 »r 




o.ajjBB4e 


0.1399 368 


O.0OS«879 


o.037Tfi79 


0.1388 3M 


S^ 


E1:SJI^ 




0.1176 6^ 






0.1334 073 


O.OOSO939 


0.017s 019 






^ 




0.0049 OOS 


0.03T4 90B 


0.I3H 087 




0.017* 079 




0.0048 610 




e« 






0.0373^ 


0.1S70 363 


0.0047 W5 


0.037! 103 


0.1539 8*6 




0.0371 8*7 






0.0048 1ST 




0.1130 061 




0.0370 584 


0.1119 110 


0.0043 1*8 


0.0370 148 








0.0969 194 


o.iigi MO 


0.0043 943 


0.0368 9*1 






D.0368 BI7 


1 






0,^1^ 




0.00(G36T 


0.0167 367 


SIS a 


0.00*1992 






oimi^ 




oitf^eil 


0.0040 854 


0.0363 B44 


0.0040 430 




0.1100 «» 


0.0040 18B 
0.0058 771 


0.IM65 lag 


0.1046 040 


0.0039 401 




0.1071 393 
0.1037*6! 


0.0039 007 

0.0017 621 


0.0364 007 
0.016! flti 








0.0361 41£ 


0.1011 t:6 


0.0036 663 


0J)36l663 


O.IOM 418 


0.0036 280 


0.0361 ISO 










o.ooBia66 




0.0380 113 


D.09I2 4Z7 


0.0039 008 






0:^339 




o:oi3gB4s 




0.0014 lU 


0.0339 111 


0.09*1*55 


SSS3S' 








O.ODU 6SS 






O,O03S»4O 


0.0157 9*0 


0.0911 4fi9 


0.003! 39* 


0.039T39* 




O.09GeM4 




0:03*7 4T0 


0.0891 O70 


OJWITOl 








0.0356 45* 


T9 


0J»79T« 


0;«SI«o 


coisauo 


0.0eft!8l0 


o:ooa8 6w 


o'-uatenT 


O.OaMSll 


0:0020*15 


0.0133 300 
0.0.13*303 






o.oo«g oi 


oiosMUi 


0.0808 934 


0.00m 6m 




o:o8ooT7a 


S:ES?Mi 


"■0393 »91 


n 


t^r.^ 


OJxejsBg 


O.D3M2S9 


0.0783 ?70 
0.O73B 4«1 


as 


o^,m 


S:Elw»S 


0:0026171 


0^151 171 




ETi 


O.OOMMl 










o-OTsCWs 




0.03S0«te 












0.0349 BT9 


O.WM«0 


0.0024 S05 


0,03*0*95 






o.oat4Ma 






0.OCB4O31 


0.03*9 031 












odBl 139 


O.DOM lU 


0.OK8IU 


0.0666 663 


O.OUSl £14 


0.034B 214 


0.0109 *!7 


j;-^«*j 


^7 iS 






ofiwfloe 


0.oo««i»M 


0.03*7 9*4 




0.0OK4I7 




0.0638 41* 






b6 





oejB^M 


O.OOK 183 


ps 


"■o^S" 


o.oosieee 

0.0020 036 


SI 


0.0398*01 


o.ooir 411 

0.0020 686 


:ssj 






ii 






0.0586 003 






0.05 J B 3*4 




0.05*4 1)87 










ooser 415 


0:0019550 




0.05GOSO! 




0.034* 31! 














O-OOISBO* 


0.OM3B9* 














o.cois TIG 


ojaaii6 




0.0018 261 




0.0S23 711 


00018 03* 




i 


f 


MOTSg 


s?^ 


::SS 


S:SiiJS 




o*j*so6i 


o.osoeon 
0.049! 77* 


0J»I6 8« 


00»[ B45 










0.0141 014 


:a'K 


oiooie 4011 


0.03*149! 


0,0477 080 










o«T9 1*0 


S:SS}flSlJ 




0JW15 941 


0.0340 013 


0.0*61883 




0.0340 138 


g6 





046(010 


oiuOiS 104 


0.0340*04 


0.0451 7b6 


0:0014902 


0:033990! 


o:0432 031 


!l:«I*?i? 


S:mSio7 


i 


• 


i!i 


U.0014 TBI 




S"S«t5M 


0.001*408 
0.0013 032 


0.0139 408 
0.01»B93i 


o:o40»79» 
0.039* HOT 


oMit 'Ja 


0:^7*6 




c 


otcesu 


0.0013 333 


o'.aaaeis 


0:0398 005 


0.0011 4T1 




0.0011 290 


Q.OSS8 290 




B 


UioOtPt 




a.aiuooa 






0.0S13 0CI0 






00328 000 



KATB or INTEREST : »i per Cenl. per JHn. CORIUESFONMNG VALUE irt- 





KATIO iiT IK 
















r 


^iWMLtl 


AJi's*"' 




Vrio.of 






KS^. 


A-n«Hy. 


ImproTfd 
Priulpal. 


CwnnlftUd 
A«»lly. 


KSS 


CowUrttil 
Anuilly. 


Aualtj. 


1 


1.0»i>*0>M 


1.0000 '«ao 


o.9seie4 


i.aui'a69 


i.oijn'ooa 


0.«iii'«M 
O.B*'m) 


!3g 

l^OSMSEl 


O.MOOOOO 

sssss 

lJ>llt OIT 


ii 


j 


iJiria'tw 


S.OMO*000 


>.^«« 


IJJMt'Ml 

ijum'wo 


i.mm'osi 
s.oiii'iH 


i«sVi 


l.a»tS«4 
1.07«i flij 




1.E17 m6 


! 


l.Jiwi'lT9 


..liiiw 


t^rs96 


l^oiii^'iK 

i.iw'oe* 


EJWw'iiT 


*iii*«8 

1.314 W 


1.1009 TM 


j.i4aawo 


«.]M6lO 

Si 


j 


i.iJts'em 


«.<i«'4«g 


Ojili'MO 








};i4i»73T 


i-Si 


3.M>uta 
S-TiT 4SS 


1 


Lwia'aSs 


s^seii'esB 


4.9U'0H 


i.ievtM 


4.sne'Dfii 


4.iaoW 
4J96'aii 


iiiiS 


4JSog236 


i?SS 

4JM AU 
4^88 679 


J 


i-wW 


6.0001 'oh 


isa'sM 


i.«i*'s(i» 


I).oi^'*'mo 


«.gtJ'T4a 


lilSIBAlS 


8.U8eS»9 
S.64«13ld 


4-776 BBl 
SJB0 7U 


,1 


LUKTIB 


T.Twiwa 


B.n4'»4* 


i.i«»'b9» 




9.TIJBM1 

fl.iiiroD« 


t.W3 3l)G 

i.ca4c US 

l.MIl WM 

LwesSS 


B.1»MTM 

T.«mut 


Sill 

6.iMa96 


I 


i.uw'ota 


D-oJui'sSe 


fl.Bf*'»8 


i.wi"w9 

l.M»'»* 


p.iuaW 


C«Ut49 


ijBisies 


ii 


S5tJS 
B.I6EI16 


J 


ijiJm'iit* 


«.«*«8 


T^flwW 


IJMo'lU 

ije»'»i 


((.owb'ow 

10.4it S17 


T^aii 

T.«s'*M 


i.iMoeas 

!;SSS 

ij6n BU 


ejias 47a 
?o^!S 

tO.Mt £S4 


J:S^ 

TJogosE 

7.89179 


i 


i.ti'oaW 


ll.TJi'»lH 


B.3ifl*«IS 


l.u'if'TW 


uiw'aoA 


a.iMi'o«B 


IJSUDffi 

''Sfi we 
1:4189 w> 


io.a«7M9 

U.ll! 419 
I1.16()H7 
11.911 CB! 


TJrrsaw 

B.0K3a4 

e.uoaiH 


J 


».«»'a« 


I3.i*i*99« 


9.oeiW 




wias'ias 
i3.m"()to 


9.^'lM 


1.4W1 OU 






J 


i^iwflw 


ujai'tea 


giii-»> 




14.010 'm 
i«.1H*Mn 




Sis 

IJIBIBSS 


1S.7I4 oes 

14.0M(B( 


lis 


i 


iJteiW 


i«.m*o» 




ijomW 


tCna'no 


loJiM49g 
loisi'cST 


1J,1«7W 




B.1W471 

HE 


i 


iJliefiW 


i7«i'BB« 


W^ji'oM 




H.wo'sii 


ioa'sm 


ii 




ii 


J 


i*'ii"«s 


wiwW 


lilJi'TM 


lAue'sre 
ijiwbW 


is.ftr»6 


ii'w'sea 
iiJlJ'sgs 


ii 


18^74 «B 


W'Zm 


J 


l.JM»*Blto 


«Lgn'o3a 


w!oB«i 


i.Tm".(ii 


M.i*'iOO 


UaVlB! 


1:S| 

i:7tm iM 




11.77 1« 
i«.ni3r 


IT 

10 




n^sTBtti 


l«.ll HO 


i.mn 3M 

S.0M3 )J» 


ra.611067 




1.808J4J0 

i^Mna 


MS 

eS.su 979 
n.789 449 


1S.8ISM 

14J4MK 


« 


litOBl lU 
l.nU (85 


*6M6tm 


iflioaSS 


«,OTOfiM 
e.MMSoe 




I4.TB990 


t.UCS4M 

tMnns 

IJOniSA 


M.llo 1117 
n.369m 


14^740 
I6.WI70 


u 


l.«M*90 


«twew 


.8.4.151 


LWirew 


J9.4M1W 


iMTceo 


t-sagran 


«.TOiog 


10.C1 tar 



VEBFEtVAL STOCK. 3p.C.85,71«;^p.C, 100; ♦p.C. 114,2857; 5p.C. 148,8571. 





PrlKip^. 


^r,'.',s 


Aimuily. 


Princip-J. 


Aai>#ly fb|J 


Bulk, of 

AnauKr. 


Prircipul. 


CoiuBlatkii 


RUinor 




tMiiii'fee 


i.(>om'ow 


IJMSO'OOO 


O.JIMBMO 


i.ano'ooo 

0.9913 'MS 


i.oiijj 'ug 




t.onooooo 


4.DS90 0DO 

l.SSej 344 
J.W19 J0« 




l».9Mfl'MIT 


o.«ii'oos 


O.^W 


o.gigi'ess 


O.I!ui*M9 

o.i^'o'6M 


O.MtO*e48 




oifiSIi 31 8 
O.SSflfiOSB 
0.4848 878 


n.aeii «to 
0.6B71 318 




o.9roi'«r 


o^b'm* 


0.31^ SM 


0-9189 'lEfl 

0.9lJl'r4«3 


0.396«'*e8 


o.4«ie"«8 
O.IMO'451 


o.9e«8re 

0.9165 flTT 


0.4191 14B 
D.3B4S 019 
0.3480 044 
0.3173 W 


0.46*1 148 










a<^-«» 


cijioflw 


ojito'ew 


fflS 


S:gS 

S:!339 968 


O-MflSW 




WiiW 


o.MnW 


WwMl 


o.8m'ii6 


o.dM'sn 


O.E7<»'b3B 


o.«ogai<T8 


oiHaggS | 




omJb'tJI 


o-iaMBu 


JL 


0.SU«*4lt 


O.OTi"iM 


o.sigj'sor 


oioMaSfi 


Si 

o[iii« H17 


S;ffiIS 




o.«tu"iio6 


o.uta'eM 


o.i«6"aae 




o..«;-607 

0.1<ie'i79 




o«Mao92 

0,e«MBM 


0.1T43 418 


0.1947 388 
0.1893 D4S 




O-TMliVo 


<kUBi"**B 


0.16»W 




o.isBs'wa 

a.itfs']u 


O.lIu'tM 
0.10CS*1IE 


(>.8MEST4 
0.T9IJ 110 

::Sg 




ill 




o.w'iw 


o.ii«>88 


o-iiiiw 


0.7wil46 
O.TB7S"l83 


o.im'sw 

0.1093 Ml 


o.iikt'mb 

0.14*1 '991 


o.tjWws 

o^T&u too 

O.I«lTOtB 


o.im 7T« 

olioeeiM 


ss 




.iU 


■MMi'tfCI 


iii;'«flo 


O.Ti*i'B6o 


o.ioijaM 

O.09»*'a99 


0.1»i'899 


ol7307 89» 


D.IOW T90 

o:(ser730 
o.ogsooga 


sS 




Moii'm 


ojws'fit 


.iL 


O-TloiW 
0.70fl8"«a 


o-ciuy^ 


0.1m'41« 

o.ii^'au 


0.T119 S71 


ojiBtia oi« 

0.0839 SK 


0.1J70 IB9 
a.l«41 888 

oiius Sli 






:::: 




o.e9ii'e79 


0.oj^"«9J 


o.iiie'lOi 


11 


Si 


illSw 




0^**ST 


ojjieoW 


o.iira'i(to 


oAn'«u 


0.07m'h8 


0.1^ 'its 


0JJT49 IIS 


o:i09B *13 




(MMlV'lM 


o.Ji;-<>ia 


o.iom'bv 




o.oti's't» 

o-om'Tis 


o.i*sT3e 

0.li^Vl3 


0.fl»6T89 


0.0789 m 


as 

O.IOM 891 

o.iou lu 




<uiw;*o« 


o^yj^'eifl 


CMwifiM 


o.<ri»V 


o.oom'i)bo 

ojAm'om 


a.a»it'o54 


3SS 

a.aii«S7i 
ojJsnotB 


a.o8S7 308 
0.0841 lOo 
0.060 897 
OJ1610T99 


0.1007 308 




oldirr'su 


<m)«»'tOT 


(UjjioVoi 


0.6EJ9*9« 

o.auc'<n 


0.09U'818 
O.OU9'6M 


0.09M'Bie 
<U9D9'bso 


0.8soi9cr? 
0A47iM3 




ojvSmi 




o^W 


o.Mie*f«i 


Wlift'SM 




o.osiJ"s8* 

OMu'tjM) 


o-CBu'tac 


0.6088 0« 


0.0M4 MS 
D.a33£343 

OJK109 7S6 


OASrOBM 
0.0899 738 




ojw'oae 


oJii'aw 


O.OM0'B<a 


O^SMoVl 


oj>«r4oi 


o.oki"mc 




o:o<8B9iV 


tssss 

o.aas8<tt3 

O.DB18 909 




OJIOIIWT 


sss 


Sis 


o.*996olO 


oiowjioi 


O.0IM4IS 


SiSSaae 


0.043*983 
OMOl 139 
D.0J7il787 
0.0347 349 


Sg 




cwnsse 

0.4179 911! 




0.0000 IW 

oxtog an 


0.4M< IIT 
0.4MB SW 


ss 


o.oors4ii 

O.04MMS 


0.4B10 409 

o.iouee* 

0.4488 Ml 

0.4332 907 


0.I1SM4W 

o.ows«e 


0.0833^ 
D.0834 811 
0,0817 801 


« 


a4m«70 


OAMtBTM 


0.MI6TM 


Mm>«n 


o.ogM*ra 


o.Moi4n 


a.41M8i8 


0.a(»84I 

a 


0.080184* 



RATE OF INTEREST : 3i per Cent, per Ann. CORRESPONDING VALUE or 



I 


[5£SJ^. 


Annokj-. 


Valicor 


PrtE«ip.i. 


AuDully. 


V.lBeo( 
Annuity. 


FriBclml- 


An,.oity. 


Annnily. 




a.uis 6TI 


tl.3L3.lM 


IS.89 033 
U.SSMI 
17.66 701 


1.4618 4JS7 
S.33IS 700 

S.6419 ero 


**:i39i4« 

49:378 417 
3t.337 6l7 


16.97 986 

l!Sg 

ie.li 377 

18.48 199 


9:7*7! 079 

1.8416 8^ 


**Jta3 99i 

49:9209*3 

38.703 704 


17-01 611 
17.49 MS 
17-80 8*5 

ia!si74« 


'i 


3.00«T076 
).»»Si»S 


St.<J9 «1 
66:67* Ml 


18.73 OtS 

19.06887 

iolaioee 




Kl.r^tiO] 
07:^ f» 


i8.ecGo6 

19.1* StI 
19.78 047 

m.oeaps 


i.»S5 06a 

3.0W5aB 
1:3b60 738 


55^83 887 

et.8eo3ia 

68.173 389 


19.91361 

ig.ox*«3 


1 


3.*»(»fiSl 

if 


70.007 60S 
80.7M 908 


ao-aooM 

MJ7 0M 

2a.8«iog 
eiJaso7 


3.7377 9J* 


R:£!S 

'isi 


«1.*3»7 


1-3061530 

J.83<H886 


71.60* 171 

;5-wa BIB 

86-388 018 


10.49 849 

ill 

91 .48 ni 


1 


4^8 S38 
4.T0«i 038 


S8JO0 33a 

9«-607 J?l 
B6.aiS6«» 


ei jg 910 

IIS 


tl?9*t W4 

4.4430 <»6 

«.7633eoa 


89.938 Ml 

IM-IM SOO 
98.43* 3«8 


".01 W 

S:Sa 

84.07 680 


4.17MU6 

♦:47*7 6ta 
*.7977 610 


00.971 817 
10BJ0 746 




*7 

i 




laoljsasfi 
i».eo lu 

130.90 7gi 


11 


4.9136 Ml 
3!in81 543 


117.83 111 

131.37 380 


K-OT 776 

13.16 B» 
1!3J3 07* 


4.06T8 99* 

3.1*40 719 

3.7 log SH 


11S:*0 804 

i3tJ»9ao 


83.10 740 


M 


Si 


1«:36 3M 

i6o.9taBB 


M.I5«B6S 


6.741B S71 


130.00 163 

131 : 14 190 
137.48 600 
16i.US0t 


«3.70 t6t 

13.86 867 

|*.«(iS 

M.M337' 


6:3403 113 
6.3651 7« 

6.7979 89* 


lta.38 038 
1*6.37 605 

131^8 006 

ass 


83.71101 


60 


T.6I16 SCO 

T'STugog 


167.38 003 
lai.M 091 




Si 

7.7437 111 

a.Ollll 639 


170.85 6HG 

SH'I 

!0(..SI 10£ 


«*.Be 473 
(3.00 839 


TJ»"60* 
7Jtl*7 800 

e.0919 m 


ill 


94.7S971 
94.01636 
15.04 Oil 


jej 


a.i93B t4l 

a.*3ieoi9 
9.sa6:ooT 


t04.«*9I 


M.06737 


B.30e3 109 
g.«B3 738 


134:63 0e« 
M3.g3U4 


(3.13 003 
(0.(4 741 
s».3eo76 
25.47 013 

ttJ7 60] 


B.9836 730 

as; 


910^8*98 

SJ:SJS 


83:87 818 

lis; 


« 


9J!B4i«ie 

iiii 


t48.11 B58 

iiS 

s»8.W7itr 


«i.ee 111 
uiei 7«8 

Ifl.Sl 041 
H)*OMO 


9.«T3i sax 
10 .SCI 71M 

10J184 7S6 


163.33 69t 

«R4JI7M 
B9»J8i90 


«3.»fl 418 

«.a5 3a9 


9.9737067 

iiSS 

n.*63S09 


176:96070 
199:01434 


«3.70ffra 

Mjn486 

90.89 061 

lo:^0w 


Ti 


11.188 SSO 


se3.*»a« 


a1.0B734 
t6Mm 


1B.SB9BB1 
13:404 6m 


331.14 itg 

3*1.84 t39 
336.99 0» 


*6.l3 8g8 

111 


11-878 100 
U.647BM 


191.66 Oifl 

33i.n 070 


«1.16«I 

ili 


16 


14!lW aiT 

13.673 138 


361.7c 836 
373.38 906 
389JBlfla 

41BI30 m 


ss!ee49e 

S6.74B77 


13.S0JW 




86-71 8S6 


■Si 


375.19 311 

Si! 


ill 


i 


IB.ei7B3g 


*J*.98«« 

ill 


Sis 


ie.ei7 883 

17.!0t 399 
1B.440 9M 


M«.TCM1 


37 -OS 408 

W-07 49I 


16.MI683 

1b:673 400 

ig.3i7 7« 


5U5:ul Si* 
083.03 600 


ii 

97.0. IM 

87.00190 




lis 


lili; 

6os.a)»oj 


lis 

S7.13 409 


19.766 030 
S0.4M 917 

1 it:7(« 836 


ill 


i-iiS 

(7:16 BBS 

87.11 in 


III 




Illi 

*7.98 617 
97.13 019 


i 


lis 


6(3.31 7«0 

Sis 


W.M 301 
t7:40 60! 


' 23.310 an 
17-010 0«« 


«*.3igo«i 


B7.13 6IT 
17.39 761 

E7:*7 631 

e7Ji363 


t3:33s«te 

>6.46t t68 
17.309 843 


787 .«7 0S9 

ist.mi9s 


97.37 870 

87.40 340 
97.40 1* 


96 
1 


11.191 «e 


ill 


II s 


29.97^083 
M:ia7i«i 




*7J*0r3 
*7:68 m 


98.171508 

e9.n7 613 

30.419 403 

KJiuin 


7W.0*t88 

81O.7B0OO 

SB 


9rJa*3n 






ta^ lu 












i 












^ 


' 



PEBPETUAI. STOCK: 8p.C. 86,7143; S^^C.100i 4p.C114,98i7i 5;p.C. 145,8571. 





! 








—^ 










t 


Prlncil«l. 


A.n.i,yfoJ 


RMlo of 
Anontt,. 


Princip.1. 


f IFTE 


Bitloof 

ADduil]^. 




sr.te 


tXd^. 


Annnlty to 


Ratio of 
Atmnity. 


9 


O.SSM78* 


0.01)3 TU 


O.OKMOH 


0.4097 019 

SI 


ojKsegij 

0.0191 o97 


o!a075 33* 


0.4011 eo7 

11 


0.0837 107 

oiouosto 

0.0189 7*0 


0*587 307 

°ss 

0:DS39 7*0 


3* 


tt«99B78B 


o-oiM re* 

0.0U7 W 

0.0H9 gea 


O.OSWTM 
oiotSBSes 


0.3*10 8TT 

as 


ESS 
:S3 


D.05«ie6* 


0.1393 00! 
0.3218 712 

0.1038 000 

O.B9MI71 


53 ?S 

0.01 62 17» 
d:0146 664 


0.05^902 


if 

39 


o.EToafieo 

0.!«1* 145 


sill 


o.oMHtri 


O.M6t 136 
o.!«96 Oil 


O.0140 790 
d!0116 419 


0.1)490 7«) 
0.018*083 

0.04(16 410 


o!m8i oat 


SiSg 

0.01(6 8*7 
M1U*BB 


0.0«9 65« 
o.'otesMg 


42 


:1| 


Ss 


0.0*6! 9e2 
0.0*37 963 


o'.ataers 

a.engt6l 


o!aic6 945 

::35! 

O.OH»95S 


o!ot3S«*l 
oloWSM 


O.»396 061 


o.oHo ise 

0.0100 7s6 
0.01196 327 
0.0098 16^ 


0*460 288 

aj>tt6sa 
0.0*42 160 


m 

s 


O.lBMiOS 

0.1790 M* 


O.0063C& 




0.1!0t6 908 

Si 

0.176* E*! 


o!ocei6«0 

oioCFTiflT* 


0.0*38 076 

0:0.31 fi«0 

D.04S8S15 
0.01M97fl 


0.2012 !M3 
0.1943 98S 
0.1B7T109 


0.0077 313 
O.D074 29S 


o.Mresoe 

0.0*14*58 
0.0*10 897 
0.0424 £91 


« 


0.1II9 DM 


O.0OT9 HB 


O.0W) Sl6 

o!oti7 *io 
0.0414 709 


O.I4S3 (49 


!:Sg 


EsS 

0.0113 *07 

0.0410 iua 


Si 


as 

0.0000160 


o.out m 


i 


O.14W«00 


coon era 

0.0097 MS 
O.0DM0ei 
COOMIUT 
O.DMOBB« 


as 

o.04osoei 

SB 


0.1131! flfir 


0.0008 318 
0.0036 SIS 
0.0031999 

O.OM9a6l 


o.oMesM 

O.IH06 EH 

0*399 e63 


0.14«0«*» 
o!l279 623 

o.i!Uaot 


ojxwflse 

0.0030 Bs6 

0.0091 139 
0X019 3SS 


:zss 

0.0105 458 
0:0399352 


6» 


0.ieM413 

11 


O.OOMBSS 
o!ao41S83 


0.039SM1 
0.03M 331 
0.0391883 


oiluM *U 
0.1048 397 


0.0047 910 

&OOt4 310 
O.OOM 611 
i).oo«0 99i 


fflS 

0.0394 310 
0.03l» 613 

0.0390 991 


O.U814TB 
0.113E 604 

oilCffS 008 
0.1038 192 


0:00*5597 

0.0010 546 


0.0^ ua 

0.0192 1ST 
0*390 5*6 


69 

TO 


II 


O.I10»T8B 
O.Oon W8 


S:SSS 


0.1012 6*t 

Si 


o!dojj9*3 
oioou 146 
0.0031811 


0.0389*99 

S:^SS 

0.0383 1*6 


0.1002 036 

0.0968 W 
0.093s 137 
O.09OJ 110 


Si 

0ja»*7«7 


ii 


v* 


o.oefi9 4ji 

o.mtoaw 


O.O0UMS 

"SB 
as 


oloagoOT 

0.0380 BI6 

o.ong 78e 
O.o>7a G9I 


O.OM U9 
O.tBM 3« 

oioTiW 196 


0.0030 198 


::SSS 

ojwjaoig 


O.O!B»e06 


oMiitiat 

0.0028 735 
0.0027 671 


0.0303 19) 
0*380 <OT 
0.0178 713 


n 

BO 


o.oeesies 

o.066oaB 
o.o(UT9« 


0J)(»JB*9 


o:ESJs6m 
oJWJSWa 

0.037* T*.! 
0.0373 849 


0.08*3 OOJ 
0.06*3 007 


0.0IW3OU 
OOOMUS 


ssg 


0.WO7 62I 

0.061s iSl 


0:0O!3 8I7 
0.001s 957 


ss 


BE 


0.0816 MB 

SSI 

ojun lie 


O.O0W9M1 
O.OOM 16J 

0.0020 toa 
OA»ieas« 


0.0369 M6 


0.0601 761 

O.uWl E*0 

o.oMj jm 


0.00>S*10 


0.0370 UlS 

::SS 


0.0S94 471 


O.OOil tE« 
0,0041 318 
0.0020 i*3 

0:0019 ou6 


0.0171 122 
0.0171 318 
O.OJfOSlS 

o*3dgsai 
0.0369 oa6 


M 

aa 




0.0019 1» 
0.0018 470 

3 a 


o!o3ClB 47S 
0.0366 flJB 


O.050SB18 

o.o*ea06i 

004*0 357 


0,0018 6S1 

0.0017 set 

3S 


0.0368 6*1 
0.0397 1)81 
o.ra^sM 


0.0«9 411 

o'oi6S 791 
0.0119 8I9 

ojm**M 


0.0017 719 

as 

0.001s 896 


0*568 398 

Sj>]e6 26 




0-otM94fl 

olcucnaiM 
o.oaaon* 


o.D<us«e 

0.00111*27 
O.ftllt SSI 


o.oj«99ii 
0,036* *n 

0,036*883 


Q.04M MO 
o!o396eM 

o.aai3 «9) 

0.0370 «SI 


D.oaus*8 


0.0UUM8 

as 


0.0191109 

::S!!i! 


O.0OLJ 7*0 

OMUUa 


0.036*327 

0.0361 leo 

0.036* 154 
0.0561746 
0.0163 «5B 




ojaaofloi 


OOOIl J68 

0.O0W wo 

0.WII1 NS 

rpetulAan 


0.0361 3% 

o.oUWhgg 

0.0361393 
0.0U0 000 


0.0157 193 


Eli 

o:ooii 6M 


o.u3i»oeo 

O.OSSl «1* 


0.0352 «6 
olo3S8 738 
0.0306 6(S 




0:0012334 

SSiiSi 

0.00U oil 


0.0362 787 
a.036tiM 

o*Mj 476 



















AATE or INTEREST : 3| per OiM. per Ann. CORBESPONDING VALUE or 






o.(nuii> 



i.«(n3ai 



i.0»« 996 . 



i'.lii* a9* 
4.0dSi IS! 



iMOj iSi 









T-tHOS'uB 



B.9MtW 



iiggs'ei* 



fl-Mwei 



TJTBOKT 



B.0W9Sg 



JI^TIS poo 






i:.«B« 

as 



a;g 






UJlM 



i.Tw'373 



u-retgeg 

1TJ87S« 

igisi'iMs 



cupi 911 : 

tMU IM ' 



9-9061) OS 



1.JI9MX 






uigMie 



le.iM to 



I.81TO 39D : 



FEEFETUAI. STOCK: Sp.C.BO; St p.CM^aU , i p.C. l<ie,6eS! ; ip.C.m,3333. 



" 


KATfo ^ nrrEREffr ■ 


- 








[KTEREtrr: 












r, D.OOiOTS. 




1 






luuoor 

Auolty. 


Principal. 


Annuity Ibr 


Annuity. 


Frlnclpst. 


An unity ftir 


dutoor 




PTtaClp.1. 






1 




:::: 




o^ii'ta 


E.«MD*m) 


sjwij'ooo 


o^or ui 


tsss 


4.0173 000 
g.OMl BW 






Miew'sM 


umo'coo 


ijwjfl'ooo 


o-bomV 


0.1l!Wr"ltl 


t.oai'isi 


^Bi 


S£i 


i:0B55 4« 




] 




:::: 


:;:: 


a.DM7'»U 


0.6ms '«u 


a.a»u'Eii 


0.|MU«U 

O.M«()83 

o.atsoAT 


Si 


Ss 






o^'m 


(».«w"bT9 


ojfoi'snt 


owi'sBO 


o.«.-W 


O.M»*54T 


o.uuetM 


0.«13 IH 




] 


:;;: 


:::; 


::;: 


0.9iu'oll 


o.»m'tbii 


o-wW 


ss 


fSS 


0.4&M3S1) 






<kS»H'9M 


o.mii'w> 


o^'mo 


o.eiis'aa6 


oji»"*89 


o.uu'4eg 


0.B1KO95B 


sas 


o:is39^ 




] 


•^U 


<h*MJ'aBT 


o^n'off 




o.rf^-«e 


ojoii'«e 
o.«Tu'aae 


0.88Jr 017 


as 

a.«496oso 
o.Eaai«« 


O.EBTl OBI 
0.(703 B9S 






(wJia'nr 


0.UU51P 


a.nMsi0 




O.M^Vi3 
O-IMSW 


o.«4UTia 
o.Kir9CM 


0.8897 HM 


aiBCTOBn 


ii 






«.anB'<vB 


•omt'im 


o.iaw'u« 


o^auTeso 
o.ami"Bie 


o-iuiw 


oj«J»"os« 

O-Wfi'TO. 


o.aitt)4e9 
0.79B3S30 


31 

0.1*93 900 


11 






:::: 




:::: 


(•.TBJi'jM 


o.iJ7«'e7e 


o.it*7'bts 




SSI 


0.1BM«Tg 






0.7T«*MT 


04«fSTW 


ciaio'Tn 


O.IT09'(«1 


0.liteMl 


o.iaH«i 


O.UMBU 


s:;as 




1 


O.T*«'i»a 


o.iw'gB* 


o-liBB'gw 


Mate'oTB 

0.7«"tB(( 


O.U«'gBi 
(..10U'*ST 


0.iMi'agt 
O.IUB*Mr 


SifflS 

O.TWSOIM 

o.T*ie M( 


O.1E00 Til 

0.1117 (BB 
0.1077 ooa 


o!u3SB10 

0-l4g«Bn 

0.14HO« 








:::: 




o.Tw'ote 


o-iooi'siB 


0.138**318 


O.75«0*0 
o.7«8l 370 


0-1039 flOt 


0.14U SOS 
0.W9 17a 






mitb'tu 


ojsm'isk 


o.i^'<ui 


o.Tis7'»M 


o^iVm'ms 


o.iaiB**M 


O.THfiT«7 


SisS 


ISSSJ 






:::: 


;::: 




O.T(;«-114 


0.0»'(W 


"'T'r 


o.Toeosag 


SSSffl 


SK? 






o^W 




aiiif'fli* 


o-eaJa'TOB 


cina'w) 


O.IBm'430 


!:Es 


»-i«S*<a9 


ss 


■ 




o-aeiom 


O^'si'lM 


0.11(0 'uc 


o.«S9*89* 

ojHij'ajs 


o.oTa3'»u 
o^u'su 


o.im'sBi 


ii 


o.oeotsoa 

0.O7Mi9« 


o.ilJB Om 

Eg 






ikaw'gpo 


(uaia'us 


ausom 




0.0703*903 

o.a»f-»> 


o.iotb'mu 
o-iohW 


s:as 
sassg 


SI 

O.O«U09* 


3^ 

oiojB^ 






:::: 




:::: 


oJitu'taa 


OLoeM'tse 


0.1l»»'*« 




tM^m 


o.ianM 






0JW-8I8 


<M)eM*i)M 


•Mw'iM 


ojtiai'iu 


0.00^ W 


0.09ra*»!» 


MuosS 


o-osooS 


0.0973 S! 






OJWrKM 


oJii'u. 


iMvi'ta 


oAMs'air 
o.9»m'mi 


ojmi'TTj 

0JlMg'6«3 


ojwi'eu 


::KS 


o.oseo 141 

0.097J3B8 

sssys 


o.09«i 1*1 
0.09«13M 






o^m'tw 


O-OMIW 


IM«i'75fl 


(uwi'gr* 


o.dou'su 

o.o«;'t«» 


o-ogoo'su 

0.(WTTM 




O.QIHMB 

OJMua* 


0-0909 ae> 

ass 






0^«B 


iu«r"4M 


Maii*M 




oj>ur«B 

OLDtai'sop 


oj]BM*na 




SI 

o.o*Mgre 


o.as*ioa 
0.0BMITO 








Si 

(MMMOII 


acme in 


ii 


ojMuato 

0.0340 133 


oj]aDaB4a 
o.orw IBS 


ojaoiM 


OJMOSUC 

as 

0M37»» 


oMnam 






ixtfiSBcg 

0.4U3IJH 


0Mtl4B6 
0.003*180 


O-oflgewS 

o.oa9»iw 


O.MM lOS 

O.«IM9CI0 

o.«B9m 


O.OWTTSO 

ojueossi 


as 


oMttsn 

o-*wns 

O.WHMg 
O.*0«77B 


oMisiar 
oAMTsan 


SI 

aJ)(tH743 




» 0J9BSTO 


OJSMOT 


O^OOUSIT 


0.90 igB 


0.<)MIU 


o.ii«i9 US luim 19S 


O.0M3 118 


£h 

















RATE or INTEREST ; ^ per Cent, per Jm. CORRESPOKDING VALUE or 



! 




T.l«eor 




Vilneof 
Annuilf. 




IVTERfar: . 1 


KESf. 


Comaliitcil 


Improved 
Fiiaeipkl. 


ComalaUHl 
AnnDlIy. 


ftEK 


CaimiUted 

ABBBtty. 


V.lMnf 
AnnolLy. 


I6 
EB 


e.Toig S96 
3.0174 71* 


42.781 sgo 

«.3BflMB 
4B.<«7 34e 
M.S9O8II 

53.T911 aJ7 


10.4B7 18 


!.6Z73 401 
«.7«fiT093 

s.oiexgis 


*».39*T4S 
46.047 714 
31.636 600 
W.BS1M8 




S.06H 166 


S:U;'2J? 


S.SS 
S:SS 


is 


3.1)06 sen 

ISffi 


Sfi.810 709 


18,118 BT 
19 0)9 33 


3.1636 800 
3.8roSJ01 


«r.6ge 113 
6OJMI 473 
64.103 683 
B7.6iJ346 
T1.«13S01 


ISJUl S8 

I9.ise 6b 

19.401 « 


1.1806 4fi9 

3.3016 ogo 

1.4171 713 
3.3373 088 
3.69M03S 


M.1S0B8* 

ISI 

71.808 083 


19.170 n 
19.443 «i 


S6 
40 


4I3&I3 788 


7i.SBfleM 


Ifi.SBO 13 

Si 


is 3 

*.siB6 7S0 
4.41^ J2S 


T4.gN 184 

ass 


10.666 64 
19.9*1 94 
SO.1O1BS 
«>!633 31 


4.1303 484 

4.S874S83 
4.4904 819 


9s:oi» 8j» 


Si 


I 


4JW38 9SO 

l:Sf5 


MS!' 

103.18 791 
108.03 T« 
113.10 961 


Iss 




MS 

I13.a696 


ii 


4.6197 386 
4:9778 013 

'.Si'S 


9ejwfliio 


I1.SJ9M 

(1-^90 


46 

i 


8,4*81 70B 
15.07 SI »41 

fl.J009 3B9 


ill 

H1.3a 837 


H1.76J 06 

1I.S7S 79 


sS 


MS 


SS.lB4gl 

ES.3«iaa 
Si.30flS8 


s.Ssr6oo9 

S.n914l)4 
3-9991 324 


181.80 169 

WJ.44 908 


SI-BTTQS 
SS.OSSSI 

ss.ssi w 

c«:s«ii3 


i 


6.5ne Ml 
e.TBsa 700 
7.aiejoe9 
7.5003 8M 


147.69 031 

li*.19 Sj 
160.97 BOB 

168.01 ^ 


iB.3B7« 
ES-7itB0 
SSSn OS 


7.164«034 


IJO.69 761 

J6ljri7'6 
171 .61 OH 
179. 11 S21 


KJ53T14 
Et.B01iB 
tS.94446 


7:3049794 


13S.E6 3n 
I39J17 010 

s:ss! 

181.07 730 


11.978 14 
Ei:t43 6S 


a 


7.8383 968 

S:SS 


181.80 03fi 


M.I73U 
B3.395 9a 
siiera 09 


8.0089 141 

13 S 


186*1438 


ISi 


8,0866 7se 


S14.K B79 
M3.70 161 


131 


61 

1 


9-«6S 761 
10.9M J7g 


«Si.E4S03 

tMSBSei 
U4.4B943 
ESt.fiS 778 
E6S.TO743 


£3.943 81 
24.0»t IS 


W.3B7 7" 
10.780 91* 

11.188 eea 


SIS 


U.901SS 

M,0OS s6 
Bt.'»3 37 


10:9006*8 
11-113 179 


S33.ISSCT 

SS4.oi63e 
OT5.07 1** 


*3.»»«7 

B4.QJ0 71 
14.109 83 


« 

TO 


■111 

ISAl ISI 


e76.1S 873 

lis 


£4.318 17 
M.403t4 

M.6J9 91 


11.6I3 tog 
ii.osaoGi 

la'.gBi 70] 


SIS 


S4.STOS9 

lis 


iiii 

13.137 180 
13.636 793 


SS6J4WS 

egB.*sB43 


«4J9«» 

(4.479 47 


1 


IS-OSO 718 


337.15 M7 

S:S!S 


»t!7B3 78 

SSI 


13.983 06s 
ls!o6l dM 


346.11499 

360.3S914 

374.W 73. 

403!9Sh71 


S4.IS9 6a 
«£.<«> 9« 


14.133 4ie 
14.691 731 
13.S3t S6» 
13.81S 6S9 
16.434 7M 


330.81097 

si 


S4.918 13 


w 


ia-40B JKfl 

laiMifliw 


410.9B oer 
4e«!oi sag 

*B0.S4«e 


SJSS 


16.WSM 

17-47* 8Ga 
19JS33»73 


4«1.U4« 

SIS 

4w.n-39* 


ass 

£3.196 3X 


17.039 778 
18JBI0H 
19:806 789 


t63jsiog 

*8S.l6 3t3 


nss 
iSi 


B< 

as 


«!aU4a7 


aat.Bioea 


ill 

ui*i«9L 


B0.«7* 713 

m.OlS 143 
SI.BBGSI 

S3.5saies 


311,99 S36 


Hi 

e3.M10* 


S0.SB0 0S4 
ES-996i3t 

83.870 690 


609.88 303 


as.no a* 


1 


ct'474 «0 


TMiweli 


Uiwt 73 

lis 




6(4 j6 114 
649 J» 377 
974.97 893 
TOMS SI9 
TtB.87 014 


e3JT4aB 

43:689 38 
B*.7ESSS 


S4.77BS07 

las 

Sa.76B409 


7U.3e43E 
740.49 091 


23:m7« 
93:73973 


1 


III 

M.on«5j 


Kg 

SIS 
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769.66 640 

SiS'S 

Be4.«06S 
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S:!SS 

E3.aWS3 


IW 


36.883 aar 

3B.«fieBra 

W.701 sal 


Be7.<«M0 
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SS3 


Si 
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<3WIT9 
«6.0iT 17 
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*n.tS3aia 
41.78* 710 


10WJ9S8 


111 






M.fiflfi<S7 










Si 



















PERPETUAL STOCK: S/i.C-SO; 8ip.C.9S,SSS3i 4^.^.106,6667; S p.C. IS3,SSSS. 
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KAtE or INTEREST: 4jp«r Cau.per Ann. CORRESFONDINO VALUE of 



5 



1 



RATIO qf INTEREST: 



Improved 
Priacipai. 



Cttmalated 
Annoily. 



• ••• 
•••• 



2 



LO 



LI 



1 



IS 



14 



17 
18 

IP 
90 

81 
8S 

2S 
M 



1.0*00 000 



•••• 
•••• 

1.0616 000 



•••• 

• ••• 

• •*• 
1.U4B640 



• ••• 

• ••• 

l.ld!9B*58d 



• ••• 

• ••• 

1.8166 5S0 



• •»• 

•••• 

1.86A3*10O 



• ••• 

1.3109*313 

• ••• 

• ••• 

• %•• 
l.a6B5 6dl 

• ••• 
•••• 

• ••• 
l.«233 118 

• ••• 

• • •• 

• • •• 
1.4008 443 

• •«• 

• ••• 

• ••• 
1.5394 541 



1.6010*388 



• ••• 

• ••• 

1.6650 735 



•••• 



1.7316 764 



•••• 
1.8009 435 



•••• 

• ••• 

1.871^812 

1.9479005 
8.0858 165 
8.1066 498 
2.1911 831 

8.8787 6B1 
8.3699 186 
2.4647 155 
2 J633 0«2 

8.6608 363 



■ ••• 

• ••• 



1.0000 000 



• ••• 

• • •• 



Valaeof 
Annait}'. 



2.0400*000 



••• • 
• ••• 

3.1216*000 



• ••• 

• •• • 

• ••• 
4JM64 640 



• ••• 
•••• 

5.4163*286 



• ••• 

• ••• 

6.63^9*755 



• •!• 

• ••• 

7.8988*946 

• ••• 

• ••• 

9-2148*263 



10.588 795 

• ■•• 

• •• • 

12.006*107 

• •■• 
•••• 

13.496*351 

• ••• 

• ••• 

15.085*805 

•••• 
•••• 

16.686*838 



ISJ^t 911 

• ••• 
•••• 

• ••• 
20.023 568 

•••• 

•••• 

•••• 

21.884 531 

23.6^512 
25.645 413 
87.671 289 
89.776 079 

8I.969202 
34.847 970 
36.617 889 
39.O88 604 

41.645 9O6 



• ••• 

• ••• 



0.9615 38 



1.886095 

••• • 

• ••• 

2.77*50 91 

• • •• 

• ••• 

• • *• 
3.6896 9^ 

• ••• 

• ••• 

■ • ■• 
4.4518 88 

• ••• 

• ••• 

■ • •• 
5.8481 37 

• ■•• 

■ ••• 

6.0020 55 



• • •• 

• • •• 

• •• • 
6.732745 



• ••• 

• ■ •• 

• • . • 
7.4353 38 

• ••• 

■ a • • 

6.1106 96 



• ••• 

• •• • 

6.760477 



• ••• 

• •■ • 

• • • • 
9-3850 74 



• ••• 

• • • ■ 

9*9856 48 



• •*• 
10.563 12 



■ ••• 

• ••• 

• ••• 
11.118 39 

• ••• 

• ••• 

• ••• 
11452 30 

18.165 67 
18.659 30 
13.133 94 
13.590 33 

14.089 16 
14.451 18 
14.856 84 
15.246 96 

15.682 06 



RATIO qf INTEREST: 
HALF-rKAJUr, 0.02. 



Improved 
Principal. 



Comalated 
Annoity. 



▼alae of 
Aonaity. 



1.0200*000 
1.0404 000 



I.O6I8 080 
1.0684*388 



1.1040 808 
1.1261*684 



1.1486 8^ 

1.17*16*594 

• ••• 
1.1950 986 

1.8189*944 

• ••• 
1.8433 743 

1.2682*418 

1.2936*066 
1.3/94 *788 



1.3496*663 
1.3727*657 



• •■ • 
1.4008 414 

1.4888*468 



1.456b 112 
1.4899*474 

1.5156*663 
1.5459*797 

1J$768*99S 
1.6084*372 

1.6406*068 
1.0734*181 



1.7066*865 
1.7410*842 



• ••• 
1.7756 447 

1.8113*616 



•• •• 
1.6475 886 

• • •• 
1.8845 406 

1.9606760 
2.0396 873 
8.1888 968 
8.8000 397 

8.8978 445 
2.3900 531 
8.4866 113 
8.5870 704 

2.6915 880 



0.5000*000 
1.0106*000 



1.5362*000 
2.0608*040 



8.6086*801 
3.1540*605 



3.7171 417 
4.2914*845 



4.8773*142 
5.4748*605 



6.0643 577 
6.7060*449 

7.3461*668 
7.9869*691 

8.6467*085 
9*3196*426 

10.606*035 
10.706*156 

11.420*279 
12.148*685 

12.891*659 

13.649*498 

•••• 
14.428 488 

I5.8l6*931 



16.015*150 
16.835*453 



17^8 168 
1B.AKS**605 

19.396*117 

• • • • 
20.284 040 

21.189*780 

88.113*515 

84.016 901 
85.997 184 
88.057 470 
30.200 992 

32.431 118 
34.751 327 
37.165 868 
39.676 760 

48.289 701 



0.4901 96 
0.9707 80 

• . • • 
1.4419 48 

• . • • 
1.903864 

• •• • 
2.3567 30 

2^667 15 

• • ■• 
3.2359 99 

3.6687 41 

• • • ■ 
4.0611 16 

4.4912 98 



• •■• 
4.8934 24 

• • •• 
5.8876 71 



5.6741 87 
6.0531 84 

• • •• 
6.4246 38 

6.7888 55 

• ••• 
7.1459 36 

• • • • 
7.4960 16 

7^398 31 
8.1757 17 

8.565605 
6.8896 24 

• • •• 
9.1461 02 

9-4569 63 

9.7617 86 
10.'666 58 

• ■• • 
10.353 45 

10*646 64 



10*988 19 

• • .• 
11.196 23 

• ••• 
11.468 85 

• *■• 
11.734 17 

18.849 30 
18.744 48 
13.820 38 
13.677 74 

14.117 39 
14.530 98 
14.946 16 
15.336 56 

15.711 80 



RATIO qf IVTEREST: 
QUJRTERZr, 0.01. 



Improved 
Principal. 



Camalated 
Amiaity. 



1.0100 000 
1.0801 000 
1.0303 010 
1.0406 040 

1.0510 101 
1.0615 808 
IJ0721 354 
1.0828 567 

1.0936 853 
1.1046 881 
1.1156 6B3 
1.1868 850 

1.1380 933 
1.1494 748 
1.1609 690 
1.1725 786 

1.1843 044 
1.1961 475 
1.8061 090 
1.3201 900 

• 
1.83^ 919 

1.8447 159 
1.8571 630 
1.8697 346 

1.8884 380 
1.8958 563 
1.3088 089 
1.3218 910 

1.3345 039 
1.3478 489 
1.3613 874 
1.3749 407 

1.3886 901 
1.4085 770 
1.4166 088 
1.4307 688 

1.4450 765 
1.4595 878 
1.4741 885 
1.4888 637 

1.5037 584 
1.5187 899 
1.5339 778 
1.549s 176 

1.5648 107 
1.5804 589 
1.5968 634 
1.6188 861 

1.6283 483 
1.6446 318 
1.6610 781 
1.6776 889 

1.6944 658 
1.7114 105 
1.7885 246 
1.7456 098 

I.76S8 679 
1.7809 006 
1.79rt7 096 

1.8166 967 

1.8S48 637 
1.8538 183 
1.8717 444 
1.8904 619 

I.9O72 888 
8.0470 993 
8.1308 198 

2.8167 158 

2.3067 887 
8.400S 849 
2.4978 508 
8.5998 789 

2.7048 138 



0.2500 000 
0.5025 000 
0.7575 250 
1.0151 003 

1.8758 513 
1.5380 038 
1.8033 838 
8.0714 176 

8.3481 318 
8.6155 531 
2.8917 087 
3.1706 256 

3.4923 320 
3.7368 553 
4.0848 239 
4.3144 661 

4.6076 108 
4.9OS6869 
5.2087 838 
5.5047 510 

5.8097 965 
6.1178 964 
6.4290755 
6.7433 668 

7.0607 998 

7.3814 079 
7.7058 819 
8.0322 742 

8.3685 969 

8UI968 229 
9.0331 851 
9.3735 170 

9.7172 581 
10.064 485 
10.415 069 
10.769 880 

11.186 912 
11.488 181 
11.853 063 
18.821 593 

18.593 609 

18.969 747 
IS.349 445 
13.738 939 

14.120 969 
14.511 471 
14.906 586 
15.309 658 

15.708 708 
16.115 796 
16.586 953 
16.948 223 

17.361 645 
^17.785 862 
18.813 114 
18.645 845 

I9.O8I 698 
19.522 515 
19.967 740 
20.4J7 417 

2Q.871 598 
21 J30 306 
81.793 611 
88.861 547 

84.180 555 
86.177 463 
88.255494 
30.417 880 

32.668 069 
35.009 683 
37.446 255 
39.98I 883 

42.680 346 



Valaeof 
Amioity. 



0.2475 25 
0.492599 
0.7392 40 
0.9754 91 

1.2133 58 

1.4468 69 
1.6820 49 

1.9129 19 

2.1415 04 
8.3678 26 
2.591907 
241137 69 

3.0334 35 
3.250926 
3.466263 
3.679468 

3.8905 63 
4.099567 
4.3065 02 
4.5113 86 

4.7142 46 
4.915095 
5.1139 55 
5.3106 47 

5.5057 89 
6.6986 01 
5.8899 02 
6.0791 11 

6.8664 46 
6.451927 
6.635571 
6.8173 97 

6.9974 23 
7.1756 66 
7.3581 45 
7.5268 76 

7.6996 77 
741711 66 
6.0407 56 
8.2086 71 

6.3749 22 
8.5395 27 
8.7085 02 
6.8638 63 

9-0836 87 
9.1816 09 
9-3384 85 
9.493490 

9.6470 20 
9.7990 89 
9.949534 
10.096 55 

10.246 09 
10.392 17 
10.536 80 
10.680 00 

10.821 78 
10.962 16 
11.101 15 
11.238 76 

11.375 01 

11.509 91 
11-643 46 
11.775 78 

12.891 n 

18.787 60 
13.864 12 
13.722 05 

14.168 11 
14.565 00 

14.991 39 
15.381 93 

15.757 22 



P8gel8. 



PERPEIUAL STOCK: S p.C.^S; Si p.C.m.S -, ip.C. 100; 5p.C.I35. 
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HATE oi INTEREST . t ptr C^l. po- Jm, CORRESPONDING VM,DE or 
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CdUllUUd 
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Valaeor 
Anonlly. 


PHnclpU. 




TUMOf 
ADiully. 
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46.064 0)8 
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1.2810 308 
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80.793 46 
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108-02 423 
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124.89 303 
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i 




SSSJ 


so.aa*6s 
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Si 


20.»fl8I 


6.4)92 »« 

!:SSS 


1)0.98 IM 

1S:?6 53 

191.90 043 




i 


ii 

8.6463 689 


174 .as 131 
iBliiS 911 


W.filT 49 
SI .741 W 

«i.ai(t 67 

Si; 


8.8311834 


IS3.4) )«3 

Kg 

187 -go 844 
195.n939 


ISi; 


T.«)0T7B 
8,9489 321 


183^4 894 

173.03 497 

181.00 680 
189.46 316 
19B.17 3)0 


M.TlfllB 

as 

««.199 49 


i 


B.g(H!t «1S 


ass 

!ie.l4 967 
■37 .87 366 


M.M9 37 


9.1879 63! 
g.9433 469 

iS:m IS 


«04.69 9M 

«31.fl7»»7 
M4.i«9oe 


g;SS 

22,486 <8 

S:SS 


10.892 SJ4 


107.2)30) 

4)6.68 8« 
247.31 3S4 


lt-3« 7T 

11; i 


1 


10,940 411 

ii.jreotB 
wiiS lie 

K.JSa 733 


M9:«073 
«94^B6MS 


S:5SS 

asssa 

S).(x6 6e 


ll.«00 076 
11-634 439 
IS. IS) 3E2 

ie.6i) loa 
ij.m 614 


Sis 


82,767 87 
24.8S4 33 

sss 

C3.094 90 


11.334 839 

U.79S OJS 

13:490 983 


Hi 


tax 
as 

*3.119 03 


i 


13.aiS HE 
14.398 8)6 


307-76 Tli 
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CaaialAted 
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Pxmcip*!. 


(kunnlaUMl 
Annuity. 


Value of 
Annuity. 


Improved 
Principal. 


Comnlated 
Annuity. 


Yaloenf 
Annuity. 


S6 
«7 
S8 
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30 


2.9510 574 
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3.907S 876 
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3.4856 350 
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48.856 890 
51.934 767 
55.141 995 
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3.9498 0R» 
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65.604 939 
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17498 64 
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18.800 59 
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5.9878 476 
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6.5076 308 
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7.6664 738 
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149.95 567 
157.38 878 
165.01 585 
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SOJ!93 06 
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158.59 968 
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20.403 68 
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74^368 341 
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1&.16 971 
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9.3991 852 
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21.241 g5 
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887.10 040 
300.36 478 
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21.880 10 
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888.56 619 
348.77 044 


21.744 40 
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21.860 12 
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375.89 653 
398.84 663 
409.91 711 
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17.456 678 
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19-804 390 
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488.33 859 
447.54 898 
467.56 356 
488.43 501 
510.19 350 


28.304 20 
22.854 15 
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22.492 11 
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80.654 656 
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28.467 062 
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448.44 809 
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505.10 735 
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22.390 23 
28.437 15 
28.488 13 
82.525 26 
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28.883 806 
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5S74»077 


28.359 80 
98.408 29 
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83.647 861 
24.658 869 
25.699 991 
86.798 840 
87.930 910 
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556.58 396 
581.17 685 
606.87^ 
633.66 848 


22.534 40 
22.574 96 
22.613 87 
28.651 19 
22.687 00 
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26.568 930 
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88.915 528 


551.49 415 
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22.566 61 
22.606 26 
28.644 28 
22.660 73 
28.715 68 
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28^213 163 
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785.70 898 
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58.146 606 


1015.8 728 
1059.4 8I9 
1105.4 473 
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1151.8 444 
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23.186 19^ 
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o.4eaT'sM 
(mbIo'tm 


OM^'SBJ 


O.loiTSBT 


o'.tHS 341 
a.4SBl f74 
0.4818 0* 


0.0X10 M 
0.0488 130 


S| 






"" 


ll!t 


0.*(i8*ilU 


o.dmIb'tx 


0.0»3't» 


Sti 


Si 

o.oi*e *i7 


0.0987 417 




0^'«OT 


OMM*m 


cMwim 


o.4i9e-»» 


IMM*«'S» 


o.onj"«o 








:::: 




o-waV 


CI.DttS*Bfi3 


o.osMUa 


0.4313 91« 


S:SS!m 


oio^fle} 




o.Mio*079 


l>.<HiVlI)0 


o^'ipo 


o.*iei'ug 


o-c^'sv 


o.osji'sss 


oi^alr 


u 


olsmau 


<M»rBUO 




OJW098 


o.oni4Te 

O.OMOMS 

0.0113 ogi 

a.MM5B7 


aloSigMe 

O^OBISSW 


is; is 

0.3K3M3 


oj»e7aei 
0,0)»7 177 

as 


o.oeMBei 
o.ooSt 177 

:ss 




O.MH oae 

O.SU««4B 

SISSS 


0.MKU4 
0.0»MI1» 


o.Dn>T«i* 


OJMSM 




SIS! 


0.1M4 3ai 
o.«Mg8OT 


0.0^3 798 

S:ffilg 

o.ecioSt 


O.OTBBTin 

o:d7»i 397 
O.073i «8«, 


« 


o-nwuTB 


O-.DMi'W 


OOTT 4OT 


O.STOTMO 
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BATE or INTEREST : 5{ per Catt. per Am. CORRESPONDING VALUE o 



1 


FriKdJl^. 


CmBuUud 


T.Jneo( 


SEP! 


*Ar»°uUi. 


AnButly'. 


KKs: 


"cir 


Aon ally. 




3.18E4AU 

3.S810 MS 
4.1900 «S 
4.4100 MS 
4.6411 SIl 


6t.llSIGU 
flfl-aait 878 


ill 




J4.SM770 

III 


14J64 23 

ass 


3.88110*6 

4!ia78 404 
4.338*9X7 
4.7814 9m 


lis 


14.139 04 

ijiS!" 


M 




T4,ffl>t 4!g 
78.B8I)6(5< 

u.a.11 3«8 

89-443 DIG 

l»,wa 774 


la.iM 60 
laiaio a 




£:KS 

B6.«81 BJ7 
91.SB4S33 

97.784 995 


III 

isWei 


3.0173 IW 

ii 


76.904 968 
w!4*9 161 


13.flt6 46 


36 

m 


SSilS 

SI' 

T.T«3Klt 


101.13 SM 
lSl!o7 3U 

i!8.4a95a 


ia.»7 JO 


6.4*99 3153 

6.B0»343 
7.16J4 081 
7.34(13 e9» 
7.W7fl *S3 


103.99 879 

sis 


as 

16.189 34 


6J384 779 
6.8885 631 




III 

16.68103 


:; 


gijoio Tia 


156.17 S13 
It4.3S 117 

171.4>i on 


ii 

17-14* 83 


B.37«6 6K 
8.8138 9^ 

Si 


148.87 414 

m.ii 911 


■6.996 14 


8.4066 693 

8.9*10 Sat 

10.435 JU 


141.60 IM 

ii 


16-801 a) 

HoilS 
nasB 30 
i7.fua4 


JO 


III 


w'-V 100 


IT.Ur 89 

iiis 


n:4ss46ii 


ii 

SM.U 194 




11.013 310 
11.603 131 


■ 90-76 839 

(OJ.OOiW 
e39-44 4« 


17.406 31 

mi 


32 


isjS(asT6 

IS.Bia TOO 

i6.6eo 737 


iis 


■ 7.646 38 
17.716 CT 

1T.7M as 

17.906 73 


14.034 797 

14*B1)17 

u.Jng&u 

16.418 83fi 

i7.«g« 1)9 


MB.66«a] 
fi6e.90tn 

310.J! 6*9 




15.869 «3 

I6.719 179 


UJ.gs 473 

3:SS 


17-847 33 

liigwu 


M 

z 


lT.K16«fi 
!l.iM!«7 


315.36 IB* 
.UU.Ul U3 

Sfllisi *M 


17.9M61I 

is!afi8 K 

ItlSS 


IS.lll BQE 

lifflS 


317.84 345 

186.19 468 
407 .74 91* 


laiost S3 

I8!lS« C 
1B.19T 54 




334.41 836 

416.41 eJ9 


18.169 88 
IB-gt* IS 


«t 




41i.83 BEi! 
4MW 3£7 
4S9.39S77 
4B»J17«> 

aiO.»5 436 


ii 

I8.Sot 


S3.JBe6«8 
«9:0i4 331 


4J*!S5B4E 
479.33 B** 
506.05 777 


III 


S&713SM 


490.19 9«a 

517.46 199 


1B.«3SB1 
1B.W01 

18.371 37 


TO 


«g.iUffa 

MJM43S 
U.9n 4M 


MS! 

66i.t7S3J 


III 

lailiT 60 


S0.J7B 060 

n.6«ie8 


ii 


isiSe 17 

1B.4H6 04 


38.516 699 


assg 

714-60 371 


18.418 JG 
18.533 09 


i 


44.01)11 TIO 
46.414 94S 
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11 


39.6B3M6 

SiaSosi 
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11 


*O.J7a9B( 
t9:«) W 
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UB.sr 101 
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6 

■n 

i 
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iitt!e ou 


MS 
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i»e.91958 
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38.460 97» 
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1037 .9 OM 

S;1S 


ie.7<l BO 
18.138 36 


1 


011801 l&l 
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79.942 701 
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1S:SS 
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18.769 00 

Si 
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1B.S5T 14 


Sffi 
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Si 
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E17*.6 894 
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18.016 01 
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PERPETUAL STOCK; Sp.C.57,U«9; 3ip.C.66.666Tj 4p.C. 76,1905; 5p.C. 95,2381. 
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RATE OP INTEREST: &ipcr Cent. per Ann. CORBESFONDING VALUE of 






6 



8 



I 



10 



11 



t 



13 



14 



RATIO qf INTEREST: 
AtTNUALLT, 0.055. 



IT 
18 
19 
80 

SI 
M 
£S 
U 

9& 



Improi^ed 
Principal. 



• ••• 

• ••• 



1.0590*000 



• • •• 

• ••• 



1.1190 £50 



• ••• 

• ••• 



1.174S 414 



• • •• 

• ••• 

• ••• 



l.£388fl«r 



• • •• 

• ••• 



1.9069 000 



• ••• 

' •••• 

• •• • 
1.9788 «B 



1.4540 792 



1.5946 805 



Comolated 
Aim'aity. 



Valoeof 
Anttoity. 



• ••• 

• ••• 



1.0000*000 



• •• • 

• • •• 



2.0550*000 



• ••• 

• ••• 



9.1680*250 



•••• 
4.9482 064 



• ••• 

• ••• 

5.5810*910 

• ••• 

• ••• 

6.8880*510 



• ••• 
8.8608*938 

• ••• 

• •'•• 

9.7215*790 



1.6190 9tt 

• ••• 

• •a • 

• • •• 

1.7061 445 

• •• • 

• ••• 

• ••• 
1JM20 984 

• ••• 

• • •• 

1.9012*075 

• ••• 

• • •• 

2.005f*799 

• • •• 

• • •• 

2.1160*915 

• ••• 

• ••• 

2.2924*705 



2.9552 027 

2.4846 021 
2.0214 06S 
£.7056 469 
2.9177 575 

9.0788 942 
9.8475 370 
9.4861 510 
8.0145 800 

9.8199 90 



11.250 200 

• ••• 

• ••• 

12.875*954 

• ••• 
•••• 

14.569 496 

• ••• 

• • *• 

10.985*591 

• •• • 

• ••• 

18.286*790 

•••• 

• ••• 

•••• 
80.298 572 

•••• 

• ••• 

• ••• 
22.406 609 



84.041140 

80.996 408 
29.461 905 
92.102 071 
94.608 918 

97.700 070 
4OUS04 9IO 
44.111 847 
«r.597 9g6 

51.158 088 



• • •• 

• • •• 



0.9478 0r 



• ••• 
•••• 

• •• • 



1JM09 8O 



• • •• 



2.0979 99 



• ••• 

• ••• 



• ••• 
9.5091 50 



• ••• 

• • •• 

• ••• 
4.8702 84 

• ••• 

• • •• 

• ••• 
4.995590 

• ••• 

• ••• 

5.0889 67 

• ••• 

• •• • 
•••• 

0.9945 00 



0.9521 99 



• ••4 

7JS9r0 80 



8.0925 90 



8.0185 18 

• ••• 

• ••• 

9.1170 78 



•••• 

• •• • 
9.5090 48 

• ••• 

• ••• 

• ••• 
10.037 56 

•••• 
■ ••• 

•••• 
10.408 10 

104)04 01 
11.240 07 
11.007 05 
11.950 98 

12.275 84 
12.589 17 
18Jr75 04 
19.151 70 

19.413 99 



RATIO qf INTEREST: 
HALP-rEJRLr, 0.0275. 



Improved 
Principal. 



Cnmalated 
Annalty. 



1.0275*000 
1.0997*509 



• ••• 
1.0847 895 

1.1146*219 



• • •• 
1.1452 799 

1.1707*664 



I.8O91295 

•••• 
1.2429 806 



•••• 
1.2765 460 

1.9116*510 



1.9477 214 

• ••• 
1.9847 896 



1.4828 6A9 

I.46199U 

• • •• 
1.5021 990 

1.5495*094 

1.5859*559 
1.6895*697 

• • •• 
1.0749 889 

• ••• 
1.7804 864 

1.7077 402 
1.8169*591 



• ••• 
10)663 028 

1.9176*261 



1.9709 60B 
2.0249*457 



• ••• 
2.0802 206 

• ••• 
2.1974 2O6 



2.1962 061 
2.2566*017 



• ••• 
2.9186 589 

2.9824*214 

2.5152 509 
2.0594 975 
.24X»5 581 
2.9598740 

9.1849 055 
9.2991 985 
9.4890 801 
9.0778 899 

9.8889 218 



0.5000*000 
1.0197*500 



1.5410*281 



2.0840 229 

2.0419*995 

9.2199*702 

• • •• 
94)029 544 

4.4009*191 



5.0881 094 
5.6669*824 

6.9222*079 
6.9900*686 

7.6884*609 

8.999B992 

• ••• 
9.1908 909 

94)819*897 



10.653*744 

• ••• 
11.446 788 



• ••• 

18.801 507 

19.098*099 



• ••• 
19.998 91s 

• ••• 
14.848 789 



15.750 960 

• •• • 
10.084 111 



• ••• 
17.042 984 

• ••• 
184i88 104 



19.040 377 

•••• 
80.080 486 



• ••• 
21.749 801 

• • •• 
88.847 904 



89.975 005 

• ••• 
85.194 994 

87.550 114 
90.099955 
92.791 966 
95.694 072 

98.694 645 
41.008 518 
45.147 019 
48.077 996 

58.405 850. 



▼aloe of 
Annalty. 



0.4866 18 

• ••• 
O.96O8 18 

1.4811 91 

• • .• 
1.8697 14 



8.3068 91 

• .•• 
8.7911 89 

• ••• 
9.1447 04 

. . a • 

9.5471 !n 



9.9988 99 

. « a* 

4.9800 96 



4.6910 95 

a* .• 

5.0981 08 



• a a* 

5.40S5 05 

aa . a 

5.7455 04 



6.0789 49 

aaaa 

0.4082 87 

• a a a 

0.7175 54 

99 9 9 

7.0849 89 

a a. a 

7.9830 01 

aaaa 

74S130 80 



7.8904 79 

aa a* 

8.1717 50 



8.4990 59 

aaaa 
6700990 

aaa* 
6.9541 59 

aaa* 

9*8011 88 

• aa* 

9.4414 87 

aaaa 

9.0754 19 



• aaa 
9.909076 

aaa* 

10.184 05 



• aa* 

10.340 89 

• aaa 

10490 10 

10.959 80 

11.334 90 
11.090 55 
18.099 05 

18.909 40 
18.070 74 
IS.9OI 79 
19.837 40 

19.496 98 



RATIO of INTEREST: 
QUJUTEHLY, 0.01375. 



Improved 
Principal. 



1.0137 500 

1.0870 891 
1.0418 196 
1.0501 448 

1.0700 008 
1.0853 885 
1.1003 186 
1.1154 419 

1.1307 798 
1.1409 874 

1.1680 894 

1.1780 681 

1.1948 666 
I.8IO6 877 
1.8873 347 
1.8448 109 

1.8613 184 
1. 8786 610 
1.8968 498 
1.3140 009 

1.3381 349 
1.3904 518 

1.3690 809 
1.3878 449 

1.4O09 874 
1.4808 786 
1.4458 839 
1.4697 648 

1.4899 190 
]4K)63 504 
15870 688 
1.5480 999 

1.5693457 
1.5909 848 
1.0187 994 
1.0349 754 

14^4 509 
1.6B08 403 
1.7033 497 
1.7807 706 

1.7505 139 
1.7745 634 
1.7989 840 
1.8837 800 

1.8407 9OI 
1.8748 171 
14)999 870 
1.^1 184 

1.9585 964 
1.9794 440 
8.0006 680 
8.0342 530 

8.0088 840 
8.0905 808 
8.119s 857 
8.1484 004 

9.1780 078 
8.8O79594 
8.8383 148 
8.8690 916 

8.3002 916 
2.3319 8O6 
8.3039 840 
2.3904 899 

8.5310 390 
24)791 445 
2.8292 277 
2.9817 979 

9.1491 404 
9.9299 540 
9.5180 897 
9.7099090 

9.9I88 Oil 



Cnmalated 
Annuity. 



0.8500 000 
0.5094 375 
O.7O09596 
1.0806 147 

1.8646 500 
1.5585 170 
1.8898 047 
8.0909 489 

8.9778 039 
8.6604 981 
e.91-70 800 
9.8376 083 

3.5381 194 
3.8306 860 
4.1333 57 
4.4401 



579 
916 



4.7518 448 

6.0005 799 
5.9808 998 
5.7109 000 

0.0368 t07 
0.97I8 504 
0.7094 039 
7.0517 185 

7.9986 796 
7.7504 114 
8.1069796 
8.4064 509 

8.8348 917 
9.8O63 715 
9.5889 591 
9.9647 848 

10.391 740 
10.744 076 
11.141 807 
11.545 007 

11.953 751 
18.368 115 
18.788 177 
13.814 014 

13.645 707 
14.083 335 
14.586 981 
14.976727 

15.438 697 
15.804 856 
16.363 410 
16.838 407 



▼aloe of 
Annalty. 



17.919 995 
17.806 064 
18.908 
18.804 



SJ 



19.313 174 
19.888 731 
80.351 376 
80 881 807 

81.418 384 
81.968 686 
88.514 815 

83.074 393 

83.641066 
84.810 799 
£4.799 719 
85.390 715 

874)37 087 
30.480 810 
33.149595 
80.091 087 

99.075 966 
48.890 069 
45.085 807 
40.871078 

59.066 808 



0.8400 09 
04898 79 
0.7808 36 
0.9665 48 

1.8000 47 
1.4303 88 
1.0975 68 
I.8BI7 14 

8.1088 m 
8.3808 89 
8.5360 16 
8.7468 30 

S.9575 04 
3.1040 58 
3.3O77 51 
3.5080 88 

« 

3.766887 
3.9084 04 
4.1558^ 
4.3455 18 

4.5331 87 
4.7183 10 
4.9009 83 

5.0810 56 

5.8567 50 
5.4340 38 
5.0069 37 
5.7774 90 

5.9497 48 
6.111706 
0.8754 19 
0.4309 18 

OJSgOS M 

0.753355 

6.9083 05 
7.0612 79 

7.2181 00 
7.9006 94 
7.5070 04 
7.0584 48 

7.7998 58 

7.9301 30 
8.0751 08 
6.818161 

8.3474 09 
6.4807 98 
84S183 78 
6.7481 73 

6.8708 or 
8.9965 05 
9.I8IO 90 
9.8499 60 

9.9096 14 
9.48«r»B 

QAaserco 

9.7191 88 

9.8999 00 
9-947199 
10.0S8 88 
10.109 00 

10.877 08 
10.964 69 
10.490 04 
10.59496 

IO.99B86 
11.960 10 
11.741 T4 
18.064 09 

18.406 86 
18.715 17 
19.005 76 
13.880 94 



F^42a 



PKREBTnAL STOCK: 8p. C. H,54J5i Sty. C.63,636ti 4^ C. 78,7873 i 5p.C.»,9091. 
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RATIO flCIlTBtEsr: 

aVARTBRLT, o.<nns. 




DiMonnUd 
PHKlpU. 




RMkiot 

ABBBlty. 


PrilKllp^. 


£r.'j:^ 


RUloof 
AoniUly. 


PrineipkJ. 


KSiS 


BiUnof 
Anntiily. 












o.9T«-«0 


(.af^'ow 


«.o«6"«x. 


o.EeUM9 


tiS 


!ToJS» 

1.0346 097 






0.9478*013 


i.odm'ow 


i.ouo'ooo 


O-uiu'eaa 


o.(e6i'j6a 


lmm'siu 


0.3196 Vfl 






O^'SM 


o.«»-iao 


oiii'ieo 


(kwis'sTB 


o-eHe'eto 


OJm4'41« 


o.B)S9!»* 


0.7783 005 

o!348«e63 
0.4784 30* 


Si 

0.aJ14 304 






Wio'lJA 


o^siw'Mt 


o.riii"s4i 




a.vis'm 


o-aeei'iiT 


0,8488 47S 


si 

o!3ae8 7oa 


0.4TM5Sa 
O.430S693 

oi^m 






ojm'iw 


(wSi"9« 


o.>su'«« 


owo'«i» 
o^aMft'oM 






0.BS73MO 
0.ai3B7fl8 


oisOio 499 


o.«>i IB, 

3S 






o-riiiw 


o.mI'w* 


o-Mil'idt 




o.i»'ei9 


csiuTO* 


0.79«BM| 


0.1430 383 
0,1731 im 


o.a»«7it 
o'.uoi axt 






O.TU8'4W 


wiii'm 


o-woi'ioo 


(i.T4ig'9Si 
cnuMt 




ti.isJ9*n4 


0.7SOO 747 
0.7tOg 418 


0.1410 094 


oiigseoM 






t>.e«T*'a» 


o-uog'SM 


0.17So'6M 






0.1B5a*S31 
0.17w'wi 


0.7107 «B7 

Si 


O.ISHJMS 


oiiuosM 
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BATE Of INTEREST t 5^ per Ctiii;per Jun.— ^CORRESFONIMNG VALUE ov 





RATIO «rillTERB8T: 


RATIO qf INTEREST: 


RATIO qT INTBREan : i 




ASnUALLY, 0.065. 


BALF-YEAALT, 0UMT5. 


QUARTEM^X, 0.01375. 1 




Improved 
PrlnciiMd. 


Cttiiralfttcd 
Annaity. 

• 


Value of 
Annuity. 


Improved 
Principal. 


Camnlaied 
Annuity. 


Value of 
AuDuily. 


Tmpmved 
Principal. 


Comulaied 
Annuity. 


Value <{f 
Aoaolty. 


96 
97 
2B 

<9 
90 


4.0231 280 
4.2444 010 

4.4778 431 
4.7241 244 
4.9839 513 


54.965 961 
58.989 109 
63.233 510 
67.711 354 
72.435 476 


13.662 50 
13.898 10 
14.181 48 
14.333 10 
14.533 74 


4.0967 855 
4.3273 184 
4.56B5 934 
4J)833 211 
5.0928 514 


.56.341 554. 
60.49^696 
64.863 517 
69.5M988 
74.404 570 


13.745 92 
13.980 18 
14.202 06 
14.412 25 
14.611 33 


4.1381 876 
4*3705 855 . 
4.6159 078 
4.8750 671 
5.1487 76b 


57.057959 
61.882 282 
65.743 779' 
70.455 765 
75.438 306 


13.786 15 
14.021 72 
14.842 87 
l4w452S6 
14.650 53 


31 
38 
33 
34 

35 


5^2580 686 
5.5472 684 
5.8523 618 
6.1742 417 
6.5138 250 


77.419 489 
82.677 408 
88.224760 
94.077 122 
100.25 136 


14.783 93 
14.904 80 
15.075 07 
15.8.'*7 03 
15.390 55 


5.3761 762 
5.6759 316 
5.9984 003 
6.3265 141 
6.6798 566 


79*665 640 
85.016939 
90.770 914 
96.845 710 
103.25 9S1 


14.799 89 
14.978 50 
15.147 67 
15.307 91 
15.45969 


5.4378 539 
5.7431 612 

6.0656 099 
6.4061 624 
6.76A6 351 


80.688 253 
86.239294 
98.101 997 
98.893 861 
104.83 337 


144196 25 
15.016 00 
15.184 29 
15.343 64 
15.494 52 


36 
37 
38 
39 
40 


6.8720 854 
7.2500 501 
7.6488 088 
8.0694 870 
8.5133 088 


106.76 519 
113.63 727 
190.86 732 
128..11 61s 
136.60 561 


15.536 07 
15.674 00 
15.804 74 
15.988 66 
164H6 12 


7.0516 671 
7.4448 416 
7.8599 380 
8.2981 787 
8.7006 540 


110.03 031 

117.17 a9i 

124.72 615 
132^9 416 
141.10 644 


15.603 45 
15.739 62 
15.868 59 
15.99076 
16.106 47 


7.1457 017 
7.5468 957 
7.9706 147 
6.4181 234 
6.8907573 


111.74 003 
1194)3 4«7 
186.73 845 
134.87 497 
143.46 631 


154137 38 
15.77264 
15.90071 
16.081 98 
16.196 80 


41 
42 
43 
44 

45 


8.9615 406 
9.4755 255 
9.9966 794 
10.546 497 
11.126 554 


145.11 892 

154.10 046 
163.57 599 
173.57 267 

184.11 917 


16.157 46 
16.803 00 
16.363 03* 
16.457 85 
16.547 75 


9.2493 264 
9.7650 341 
10.309 496 
10.884 315 
11.491 163 


149.96 775 
159-36 486 
169.26 356 
179.71 481 
190.74 879 


16.216 07 
16.319 89 
16.418 22 
16.511 36 
16.599 58 


9.3899 872 
9.9171 228 
10.473 9I8 
11.061 974 
11 .683 046 


152.54 413 
162.12 951 
172.25 305 
182.94 498 
194.23721 


16.245 51 
16.346 44 
16.44590 
16.538 19 
164S25 56 


46 
47 
48 

49 
do 


11.738 515 
12.384 133 
13.065 200 
13.783 849 
14.541 961 


195.24 572 
806.98 423 
219.36 837 
232.43 368 
846.21748 


16.63292 
16.713 66 
16.790 20 
I6i62 75 
16.931 52 


12.131 889 
12.808 317 
13.522 461 
14 276 483 
15.072 422 


202.39 797 
2144)9 667 
227.68 Ul 

241.38 950 
2554)6 282 


16.683 14 
16.762 29 
164137 25 
164^86 
16.075 52 


12.338 969 
13.031 759 
13.763 485 
14.536 169 
15.352 300 


806.16 343 
818.75 985 
232.06 226 
246.11 217 
860.95091 


16.708 29 
16.786 69 

I6.86079 
16.931 08 
16.997 51 


51 
52 
33 
54 

35 


15.341 760 
16.185 666 
17075 n3 
18.014 940 
19.005 762 


260.75944 
276.10 181 

292.28677 
309.36 255 

327 J7 749 


16.996 70 
17.058 48 
17.117 05 
17.172 55 
17.225 17 


15.912 804 
16.800 942 
17.736 TO 
18.725 684 
19^69 758 


271.14 189 
207.27 350 
304.30 454 

322:88 517 
341.26 833 


17.03923 
17.09957 
17.156 72 
17.210 86 
17.262 14 


16.814 252 
17.124 596 
184)66 055 
19.101 49s 
20.173 943 


276.62 976 
29.ta7 451 
310.65 555 
329.11806 
3484^1 714 


17.060 47 
17.190 08 
17.176 52 
17-2«9 97 
17.280 56 


56 

56 

g 
60 


20.051 079 
21.153 886 
22.317 352 
23.544 806 
24.839 770 


346.38 325 
366.43 433 
387.58 821 
409.90 557 
433.45 037 


17.275 04 
17.382 38 

17.367 12 
17.40960 
17.449 85 


20^672 046 
22.035 793 
23.264 426 
84.561 563 
25.981 024 


361.30 993 
362.46 896 
404.80 775 
428.39 206 
453.29 134 


17.310 71 
17.356 71 
17.400 29 
17-441 56 
17.460 66 


21.306 605 
22.502 860 
23.766 879 
25.100 632 
264K)9 903 


369.21 100 
390.96 110 
413.93 235 
438.19 338 
463411 641 


17.3S8 48 
17.373 84 
17.416 79 
17.457 46 
17.49597 


61 
62 
63 

64 

65 


86.205 956 
27.647 285 
89.167 686 
30.772 180 
32.464 587 


458.29 014 
484.49 610 
518.14 339 
541.31 187 
578.06 339 


17.488 01 
17.5«4 18 
17.558 47 
17.59096 
17.621 77 


27.376 841 
28.903 271 
30.514 809 
38.216 200 
34.012 454 


479.57 892 
507.33 219 
536.63 288 
567.56 727 
600.22 644 


17.51Y 69 
17.552 76 
17.585 96 
17.617 45 
17.647 25 


27.998 896 
29.570 855 
31.230 471 
38.983 900 
34.835 n5 


490.87 811 
519.45 918 
549^493 
581.52 546 
615.19591 


174198 43 
17.566 05 
174(99 64 
17.630 59 
17.659 89 


66 
67 
68 
'69 
70 


34.250 139 
36.133 896 
38.181 261 
40.217 930 
42.429 916 


604.54 79B 
638.79 818 
674.93 8U1 
713.05 387 
753.87 180 


17.650 96 
17.678 64 
17 704 87 
17.729 74 
17.753 30 


35.906 861 
37.911 005 
40.024 780 
48.856 412 
44U$12 471 


634.70 657 

671.10 916 
709.54 146 

750.11 658 
792.95 401 


17.675 49 
17.702 23 
17.787 56 
17.751 54 
17.774 27 


36.791 683 
38.857 282 
41.038 916 
43.343 038 
45.776 525 


650.75 678 
688.31 481 
727.98 030 
769-87 343 
814.11864. 


17.687 64 
17.713 91 
17.738 78 
17.768 S3 
17.784 63 


71 
72 
73 
74 
75 


44.763 562 
47.225 538 
49-882 963 
58.563 286 
55.454 204 


795.70 112 
840146 46B 
887.69 084 
937.51 380 
990.07 643 


17.775 64 
17.796 88 
17 .816 89 
17.835 91 
17.853 95 


47.099 695 
49.726 008 
58.496 544 
55.425 666 
56.515 993 


838.17 991 
885.92 743 
936.33 717 
989-55 757 
1045.7 453 


17.795 79 
17.816 18 
17.835 49 
17.853 78 

17.871 10 


46.346 699 
51.061 052 
53.927865 
56.955 635 
60.153 398 


860.84 799 
910.20 095 

962.32 488 
1017.3 758 
1075.5 163 


17.805 75 
17.825 74 
17.844 67 
17.868 59 
17.879 56 


76 
77 
78 

79 
80 


58J{04 185 
61.781 015 
65.116 620 
68.698 034 
72.476 426 


1045JS 306 
11Q4.0 348 
1165.7 367 
12303 734 
1899.5 714 


17.871 04 
17.887 24 
17.90260 
17.917 16 
17.93095 


61.77a 686 
65.883 170 
68.859 770 
78.699 138 
76.752 563 


1105.0 659 
1167.6 940 
1233.8 140 
1303.6 206 
1377.3 193 


17.867 51 
17.903 05 
17.917 78 
17.931 72 
17.9H93 


63.530 699 
67.097 6I8 
70.864 801 
74^843 402 
79-045 565 


1136.9 816 

1801.7 749 

1870.8 691 
134843 069 
14194) 103 


17.895 63 
17.910 84 
17.985 85 
17.938 09 
17.951 80 


61 
82 
83 
84 
85 


76.46^ 630 
80.668 074 
85.104 818 
89.785 583 
94.783 791 


1372.0 478 
1448.5 104 
1529.1785 
1614.8 833 
1704.0 689 


17.94403 
17.956 43 

17.968 18 
17 979 38 

17.969 87 


61.031 996 
85.550 039 
90.319 968 
95.355 892 
1004^ 256 


1455.1272 
1537.2 734 
1623.9 998 
1715 J 617 
1812.2 287 


17.99744 

17 969 29 
17.980 58 

17.991 14 
18.001 21 


83.483 564 
88.170 732 
93.121 06] 
96.349 925 
103.87 113 


1499*7 018 
1584.9 284 
1674.9 884 
1769.9 677 
1870.3 842 


17.96403 
17.9S5 61 
17.966 57 
17.^95 
184)06 76 


86 
87 
88 

89 

90 


99.933599 
105.48 995 
111.82 859 
117.34 617 
1834)0 021 


1796.7 wr 

1896.7 863 
2004.1 56s 
8115.3 646 
2232.7 310 


17.999 88 
I8.009 36 
18.016 35 
,18.026 68 
18.034 95 


106.88 570 
112.21 180 
118.46 831 
125.07 365 
1924)4 729 


1914.2 855 
2082.0 327 
21357 874 
8255.8 846 
238241 780 


16.010 75 
• 18.019 79 
16.088 34 
18.036 45 
18.044 13 


109.7095 
115.86 221 
122-36 727 
129.23755 
136.49357 


1976.4 174 

8086.4 037 
8806.6 n6 

8331.5 919 
8463.5 195 


184)16 88 
184)84 89 
18.033 83 
184)41 13 
18.048 61 


91 
92 
93 

94' 

95 


130^988 
137.79 272 
145.37 132 
153.36 675 
161^ 19< 

• 


8356.5 312 

8487.1 404 
2684.9 332 
2770.3 045 

2923.6 712 


18UM2 61 
18.049 87 
18.056 75 
18.063 27 
I8.O6945 


139.40 075 

147.18 278 
155.38 9(>8 
164.05 299 

173.19 997 


2516.5 410 

8657.8 676 
2807.O 741 
8964.5 996 

3130.9 085 


18.05140 
18.098 89 
18.064 81 
18.070 99 
18.076 84 


144.15 696 
152.25 064 
160.79 873 
I694I8 074 
179.36 163 


8608.8 541 
8750.0 117 
8905.4 314 
30694^771 

3242.9 387 


18.055 69 

I8.O68 40 
18.06B75 
18.074 76 
18.060 46 


96 
97 
98 

99 
too 


170.70 102 
180.08 958 
109.99 451 
800.44 420 
dll.46a64 


30B5.4 732 

3256.1 742 

3436.2 638 
3626.2 583 
3826.7 025 


18.075 31 
18U)80 86 
18.086 12 
I8.O9I 11 
18.095 84 


182.85 695 
193.05 236 
208.81 624 
215.18 027 
227.17 792 


3306.4900 
3401.8 612 
3687.5 680 
3894.1 867 
4112.3 287 


18.062 39 
184)67 64 
I8.092 61 
18.097 32 
18.101 78 


189.43 186 
800.06 747 
211.90 028 
283^6 963 
835^ 311 


3486.0 337 
3619.4 085 
3683.6 404 
4039.3 387 

4867.1 475 


18.065 84 
I8.O90 94 
184)95 77 
18.100 35 
18.104 68 




Value of Pern^t^uftl Ann. 


18.181 82 




. 18.18182 




18.181 88 1 
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